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 ʅʘʚʯʘʣʴʥʠʡ ʧʦʩʽʙʥʠʢ ʧʨʠʩʚʷʯʝʥʠʡ ʚʠʢʣʘʜʝʥʥʶ ʦʩʥʦʚʥʠʭ ʤʝʪʦʜʽʚ 
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ʢʦʾ ʢʽʣʴʢʦʩʪʽ ʧʨʘʢʪʠʯʥʠʭ ʽʥʞʝʥʝʨʥʠʭ ʟʘʜʘʯ. ɺ ʥʴʦʤʫ ʰʠʨʦʢʦ ʚʠʢʦʨʠʩʪʦ-

ʚʫʶʪʴʩʷ ʩʧʝʮʽʘʣʴʥʽ ʬʫʥʢʮʽʾ. ɺʦʥʠ ʨʦʟʛʣ̫ʜʘʁ ʪɹʩʷ ʟ ʨʽʟʥʠʭ ʪʦʯʦʢ ʟʦʨʫ, ʘ ʩʘ-

ʤʝ: ʷʢ ʨʦʟʚ'̫ʟʢʠ ʟʚʠʯʘʡʥʠʭ ʣʥ̔ʽʡʥʠʭ ʜʠʬʝʨʝʥʮʡ̔ʥʠʭ ʨʚ̔ʥʷʥʴ ʽʟ ʟʤʽʥʥʠʤʠ 
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ʟʤʥ̔ʥʠʭ. ʄʦʞʣʠʚʦʩʪʽ ʧʝʨʝʨʘʭʦʚʘʥʠʭ ʤʝʪʦʜʽʚ ʜʝʤʦʥʩʪʨʫʶʪʩɹʷ ʥʘ ʨʦʟʚ'ʷ-
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ʣʦʧʨʦʚʽʜʥʦʩʪʽ ʪʘ ʢʚʘʥʪʦʚʦʾ ʤʝʭʘʥʽʢʠ. 

ʈʦʟʨʘʭʦʚʘʥʠʡ ʥʘ ʘʩʧʽʨʘʥʪʽʚ ʪʘ ʩʪʫʜʝʥʪʽʚ ʪʝʭʥʽʯʥʠʭ ʚʫʟʽʚ 
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ʇʝʨʝʜʤʦʚʘ 

 

 ʎʝʡ ʥʘʚʯʘʣʴʥʠʡ ʧʦʩʽʙʥʠʢ ʥʘʧʠʩʘʥʠʡ ʥʘ ʦʩʥʦʚʽ ʢʫʨʩʫ ʣʝʢʮʽʡ, ʱʦ ʥʘ ʧʨʦʪʷʟʽ ʙʘʛʘ-

ʪʴʦʭ ʨʦʢʽʚ ʯʠʪʘʚʩʷ ʘʚʪʦʨʦʤ ʜʣʷ ʘʩʧʽʨʘʥʪʽʚ ʆʜʝʩʴʢʦʾ ʜʝʨʞʘʚʥʦʾ ʘʢʘʜʝʤʽʾ ʭʦʣʦʜʫ. ɿʥʘʯʥʘ 

ʯʘʩʪʠʥʘ ʤʘʪʝʨʽʘʣʫ ʚʠʢʦʨʠʩʪʦʚʫʚʘʣʘʩʴ ʽ ʫ ʢʫʨʩʽ ʣʝʢʮʽʡ ʜʣʷ ʩʪʫʜʝʥʪʽʚ. ʇʦʷʚʘ ʧʦʩʽʙʥʠʢʘ 

ʚʠʢʣʠʢʘʥʘ ʪʠʤ, ʱʦ ʫ ʥʘʚʯʘʣʴʥʦʤʫ ʧʨʦʮʝʩʽ ʥʘ ʧʨʦʪʷʟʽ ʦʩʪʘʥʥʽʭ ʨʦʢʽʚ ʩʪʘʣʘ ʚʽʜʯʫʚʘʪʠʩʴ 

ʛʦʩʪʨʘ ʥʝʩʪʘʯʘ ʧʽʜʨʫʯʥʠʢʽʚ ʟ ʧʨʘʢʪʠʯʥʦ ʚʩʽʭ ʨʦʟʜʽʣʽʚ ʚʠʱʦʾ ʤʘʪʝʤʘʪʠʢʠ.  ʆʩʦʙʣʠʚʦ ʮʝ 

ʩʪʦʩʫʻʪʴʩʷ ʪʠʭ ʟ ʥʠʭ, ʱʦ ʚʟʘʛʘʣʽ ʥʝ ʚʠʚʯʘʶʪʴʩʷ ʥʘ ʤʦʣʦʜʰʠʭ ʢʫʨʩʘʭ ʪʝʭʥʽʯʥʠʭ ʚʫʟʽʚ ʫ 

ʪʨʘʜʠʮʽʡʥʠʭ ʢʫʨʩʘʭ ʚʠʱʦʾ ʤʘʪʝʤʘʪʠʢʠ. ɿʚʠʯʘʡʥʦ ʚʦʥʠ ʚʠʢʣʘʜʘʶʪʴʩʷ ʫ ʚʠʛʣʷʜʽ ʦʢʨʝʤʠʭ 

ʩʧʝʮʢʫʨʩʽʚ, ʘʙʦ ʩʢʣʘʜʦʚʠʭ ʯʘʩʪʠʥ ʜʝʷʢʠʭ ʪʝʭʥʽʯʥʠʭ ʜʠʩʮʠʧʣʽʥ. ɿʘʟʥʘʯʠʤʦ, ʱʦ ʙʘʥʢ ʧʽ-

ʜʨʫʯʥʠʢʽʚ ʜʣʷ ʫʢʨʘʾʥʩʴʢʦʾ ʚʠʱʦʾ ʰʢʦʣʠ  ʚʟʘʛʘʣʽ ʟʥʘʭʦʜʠʪʴʩʷ ʫ ʧʦʯʘʪʢʦʚʽʡ ʩʪʘʜʽʾ ʬʦʨ-

ʤʫʚʘʥʥʷ ʽ ʥʽʰʘ, ʧʦʚôʷʟʘʥʘ ʽʟ ʩʧʝʮʽʘʣʴʥʠʤʠ ʬʫʥʢʮʽʷʤʠ ʪʘ ʾʭ ʚʠʢʦʨʠʩʪʘʥʥʷʤ ʫ ʤʘʪʝʤʘʪʠ-

ʯʥʽʡ ʬʽʟʠʮʽ, ʻ ʥʝʟʘʧʦʚʥʝʥʦʶ.   

