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Projective invariants of linear planar 3-webs

Irina Streltsova
(Astrakhan State University, ul. Tatishcheva 20a, Astrakhan, 414056 Russia)
FE-mail: strelzova_i@mail.ru

In this talk we present projective differential invariants of linear planar 3-webs. Linear 3-web on
the plane R?(x,%) is an unordered set of 3 linear foliations with the condition that leaves of any
pair of foliations are transversal to each other. Any such web is defined by the set of 3 solutions
w = w(z,y) to the Euler equation (see [1])

Wy = WWy.

We will consider actions of the group of projective transformations SL3(R) of the plane. This
actions carries over to the space of solutions of the Euler equation. Representations of the Lie
algebra sl3(R) by vector fields are

X4 = (a13 + (a11 — a33)x + a12y — asaxy — aszx”)Op+
+ (agz + as1z + (aze — as3)y — az1vy — az2y®)dy,
where the matrix A = ||aj;||ij=1,2,3 € sl3(R).
Proposition 1. The vector fields
Xa=Xa+Aa(w)0y,
where
Aa(w) = (ag1 — az1y)w’ + (a1 — as — agiz + asey)w + agex — a,
define representations of the Lie algebra sl3(R) on the total space of the bundle
7 :REZxR = R?  7(z,y,w) — (z,y).

Moreover, the vector fields X o are symmetries of the Euler equation.

Linear planar 3-webs are defined by a set of solutions w', w?, w® to the Euler equation.

Proposition 2. The vector fields
X4 =Xa+ 2wy + Aa(w?)ye + Aa(w®)dys
define a representation of Lie algebra sl3(R) on the total space of the bundle
m:R2xR® > R?, nw(x,y,whww?) — (z,9).

Moreover, the vector fields X 4 are symmetries of the system of Euler equations

1_ o1 2 _ 2, 2 3_ .3 3
Wy, = Wy, W, =W Wy, W, = W wW,. (1)

System of equations (1) defines the submanifold
Ey c JY ), E;={w'wl - w; = 0, w*w? — wz =0, ww? — wg =0},
where J! () is the bundle of 1-jets of sections of this bundle. Let Ej C J*(7) be a kth prolongation
of this manifold.
A rational function I on the manifold E} is called a projective differential invariant of linear
3-webs of order < k, if Yf) (I) =0 on Ej for all A € sl3(R). Here YEP is the kth prolongation of
the vector field X 4.

Solving the system of equations YS) (I) = 0, we get the following result.
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Theorem 3. The field of rational projective differential invariants of order < 2 of linear 3-webs is
generated by invariants of order 2

Wi, (—w? + wwy + (w! — w’)ui —wi(w' —w?) Wy
Iy =—=, In=-— —_— , Iz =2
W3 \/wzr( —w )(w —w )('LU —w ) Wiy

This field separates reqular SLz(R)-orbits in Es.

To describe the field of all projective differential invariants of linear 3-webs, we use the Lie-Tresse
theorem (see [2]).

Theorem 4. The field of rational projective differential invariants of linear 3-webs is generated by
the basis invariants Io1, Iso, Io3 and the invariant derivations

(—w? + w3)w! d

Vi=- —
wlw? — wlw? — wiw? + wiw? + w?w? — w2w? de
n —w? +w? d
wlw? — whwd — wlw? + wiw? + w2w3 — w?wd dy’
3 1y,,,2
w® —w")w d
o (v —w)

T2 T3 o ? 1,53 2 oS dr
wlw; — wlwg —wlw? + wlw? +w2w; — wiws dx

—w? +wd d

wlw? — whwd — wlw? + wiw? + ww3 — w2ws dy

This field separates reqular orbits.
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