 ɺ ʦʩʥʦʚʫ ʨʦʟʛʣʷʜʫ ʧʦʢʣʘʜʝʥʽ ʟʚʠʯʘʡʥʽ ʣʽʥʽʡʥʽ ʦʜʥʦʨʽʜʥʽ ʜʠʬʝʨʝʥʮʽʡʥʽ ʨʽʚʥʷʥʥʷ 

ʽʟ ʟʤʽʥʥʠʤʠ ʢʦʝʬʽʮʽʻʥʪʘʤʠ. ɼʣʷ ʥʠʭ ʬʦʨʤʫʣʶʶʪʴʩʷ ʜʚʘ ʪʠʧʠ ʤʝʞʦʚʠʭ ʟʘʜʘʯ. ʇʝʨʰʠʡ 

ʪʠʧ ʨʦʟʛʣʷʜʘʻ ʦʩʦʙʣʠʚʽ ʪʦʯʢʠ ʜʠʬʝʨʝʥʮʽʡʥʦʛʦ ʨʽʚʥʷʥʥʷ ʷʢ ʤʝʞʦʚʽ ʪʦʯʢʠ ʦʙʣʘʩʪʽ (ʢʦʤ-

ʧʣʝʢʩʥʦʾ ʧʣʦʱʠʥʠ), ʜʝ ʚʽʜʰʫʢʫʶʪʩɹʷ ʨʦʟʚôʷʟʢʠ ʨʽʚʥʷʥʥʷ. ʇʝʨʝʙʠʨʘʶʯʠ ʚʩʽ ʤʦʞʣʠʚʽ 

ʚʘʨʽʘʥʪʠ ʧʦʚʝʜʽʥʢʠ ʨʦʟʚôʷʟʢʽʚ ʨʽʚʥʷʥʥʷ ʚ ʦʢʦʣʽ ʮʠʭ ʪʦʯʦʢ, ʤʠ ʦʜʝʨʞʫʻʤʦ ʤʦʞʣʠʚʽʩʪʴ 

ʟʥʘʡʪʠ ʚʩʽ  ʡʦʛʦ ʣʽʥʽʡʥʦ ʥʝʟʘʣʝʞʥʽ ʨʦʟʚôʷʟʢʠ. ɼʨʫʛʠʡ ʪʠʧ ʤʝʞʦʚʠʭ ʟʘʜʘʯ ʧʦʚôʷʟʘʥʠʡ ʟ 

ʨʦʟʛʣʷʜʦʤ ʟʘʜʘʯʽ ʐʪʫʨʤʘ-ʃʽʫʚʽʣʷ ʟ ʤʝʞʦʚʠʤʠ ʫʤʦʚʘʤʠ ʥʘ ʜʽʡʩʥʽʡ ʦʩʽ ʧʝʨʰʦʛʦ, ʜʨʫʛʦʛʦ 

ʪʘ ʪʨʝʪʴʦʛʦ ʨʦʜʽʚ, ʚʣʘʩʥʠʤʠ ʬʫʥʢʮʽʷʤʠ ʷʢʦʾ ʻ ʙʘʛʘʪʦ ʩʧʝʮʽʘʣʴʥʠʭ ʬʫʥʢʮʽʡ. ʊʘʢʠʡ ʧʽʜʭʽʜ 

ʜʦʟʚʦʣʷʻ ʫ ʟʘʛʘʣʴʥʦʤʫ ʚʠʛʣʷʜʽ ʧʨʦʘʥʘʣʽʟʫʚʘʪʠ ʚʣʘʩʪʠʚʦʩʪʽ ʙʘʛʘʪʴʦʭ ʩʧʝʮʽʘʣʴʥʠʭ ʬʫʥʢ-

ʮʽʡ ʤʘʪʝʤʘʪʠʯʥʦʾ ʬʽʟʠʢʠ.  

ɺʝʣʠʢʘ ʫʚʘʛʘ ʘʚʪʦʨ ʧʨʠʜʽʣʷʻ ʚʠʢʦʨʠʩʪʘʥʥʶ ʩʧʝʮʽʘʣʴʥʠʭ ʬʫʥʢʮʽʡ ʜʣʷ 

ʨʦʟʚôʷʟʘʥʥʷ ʟʥʘʯʥʦʾ ʢʽʣʴʢʦʩʪʽ ʤʝʞʦʚʠʭ ʟʘʜʘʯ ʤʘʪʝʤʘʪʠʯʥʦʾ ʬʽʟʠʢʠ ʫ ʥʘʡʙʽʣʴʰ ʚʞʠʚʘ-

ʥʠʭ ʧʦʧʫʣʷʨʥʠʭ ʢʨʠʚʦʣʽʥʽʡʥʠʭ ʩʠʩʪʝʤʘʭ ʢʦʦʨʜʠʥʘʪ.  
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ɻʣʘʚʘ 1 

ʄʝʪʦʜ ʩʪʝʧʝʥʝʚʠʭ ʨʷʜʽʚ 

 

ɺʠʢʦʨʠʩʪʘʥʥʷ ʩʪʝʧʝʥʝʚʠʭ ʨʷʜʽʚ ʊʝʡʣʦʨʘ, ʃʦʨʘʥʘ, ʇʶʽʟʴʦ ʻ ʦʜʥʠʤ ʟ ʦʩʥʦʚʥʠʭ 

ʤʝʪʦʜʽʚ ʨʦʟʚôʷʟʘʥʥʷ ʟʚʠʯʘʡʥʠʭ ʣʽʥʽʡʥʠʭ ʦʜʥʦʨʽʜʥʠʭ ʨʽʚʥʷʥʴ ʽʟ ʟʤʽʥʥʠʤʠ ʢʦʝʬʽʮʽʻʥʪʘ-

ʤʠ. ʋ ʚʠʧʘʜʢʘʭ, ʢʦʣʠ ʢʦʝʬʽʮʽʻʥʪʠ ʻ ʩʪʝʧʝʥʝʚʠʤʠ ʬʫʥʢʮʽʷʤʠ, ʮʝʡ ʤʝʪʦʜ ʻ ʦʩʥʦʚʥʠʤ. ɺʽʥ 

ʤʦʞʝ ʝʬʝʢʪʠʚʥʦ ʟʘʩʪʦʩʦʚʫʚʘʪʠʩʴ ʽ ʫ ʙʽʣʴʰ ʩʢʣʘʜʥʠʭ ʩʠʪʫʘʮʽʷʭ.  ʎʝʥʪʨʘʣʴʥʫ ʨʦʣʴ ʧʨʠ 

ʟʘʩʪʦʩʫʚʘʥʥʽ ʤʝʪʦʜʫ ʛʨʘʶʪʴ ʦʩʦʙʣʠʚʽ ʪʦʯʢʠ ʨʽʚʥʷʥʥʷ, ʱʦ ʻ ʦʙʦʚ'ʷʟʢʦʚʦ ʦʩʦʙʣʠʚʠʤʠ ʪʦ-

ʯʢʘʤʠ ʭʦʯʘ ʙ ʦʜʥʦʛʦ ʟ ʣʽʥʽʡʥʦ ʥʝʟʘʣʝʞʥʠʭ ʨʦʟʚ'ʷʟʢʽʚ. ʇʝʨʝʙʠʨʘʶʯʠ ʨʽʟʥʽ ʚʘʨʽʘʥʪʠ ʱʦʜʦ 

ʭʘʨʘʢʪʝʨʫ ʮʠʭ ʦʩʦʙʣʠʚʠʭ ʪʦʯʦʢ,  ʤʠ ʦʜʝʨʞʫʻʤʦ ʤʦʞʣʠʚʽʩʪʴ ʟʥʘʡʪʠ ʚʩʽ ʥʝʥʫʣʴʦʚʽ ʣʽʥʽʡ-

ʥʦ ʥʝʟʘʣʝʞʥʽ ʯʘʩʪʠʥʥʽ ʨʦʟʚ'ʷʟʢʠ ʜʣʷ ʜʦʚʽʣʴʥʠʭ ʟʥʘʯʝʥʴ ʦʜʥʦʛʦ ʘʙʦ ʜʝʢʽʣʴʢʦʭ ʢʦʝʬʽʮʽʻʥ-

ʪʽʚ ʨʽʚʥʷʥʥʷ, ʷʢʱʦ ʪʘʢʽ ʨʦʟʚ'ʷʟʢʠ  ʽʩʥʫʶʪʴ. ʄʠ ʤʦʞʝʤʦ ʟʥʘʡʪʠ ʽ ʤʦʞʣʠʚʽ ʟʥʘʯʝʥʥʷ ʩʘ-

ʤʠʭ ʢʦʝʬʽʮʽʻʥʪʽʚ ʨʽʚʥʷʥʥʷ, ʜʣʷ ʷʢʠʭ ʪʘʢʽ ʥʝʥʫʣʴʦʚʽ ʨʦʟʚ'ʷʟʢʠ ʽʩʥʫʶʪʴ. ʇʝʨʝʚʘʛʘ ʤʝʪʦʜʫ 

ʩʪʝʧʝʥʝʚʠʭ ʨʷʜʽʚ ʧʦʣʷʛʘʻ ʩʘʤʝ ʫ ʪʦʤʫ, ʱʦ ʭʘʨʘʢʪʝʨ ʦʩʦʙʣʠʚʦʾ ʪʦʯʢʠ ʥʘʡʙʽʣʴʰ ʦʯʝʚʠʜ-

ʥʠʤ ʯʠʥʦʤ ʧʦʚ'ʷʟʘʥʠʡ ʩʘʤʝ ʟ ʩʪʨʫʢʪʫʨʦʶ ʩʪʝʧʝʥʝʚʦʛʦ ʨʷʜʫ, ʧʦʙʫʜʦʚʘʥʦʛʦ ʚ ʦʢʦʣʽ ʮʽʻʾ 

ʪʦʯʢʠ. ʉʪʝʧʝʥʝʚʠʡ ʨʷʜ ʤʽʩʪʠʪʴ ʜʚʘ ʭʘʨʘʢʪʝʨʥʽ ʧʘʨʘʤʝʪʨʠ - ʮʝ ʥʘʡʤʝʥʰʝ ʪʘ ʥʘʡʙʽʣʴʰʝ 

ʟʥʘʯʝʥʥʷ ʽʥʜʝʢʩʫ ʩʫʤʫʚʘʥʥʷ. ʉʘʤʝ ʮʽ ʟʥʘʯʝʥʥʷ ʽ ʚʠʟʥʘʯʘʶʪʴʩʷ ʭʘʨʘʢʪʝʨʦʤ ʦʩʦʙʣʠʚʠʭ 

ʪʦʯʦʢ. ɺʽʨʥʝ ʽ ʦʙʝʨʥʝʥʝ ʪʚʝʨʜʞʝʥʥʷ: ʭʘʨʘʢʪʝʨ ʦʩʦʙʣʠʚʠʭ ʪʦʯʦʢ ʚʠʟʥʘʯʘʻʪʴʩʷ ʮʠʤʠ ʟʥʘ-

ʯʝʥʥʷʤʠ. 

 

1.1.ʂʣʘʩʠʬʽʢʘʮʽʷ ʦʩʦʙʣʠʚʠʭ ʪʦʯʦʢ ʜʠʬʝʨʝʥʮʽʡʥʠʭ ʨʽʚʥʷʥʴ 
 

 ɿʚʠʯʘʡʥʝ ʣʽʥʽʡʥʝ ʦʜʥʦʨʽʜʥʝ ʜʠʬʝʨʝʥʮʽʡʥʝ ʨʽʚʥʷʥʥʷ ʽʟ ʟʤʽʥʥʠʤʠ ʢʦʝʬʮ̔ʽʻʥʪʘʤʠ 

ʤʦʞʥʘ ʟʘʧʠʩʘʪʠ ʪʘʢ 
-1

-1 0-1

( ) ( )
( ) ... ( ) ( ) 0

n n

nn n

d f z d f z
K z K z f z

dz dz
+ + + =  . 

ʊʫʪ ( )f z  - ʥʝʚʽʜʦʤʘ ʬʫʥʢʮʽʷ, 0 1( ),..., ( )nK z K z-  - ʢʦʝʬʽʮʽʻʥʪʠ ʨʽʚʥʷʥʥʷ. ɼʣʷ ʙʽʣʴʰʦʾ ʟʘ-

ʛʘʣʴʥʦʩʪʽ ʤʠ ʚʚʘʞʘʪʠʤʝʤʦ ʚʩʽ ʘʨʛʫʤʝʥʪʠ ʢʦʤʧʣʝʢʩʥʠʤʠ. ɼʣʷ ʧʝʨʝʭʦʜʫ ʜʦ ʜʽʡʩʥʦʾ ʟʤʽʥ-

ʥʦʾ ʜʦʩʠʪʴ  ʟʘʤʽʩʪʴ z  ʧʦʢʣʘʩʪʠ Rex z= .  

 ɻʦʣʦʚʥʠʤ ʬʘʢʪʦʨʦʤ, ʱʦ ʚʧʣʠʚʘʻ ʥʘ ʩʪʨʫʢʪʫʨʫ ʨʦʟʚ'ʷʟʢʫ, ʻ ʥʘʷʚʥʽʩʪʴ ʫ ʢʦʝʬʽʮʽʻ-

ʥʪʽʚ ʨʽʚʥʷʥʥʷ ʦʩʦʙʣʠʚʠʭ ʪʦʯʦʢ. ʎʽ ʦʩʦʙʣʠʚʽ ʪʦʯʢʠ ʤʦʞʫʪʴ ʙʫʪʠ ʚʥʫʪʨʽʰʥʽʤʠ,  ʤʝʞʦʚʠ-

ʤʠ ʽ ʟʦʚʥʽʰʥʽʤʠ ʪʦʯʢʘʤʠ ʱʦʜʦ ʦʙʣʘʩʪʽ, ʜʝ ʰʫʢʘʻʪʴʩʷ  ʨʦʟʚ'ʷʟʦʢ ʨʽʚʥʷʥʥʷ. ʗʢʱʦ ʚʩʽ ʢʦ-

ʝʬʽʮʽʻʥʪʠ ʨʽʚʥʷʥʥʷ ʻ ʘʥʘʣʽʪʠʯʥʠʤʠ ʬʫʥʢʮʽʷʤʠ ʚ ʪʦʯʮʽ 0z , ʪʦ ʮʷ ʪʦʯʢʘ ʥʘʟʠʚʘʻʪʴʩʷ ʟʚʠ-

ʯʘʡʥʦʶ ʪʦʯʢʦʶ ʜʠʬʝʨʝʥʮʽʡʥʦʛʦ ʨʽʚʥʷʥʥʷ. ɯʥʘʢʰʝ ʚʦʥʘ ʥʘʟʠʚʘʻʪʴʩʷ ʦʩʦʙʣʠʚʦʶ ʪʦʯʢʦʶ 

ʨʚ̔ʥʷʥʥʷ. 

 ʈʷʜ ʊʝʡʣʦʨʘ. ɯʩʥʫʻ ʪʽʩʥʠʡ ʟʚ'ʷʟʦʢ ʤʽʞ ʦʩʦʙʣʠʚʠʤʠ ʪʦʯʢʘʤʠ ʢʦʝʬʽʮʽʻʥʪʽʚ ʜʠʬʝ-

ʨʝʥʮʽʡʥʦʛʦ ʨʽʚʥʷʥʥʷ ʽ ʦʩʦʙʣʠʚʠʤʠ ʪʦʯʢʘʤʠ ʡʦʛʦ ʨʦʟʚ'ʷʟʢʽʚ. ɺʽʥ ʧʦʣʷʛʘʻ ʫ ʪʦʤʫ, ʱʦ ʚʩʽ 

ʦʩʦʙʣʠʚʽ ʪʦʯʢʠ ʢʦʝʬʽʮʽʻʥʪʽʚ ʻ ʽ ʦʩʦʙʣʠʚʠʤʠ ʪʦʯʢʘʤʠ ʭʦʯʘ ʙ ʦʜʥʦʛʦ ʟ ʣʽʥʽʡʥʦ ʥʝʟʘʣʝʞ-

ʥʠʭ ʨʦʟʚ'ʷʟʢʽʚ. ɯʥʰʠʭ ʦʩʦʙʣʠʚʠʭ ʪʦʯʦʢ ʫ ʨʦʟʚ'ʷʟʢʽʚ ʥʝʤʘʻ. ɸʥʘʣʽʪʠʯʥʽʩʪʴ ʚʩʽʭ ʢʦʝʬʽʮʽʻ-

ʥʪʽʚ ʫ ʜʘʥʽʡ ʦʙʣʘʩʪʽ  ʪʷʛʥʝ ʟʘ ʩʦʙʦʶ ʘʥʘʣʽʪʠʯʥʽʩʪʴ ʚʩʽʭ ʨʦʟʚ'ʷʟʢʽʚ ʫ ʮʽʡ ʦʙʣʘʩʪʽ. ʅʘʚʝʜʝ-

ʤʦ ʢʣʘʩʠʬʽʢʘʮʽʶ ʦʩʦʙʣʠʚʠʭ ʪʦʯʦʢ ʘʥʘʣʽʪʠʯʥʠʭ ʬʫʥʢʮʽʡ. ʅʘʡʧʨʦʩʪʽʰʝ ʽʟʦʣʴʦʚʘʥʽ ʦʩʦʙ-

ʣʠʚʽ ʪʦʯʢʠ ʢʣʘʩʠʬʽʢʫʚʘʪʠ ʟʘ ʚʠʛʣʷʜʦʤ ʩʪʝʧʝʥʝʚʦʛʦ ʨʷʜʫ ʜʣʷ ʘʥʘʣʽʪʠʯʥʠʭ ʬʫʥʢʮʽʡ ʚ ʾʭ 

ʦʢʦʣʽ. ʈʦʟʛʣʷʥʝʤʦ ʩʧʦʯʘʪʢʫ ʦʜʥʦʟʥʘʯʥʽ ʘʥʘʣʽʪʠʯʥʽ ʬʫʥʢʮʽʾ. ɺ ʦʢʦʣʽ ʟʚʠʯʘʡʥʦʾ ʪʦʯʢʠ 0z  

ʩʪʝʧʝʥʝʚʠʡ ʨʷʜ ʜʣʷ ʥʠʭ ʤʦʞʝ ʤʘʪʠ ʚʠʛʣʷʜ 
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0

0

( ) ( - )n

n

n

f z c z z
¤

=

=ä . 

ɺʽʥ ʤʦʞʝ ʤʘʪʠ ʽ ʽʥʰʠʡ ʚʠʛʣʷʜ ʧʨʠ ʫʤʦʚʽ, ʱʦ ʥʘʡʤʝʥʰʝ ʪʘ ʥʘʡʙʽʣʴʰʝ ʟʥʘʯʝʥʥʷ ʽʥʜʝʢʩʫ 

ʩʫʤʫʚʘʥʥʷ ʙʫʜʫʪʴ ʥʝʚʽʜ'ʻʤʥʠʤʠ. ʁʦʛʦ ʢʦʝʬʽʮʽʻʥʪʠ ʙʝʟʧʦʩʝʨʝʜʥʴʦ ʚʠʟʥʘʯʘʶʪʴʩʷ ʬʫʥʢ-

ʮʽʻʶ ( )f z . ʎʝʡ ʟʚ'ʷʟʦʢ ʽʩʥʫʻ ʷʢ ʫ ʜʠʬʝʨʝʥʮʽʡʥʽʡ, ʪʘʢ ʽ ʽʥʪʝʛʨʘʣʴʥʽʡ ʬʦʨʤʘʭ. ʋ ʧʝʨʰʦʤʫ 

ʨʘʟʽ 

01 ( )

!

n

n n

d f z
c

n dz
=  , 0²n  . 

ɼʣʷ ʦʪʨʠʤʘʥʥʷ ʮʽʻʾ ʬʦʨʤʫʣʠ ʜʦʩʠʪʴ n -ʨʘʟ ʧʨʦʜʠʬʝʨʝʥʮʽʶʚʘʪʠ ʨʷʜ ʊʝʡʣʦʨʘ ʽ ʧʝʨʝʡʪʠ 

ʜʦ ʤʝʞʽ 
0

z z­ . ɯʩʥʫʚʘʥʥʷ ʧʦʭʽʜʥʦʾ ʜʦʚʽʣʴʥʦʛʦ ʧʦʨʷʜʢʫ ʫ ʬʫʥʢʮʽʾ )(zf  ʚʠʧʣʠʚʘʻ ʟ 

ʾʾ ʘʥʘʣʽʪʠʯʥʦʩʪʽ. ʋ ʜʨʫʛʦʤʫ ʨʘʟʽ ʚʠʢʦʨʠʩʪʦʚʫʻʪʴʩʷ ʽʥʪʝʛʨʘʣʴʥʝ ʧʨʝʜʩʪʘʚʣʝʥʥʷ ʧʦʭʽʜʥʦʾ 

ʘʥʘʣʪ̔ʠʯʥʦʾ ʬʫʥʢʮʽʾ 

0
1

0

( )( ) !

( )2

n

nn

f z dzd f z n

z zidz
g

p
+

=
-ñ  . 

ʊʫʪ g - ʜʦʚʽʣʴʥʠʡ ʟʘʤʢʥʝʥʠʡ ʢʦʥʪʫʨ, ʱʦ ʦʭʦʧʣʶʻ ʪʦʯʢʫ 
0

z  ʽ ʚʩʝʨʝʜʠʥʽ ʷʢʦʛʦ ʚʽʜʩʫʪʥʽ 

ʽʥʰʽ ʦʩʦʙʣʠʚʽ ʪʦʯʢʠ. ʊʦʜʽ 

1
0

( )1

( - )2
nn

f z dz
c

z zi
g

p
+

= ñ  , 0²n . 

ʈʦʟʛʣʷʥʫʪʠʡ ʨʷʜ ʥʘʟʠʚʘʻʪʴʩʷ ʨʷʜʦʤ ʊʝʡʣʦʨʘ ʇʨʠʨʦʜʥʦ, ʱʦ ʚʽʥ ʥʝ ʤʽʩʪʠʪʴ ʨʦʟʙʽ-

ʞʥʠʭ ʜʦʜʘʥʢʽʚ ʚ ʦʢʦʣʽ ʪʦʯʢʠ 
0

z . ʗʢʱʦ ʧʝʨʰʽ m ʢʦʝʬʽʮʽʻʥʪʽʚ ʨʷʜʫ ʜʦʨʽʚʥʶʶʪʴ ʥʫʣʶ, 

ʪʦ ʪʦʯʢʘ 
0

z  ʻ ʥʫʣʝʤ m-ʛʦ ʧʦʨʷʜʢʫ. ʆʙʣʘʩʪʶ ʟʙʽʞʥʦʩʪʽ ʨʷʜʫ ʊʝʡʣʦʨʘ ʻ ʢʨʫʛ ʟ ʮʝʥʪʨʦʤ 

ʫ ʪʦʯʮʽ 
0

z  ʽ ʨʘʜʽʫʩʦʤ, ʱʦ ʜʦʨʽʚʥʶʻ ʚʽʜʩʪʘʥʽ ʚʽʜ ʪʦʯʢʠ 
0

z  ʜʦ ʥʘʡʙʣʠʞʯʦʾ ʦʩʦʙʣʠʚʦʾ ʪʦ-

ʯʢʠ 
1

z  ʬʫʥʢʮʽʾ )(zf . ʈʘʜʽʫʩ ʟʙʽʞʥʦʩʪʽ ʤʦʞʥʘ ʚʠʟʥʘʯʘʪʠ ʽ ʯʝʨʝʟ ʢʦʝʬʽʮʽʻʥʪʠ ʨʷʜʫ 

ʊʝʡʣʦʨʘ. 

ʅʘʡʧʨʦʩʪʽʰʠʤ ʪʠʧʦʤ ʽʟʦʣʴʦʚʘʥʦʾ ʦʩʦʙʣʠʚʦʾ ʪʦʯʢʠ ʻ ʫʩʫʚʥʘ ʦʩʦʙʣʠʚʘ ʪʦʯʢʘ. ɰʡ 

ʚʽʜʧʦʚʽʜʘʻ ʥʘʩʪʫʧʥʘ ʧʦʚʝʜʽʥʢʘ ʬʫʥʢʮʽʾ. ʄʝʞʘ ʬʫʥʢʮʽʾ ʫ ʮʽʡ ʪʦʯʢʠ ʽʩʥʫʻ, ʘ ʚ ʩʘʤʽʡ ʪʦʯʮʽ 

ʟʥʘʯʝʥʥʷ ʬʫʥʢʮʽʾ ʥʝʚʠʟʥʘʯʝʥʝ ʘʙʦ ʚʽʜʨʽʟʥʷʻʪʴʩʷ ʚʽʜ ʤʝʞʦʚʦʛʦ. ʇʨʠʢʣʘʜ: 

( ) sin( )/f z z z= . ʄʝʞʘ ʮʽʻʾ ʬʫʥʢʮʽʾ 
0

lim ( ) 1
z

f z
­

=, ʘ ʟʥʘʯʝʥʥʷ ʮʽʻʭ ʬʫʥʢʮʽʾ ʫ ʪʦ-

ʯʮʽ 0z=  ʥʝʚʠʟʥʘʯʝʥʝ. ɿʚʠʯʘʡʥʦ ʨʦʟʛʣʷʜ ʧʦʜʽʙʥʦʾ ʬʫʥʢʮʽʾ ʟʘʤʽʥʶʻʪʴʩʷ ʨʦʟʛʣʷʜʦʤ ʘʥʘ-

ʣʽʪʠʯʥʦʾ ʬʫʥʢʮʽʾ, ʜʣʷ ʷʢʦʾ ʟʘʟʥʘʯʝʥʘ ʪʦʯʢʘ ʥʝ ʻ ʦʩʦʙʣʠʚʦʶ. ɿʚʽʜʩʠ ʽ ʥʘʟʚʘ ï ʫʩʫʚʥʘ ʦʩʦ-

ʙʣʠʚʘ ʪʦʯʢʘ. ʋ ʥʘʚʝʜʝʥʦʤʫ ʧʨʠʢʣʘʜʽ ʟʘʤʽʩʪʴ ʬʫʥʢʮʽʾ ( ) sin( )/f z z z=  ʩʣʽʜ ʨʦʟʛʣʷ-

ʥʫʪʠ ʜʦʜʘʪʢʦʚʦ ʜʦʚʠʟʥʘʯʝʥʫ ʚ ʫʩʫʚʥʽʡ ʦʩʦʙʣʠʚʽʡ ʪʦʯʮʽ ʬʫʥʢʮʽʶ  

sin( )
, 0

( )

1 , 0

z
z

f z z

z

ë
¸î

=ì
î =í

 . 
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 ʈʷʜ ʃʦʨʘʥʘ. ʋ ʢʽʣʴʮʽ, ʚʥʫʪʨʽʰʥʽʡ ʨʘʜʽʫʩ ʷʢʦʛʦ ʜʦʨʽʚʥʶʻ ʚʽʜʩʪʘʥʽ ʚʽʜ ʪʦʯʢʠ 
0

z  

ʜʦ ʥʘʡʙʣʠʞʯʦʾ ʦʩʦʙʣʠʚʦʾ ʪʦʯʢʠ 
1

z , ʘ ʟʦʚʥʽʰʥʽʡ - ʚʽʜ ʪʦʯʢʠ 
0

z  ʜʦ ʥʘʩʪʫʧʥʦʾ ʧʦ ʚʽʜʜʘʣʽ 

ʚʽʜ ʥʝʾ ʦʩʦʙʣʠʚʦʾ ʪʦʯʢʠ 
2

z , ʘʥʘʣʽʪʠʯʥʘ ʬʫʥʢʮʽʷ )(zf  ʟʥʦʚʫ ʤʦʞʝ ʙʫʪʠ ʧʨʝʜʩʪʘʚʣʝʥʘ 

ʟʙʽʞʥʠʤ ʩʪʝʧʝʥʝʚʠʤ ʨʷʜʦʤ, ʘʣʝ ʮʝ ʚʞʝ ʙʫʜʝ ʨʷʜ ʃʦʨʘʥʘ. ʈʷʜ ʤʦʞʝ ʤʘʪʠ ʚʠʛʣʷʜ 

0

-

( ) ( - )n
n

n m

f z c z z
¤

=

=ä . 

ʈʷʜ ʃʦʨʘʥʘ ʤʦʞʝ ʤʘʪʠ ʽ ʽʥʰʠʡ ʚʠʛʣʷʜ ʧʨʠ ʫʤʦʚʽ, ʱʦ ʥʘʡʤʝʥʰʝ ʟʥʘʯʝʥʥʷ ʽʥʜʝʢʩʫ ʩʫʤʫ-

ʚʘʥʥʷ ʙʫʜʝ ʚʽʜ'ʻʤʥʠʤ ʽ ʥʝʩʢʽʥʯʝʥʠʤ, ʘ ʥʘʡʙʽʣʴʰʝ - ʩʢʽʥʯʝʥʠʤ. ʂʦʝʬʽʮʽʻʥʪʠ ʮʴʦʛʦ ʨʷʜʫ 

ʪʝʟ ʙʝʟʧʦʩʝʨʝʜʥʴʦ ʚʠʟʥʘʯʘʶʪʴʩʷ ʬʫʥʢʮʽʻʶ )(zf . ʎʝʡ ʟʚ'ʷʟʦʢ ʤʘʻ ʣʠʰʝ ʽʥʪʝʛʨʘʣʴʥʫ 

ʬʦʨʤʫ: 

1
0

( )1

( - )2
nn

f z dz
c

z zi
g

p
+

= ñ  ,  , 1,...,n m m=- - + ¤  . 

ʆʪʞʝ, ʢʦʞʥʘ ʧʘʨʘ ʩʫʩʽʜʥʽʭ ʟʘ ʚʽʜʩʪʘʥʥʶ ʚʽʜ ʪʦʯʢʠ 
0

z  ʦʩʦʙʣʠʚʠʭ ʪʦʯʦʢ ʚʠʜʽʣʷʻ 

ʢʽʣʴʮʝ, ʜʝ ʨʷʜ ʃʦʨʘʥʘ ʜʣʷ ʬʫʥʢʮʽʾ )(zf  ʟʙʽʞʥʠʡ. ʉʫʢʫʧʥʽʩʪʴ ʚʩʽʭ ʽʟʦʣʴʦʚʘʥʠʭ ʦʩʦʙ-

ʣʠʚʠʭ ʪʦʯʦʢ ʘʥʘʣʽʪʠʯʥʦʾ ʬʫʥʢʮʽʾ ʧʦʢʨʠʚʘʻ  ʢʦʤʧʣʝʢʩʥʫ ʧʣʦʱʠʥʫ ʩʠʩʪʝʤʦʶ ʢʦʥʮʝʥʪʨʠ-

ʯʥʠʭ ʢʽʣʝʮʴ ʟ ʮʝʥʪʨʦʤ ʫ ʪʦʯʮʽ 
0

z , ʫ ʢʦʞʥʦʤʫ ʟ ʷʢʠʭ ʨʷʜ ʃʦʨʘʥʘ ʟʙʽʛʘʻʪʴʩʷ ʽ ʨʦʟʙʽʛʘʻʪʴ-

ʩʷ ʣʠʰʝ ʥʘ ʾʭ ʤʝʞʘʭ. 

ʗʢʱʦ ʞ ʪʦʯʢʘ 
0

z  ʻ ʽʟʦʣʴʦʚʘʥʦʶ ʦʩʦʙʣʠʚʦʶ ʪʦʯʢʦʶ ʘʥʘʣʽʪʠʯʥʦʾ ʬʫʥʢʮʽʾ )(zf , 

ʪʦ ʩʪʝʧʝʥʝʚʠʡ ʨʷʜ ʜʣʷ ʮʽʻʾ ʬʫʥʢʮʽʾ ʻ ʨʷʜʦʤ ʃʦʨʘʥʘ ʚʞʝ ʫ ʙʝʟʧʦʩʝʨʝʜʥʴʦʤʫ ʦʢʦʣʽ ʪʦʯʢʠ  

0
z . ɿʘ ʥʘʚʝʜʝʥʦʛʦ ʚʠʛʣʷʜʫ ʨʷʜʫ ʃʦʨʘʥʘ, ʚʦʥʘ ʻ ʧʦʣʶʩʦʤ ʧʦʨʷʜʢʫ m. ɺ ʾʾ ʦʢʦʣʽ ʥʘʡ-

ʙʽʣʴʰ ʰʚʠʜʢʦ ʨʦʟʙʽʞʥʠʡ ʯʣʝʥ ʨʷʜʫ ʃʦʨʘʥʘ ʤʘʻ ʚʽʜ'ʻʤʥʠʡ ʩʪʝʧʽʥʴ m. ʊʦʜʽ ʦʙʣʘʩʪʶ 

ʟʙʽʞʥʦʩʪʽ ʨʷʜʫ ʃʦʨʘʥʘ ʻ ʢʽʣʴʮʝ ʟ ʮʝʥʪʨʦʤ ʫ ʪʦʯʮʽ 
0

z  ʽʟ ʜʦʚʽʣʴʥʠʤ ʷʢ ʟʘʚʛʦʜʥʦ ʤʘʣʠʤ 

ʚʥʫʪʨʽʰʥʽʤ  ʨʘʜʽʫʩʦʤ. ɿʦʚʥʽʰʥʽʤ ʨʘʜʽʫʩʦʤ ʻ ʚʽʜʩʪʘʥʴ ʚʽʜ ʪʦʯʢʠ 
0

z  ʜʦ ʥʘʡʙʣʠʞʯʦʾ ʦʩʦ-

ʙʣʠʚʦʾ ʪʦʯʢʠ 
1

z .  

ʗʢʱʦ ʚ ʦʢʦʣʽ ʽʟʦʣʴʦʚʘʥʦʾ ʦʩʦʙʣʠʚʦʾ ʪʦʯʢʠ, ʱʦ ʥʝ ʻ ʥʝʩʢʽʥʯʝʥʥʦ ʚʽʜʜʘʣʝʥʦʶ, ʩʪʝ-

ʧʝʥʝʚʠʡ ʨʷʜ ʤʘʻ ʚʠʛʣʷʜ 

ä
¤

-¤=

-=
n

n
n zzczf )()( 0 , 

ʪʦ ʮʷ ʪʦʯʢʘ ʥʘʟʠʚʘʻʪʴʩʷ ʧʦʣʶʩʦʤ ʥʝʩʢʽʥʯʝʥʥʦʛʦ ʧʦʨʷʜʢʫ ʘʙʦ ʩʫʪʪʻʚʦ ʦʩʦʙʣʠʚʦʶ ʪʦʯ-

ʢʦʶ. ʉʪʝʧʝʥʝʚʠʡ ʨʷʜ ʫ ʮʴʦʤʫ ʚʠʧʘʜʢʫ ʪʝʞ ʥʘʟʠʚʘʻʪʴʩʷ ʨʷʜʦʤ ʃʦʨʘʥʘ. ɺʽʥ ʤʽʩʪʠʪʴ ʥʝ-

ʩʢʽʥʯʝʥʥʦ ʙʘʛʘʪʦ ʨʦʟʙʽʞʥʠʭ ʯʣʝʥʽʚ.  

ʈʷʜ ʇʶʽʟʴʦ. ɯʥʰʠʭ ʦʩʦʙʣʠʚʠʭ ʪʦʯʦʢ, ʚʽʜʤʽʥʥʠʭ ʚʽʜ ʧʦʣʶʩʽʚ ʩʢʽʥʯʝʥʦʛʦ ʽ ʥʝʩʢʽʥ-

ʯʝʥʦʛʦ ʧʦʨʷʜʢʽʚ, ʫ ʦʜʥʦʟʥʘʯʥʠʭ ʘʥʘʣʽʪʠʯʥʠʭ ʬʫʥʢʮʽʡ ʙʫʪʠ ʥʝ ʤʦʞʝ. ʋ ʙʘʛʘʪʦʟʥʘʯʥʠʭ 

ʘʥʘʣʽʪʠʯʥʠʭ ʬʫʥʢʮʽʡ ʻ ʱʝ ʦʜʠʥ ʪʠʧ ʦʩʦʙʣʠʚʠʭ ʪʦʯʦʢ, ʱʦ ʥʘʟʠʚʘʶʪʴʩʷ ʪʦʯʢʘʤʠ ʛʘʣʫ-

ʞʝʥʥʷ. ʎʝ ʪʦʯʢʠ ʩʧʽʣʴʥʽ ʜʣʷ ʚʩʽʭ ʛʣ̔ʦʢ ʜʘʥʦʾ ʙʘʛʘʪʦʟʥʘʯʥʦʾ ʬʫʥʢʮʽʾ. ʉʪʝʧʝʥʝʚʠʡ ʨʷʜ ʜʣʷ 

ʙʘʛʘʪʦʟʥʘʯʥʦʾ ʘʥʘʣʽʪʠʯʥʦʾ ʬʫʥʢʮʽʾ ʚ ʦʢʦʣʽ ʪʦʯʢʠ ʛʘʣʫʞʝʥʥʷ ʤʦʞʝ ʤʘʪʠ ʚʠʛʣʷʜ 
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ʎʷ ʪʦʯʢʘ ʥʘʟʠʚʘʻʪʴʩʷ ʪʦʯʢʦʶ ʛʘʣʫʞʝʥʥʷ k -ʛʦ  ʧʦʨʷʜʢʫ (k  ʤʦʞʝ ʙʫʪʠ ʷʢ ʩʢʽʥʯʝʥʠʤ, 

ʪʘʢ ʽ ʥʝʩʢʽʥʯʝʥʠʤ ʥʘʪʫʨʘʣʴʥʠʤ ʯʠʩʣʦʤ ʚʽʜʧʦʚʽʜʥʦ ʜʦ ʪʦʛʦ, ʯʠ ʜʘʥʘ ʙʘʛʘʪʦʟʥʘʯʥʘ ʬʫʥʢ-

ʮʽʷ ʝʢʚʽʚʘʣʝʥʪʥʘ ʩʢʽʥʯʝʥʽʡ ʘʙʦ ʥʝʩʢʽʥʯʝʥʽʡ ʢʽʣʴʢʦʩʪʽ ʦʜʥʦʟʥʘʯʥʠʭ ʘʥʘʣʽʪʠʯʥʠʭ ʬʫʥʢ-

ʮʽʡ), ʘ ʩʪʝʧʝʥʝʚʠʡ ʨʷʜ ʥʘʟʠʚʘʻʪʴʩʷ ʨʷʜʦʤ ʇʶʽʟʴʦ. ɼʘʥʠʡ ʨʷʜ, ʦʯʝʚʠʜʥʦ, ʥʝ ʤʽʩʪʠʪʴ ʨʦʟ-

ʙʽʞʥʠʭ ʜʦʜʘʥʢʽʚ. ʆʙʣʘʩʪʶ ʡʦʛʦ ʟʙʽʞʥʦʩʪʽ ʻ ʢʨʫʛ ʟ ʮʝʥʪʨʦʤ ʚ ʦʩʦʙʣʠʚʽʡ ʪʦʯʮʽ ʽ ʨʘʜʽʫ-

ʩʦʤ, ʱʦ ʜʦʨʽʚʥʶʻ ʚʽʜʩʪʘʥʽ ʚʽʜ ʮʽʻʾ ʪʦʯʢʠ ʜʦ ʥʘʡʙʣʠʞʯʦʾ ʜʦ ʥʝʾ ʦʩʦʙʣʠʚʦʾ ʪʦʯʢʠ ʬʫʥʢʮʽʾ 

)(zf . ɼʣʷ ʢʦʞʥʦʾ ʦʢʨʝʤʦʾ ʛʽʣʢʠ ʙʘʛʘʪʦʟʥʘʯʥʦʾ ʘʥʘʣʽʪʠʯʥʦʾ ʬʫʥʢʮʽʾ ʟʘʟʥʘʯʝʥʠʡ ʢʨʫʛ 

ʤʽʩʪʠʪʴ ʨʦʟʨʽʟ ʚʟʜʦʚʞ ʜʦʚʽʣʴʥʦʛʦ ʨʘʜʽʫʩʘ ʮʴʦʛʦ ʢʦʣʘ. ɼʦʚʽʣʴʥʽʩʪʴ ʮʴʦʛʦ ʨʦʟʨʽʟʫ ʙʝʟʧʦ-

ʩʝʨʝʜʥʴʦ ʧʦʚ'ʷʟʘʥʘ ʟ ʜʦʚʽʣʴʥʽʩʪʶ ʚʠʙʦʨʫ ʦʙʣʘʩʪʽ ʦʟʥʘʯʝʥʥʷ ʜʣʷ ʬʫʥʢʮʽʾ )arg(z . ʇʨʠ 
ʧʝʨʝʪʠʥʽ ʨʦʟʨʽʟʫ ʽ ʚʽʜʙʫʚʘʻʪʴʩʷ ʧʝʨʝʭʽʜ ʦʜʥʽʻʾ ʛʽʣʢʠ ʙʘʛʘʪʦʟʥʘʯʥʦʾ ʘʥʘʣʪ̔ʠʯʥʦʾ ʬʫʥʢʮʽʾ ʚ 

ʽʥʰʫ. ʈʽʟʥʦʚʠʜʽʚ ʨʷʜʫ ʇʶʽʟʴʦ ʩʪʽʣʴʢʠ, ʩʢʽʣʴʢʠ ʨʽʟʥʦʚʠʜʽʚ ʨʷʜʽʚ ʊʝʡʣʦʨʘ ʽ ʃʦʨʘʥʘ ʨʘʟʦʤ 

ʫʟʷʪʠʭ, ʦʩʢʽʣʴʢʠ ʟʦʚʥʽʰʥʷ ʚʽʜʤʽʥʘ ʧʝʨʰʦʛʦ ʚʽʜ ʦʩʪʘʥʥʽʭ ʣʠʰʝ ʫ ʥʘʷʚʥʦʩʪʽ ʜʨʦʙʦʚʦʛʦ 

ʧʦʢʘʟʥʠʢʘ ʩʪʝʧʝʥʶ ʪʘ ʽʥʜʝʢʩʫ ʫ ʢʦʝʬʽʮʽʻʥʪʽʚ. 

 ʗʢʱʦ ʚ ʦʢʦʣʽ ʽʟʦʣʴʦʚʘʥʦʾ ʦʩʦʙʣʠʚʦʾ ʪʦʯʢʠ ʨʷʜ ʇʶʽʟʴʦ ʤʘʻ ʚʠʛʣʷʜ 

ä
¤

-=

-=
mn

kn
kn zzczf /

0/ )()( , 

ʪʦ ʮʷ ʪʦʯʢʘ ʻ ʘʣʛʝʙʨʘʾʯʥʦʶ ʪʦʯʢʦʶ ʛʘʣʫʞʝʥʥʷ, ʪʦʙʪʦ ʚʦʥʘ ʦʜʥʦʯʘʩʥʦ ʻ ʧʦʣʶʩʦʤ ʧʦʨʷʜ-

ʢʫ m ʽ ʪʦʯʢʦʶ ʛʘʣʫʞʝʥʥʷ ʧʦʨʷʜʢʫ k .  

ʗʢʱʦ ʚ ʦʢʦʣʽ ʽʟʦʣʴʦʚʘʥʦʾ ʦʩʦʙʣʠʚʦʾ ʪʦʯʢʠ ʨʷʜ ʇʶʽʟʴʦ ʤʘʻ ʚʠʛʣʷʜ 

ä
¤

-¤=

-=
n

kn
kn zzczf /

0/ )()( , 

ʪʦ ʮʷ ʪʦʯʢʘ ʥʘʟʠʚʘʻʪʴʩʷ ʪʨʘʥʩʮʝʥʜʝʥʪʥʦʶ ʪʦʯʢʦʶ ʛʘʣʫʞʝʥʥʷ, ʪʦʙʪʦ ʚʦʥʘ, ʦʜʥʦʯʘʩʥʦ, ʻ 

ʩʫʪʪʻʚʦ ʦʩʦʙʣʠʚʦʶ  ʽ ʪʦʯʢʦʶ ʛʘʣʫʞʝʥʥʷ ʧʦʨʷʜʢʫ k . 

 ʗʢʱʦ ʽʟʦʣʴʦʚʘʥʘ ʦʩʦʙʣʠʚʘ ʪʦʯʢʘ ʦʜʥʦʯʘʩʥʦ ʻ ʩʫʪʪʻʚʦ ʦʩʦʙʣʠʚʦʶ ʽ ʪʦʯʢʦʶ ʛʘʣʫ-

ʞʝʥʥʷ ʥʝʩʢʽʥʯʝʥʥʦʛʦ ʧʦʨʷʜʢʫ, ʪʦ ʪʘʢʘ ʪʦʯʢʘ ʥʘʟʠʚʘʻʪʴʩʷ ʣʦʛʘʨʠʬʤʽʯʥʦʶ ʪʦʯʢʦʶ ʛʘʣʫ-

ʞʝʥʥʷ. 

 ʅʝʩʢʽʥʯʝʥʥʦ ʚʽʜʜʘʣʝʥʘ ʪʦʯʢʘ. ʈʦʟʛʣʷʥʝʤʦ ʪʝʧʝʨ ʷʢ ʦʩʦʙʣʠʚʫ - ʥʝʩʢʽʥʯʝʥʥʦ 

ʚʽʜʜʘʣʝʥʫ ʪʦʯʢʫ. ʆʢʦʣʦʤ ʪʘʢʦʾ ʪʦʯʢʠ ʻ ʟʦʚʥʽʰʥʷ ʯʘʩʪʠʥʘ ʢʨʫʛʘ ʜʦʚʽʣʴʥʦʛʦ ʩʢʽʥʯʝʥʦʛʦ 

ʨʘʜʽʫʩʘ ʟ ʮʝʥʪʨʦʤ ʫ ʧʦʯʘʪʢʫ ʢʦʦʨʜʠʥʘʪ. ʋ ʚʠʧʘʜʢʫ, ʢʦʣʠ ʽʟʦʣʴʦʚʘʥʦʶ ʦʩʦʙʣʠʚʦʶ ʪʦʯ-

ʢʦʶ ʻ ʥʝʩʢʽʥʯʝʥʥʦ ʚʽʜʜʘʣʝʥʘ ʪʦʯʢʘ, ʚʠʟʥʘʯʝʥʥʷ ʾʾ ʭʘʨʘʢʪʝʨʫ ʤʘʻ ʧʝʚʥʽ ʦʩʦʙʣʠʚʦʩʪʽ. ʊʘʢ, 

ʷʢʱʦ ʥʝʩʢʽʥʯʝʥʥʦ ʚʽʜʜʘʣʝʥʘ ʪʦʯʢʘ ʻ ʧʦʣʶʩʦʤ ʧʦʨʷʜʢʫ m, ʪʦ ʨʷʜ ʃʦʨʘʥʘ ʚ ʾʾ ʦʢʦʣʽ ʤʘʻ 
ʚʠʛʣʷʜ: 

ä
-¤=

=
m

n

n
nzczf )( . 

ʊʫʪ m ʻ ʧʦʢʘʟʥʠʢʦʤ ʩʪʝʧʝʥʶ ʥʘʡʙʽʣʴʰ ʰʚʠʜʢʦ ʨʦʟʙʽʞʥʦʛʦ ʯʣʝʥʘ ʨʷʜʫ ʧʨʠ ʥʘʙʣʠʞʝʥ-

ʥʽ ʜʦ ʥʝʩʢʽʥʯʝʥʥʦ ʚʽʜʜʘʣʝʥʦʾ ʪʦʯʢʠ.  

ʗʢʱʦ ʥʝʩʢʽʥʯʝʥʥʦ ʚʽʜʜʘʣʝʥʘ ʪʦʯʢʘ ʻ ʩʫʪʪʻʚʦ ʦʩʦʙʣʠʚʦʶ, ʪʦ ʨʷʜ ʃʦʨʘʥʘ ʤʘʻ ʚʠ-

ʛʣʷʜ 
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ä
¤

-¤=

=
n

n
nzczf )( . 

ʎʝʡ ʨʷʜ ʤʽʩʪʠʪʴ ʥʝʩʢʽʥʯʝʥʥʫ ʢʽʣʴʢʽʩʪʴ ʨʦʟʙʽʞʥʠʭ ʜʦʜʘʥʢʽʚ ʚ ʦʢʦʣʽ ʥʝʩʢʽʥʯʝʥʥʦ ʚʽʜʜʘ-

ʣʝʥʦʾ ʪʦʯʢʠ  

ʗʢʱʦ ʥʝʩʢʽʥʯʝʥʥʦ ʚʽʜʜʘʣʝʥʘ ʪʦʯʢʘ ʻ ʘʣʛʝʙʨʘʾʯʥʦʶ ʪʦʯʢʦʶ ʛʘʣʫʞʝʥʥʷ, ʪʦ ʨʷʜ 

ʇʶʽʟʴʦ ʤʘʻ ʚʠʛʣʷʜ 

ä
-¤=

=
m

n

kn
kn zczf /

/)( . 

ʗʢʱʦ ʥʝʩʢʽʥʯʝʥʥʦ ʚʽʜʜʘʣʝʥʘ ʪʦʯʢʘ ʻ ʪʨʘʥʩʮʝʥʜʝʥʪʥʦʶ ʪʦʯʢʦʶ ʛʘʣʫʞʝʥʥʷ, ʪʦ 

ʨʷʜ ʇʶʽʟʴʦ ʤʘʻ ʚʠʛʣʷʜ: 

ä
¤

-¤=

=
n

kn
kn zczf /

/)( . 

 ɯʟ ʟʙʽʛʫ ʦʩʦʙʣʠʚʠʭ ʪʦʯʦʢ ʫ ʢʦʝʬʽʮʽʻʥʪʽʚ ʨʽʚʥʷʥʥʷ ʽ ʡʦʛʦ ʨʦʟʚ'ʟ̫ʢʽʚ ʥʝ ʚʠʧʣʠʚʘʻ 

ʟʙʽʛ ʭʘʨʘʢʪʝʨʫ ʦʩʦʙʣʠʚʠʭ ʪʦʯʦʢ ʜʣʷ ʢʦʝʬʽʮʽʻʥʪʽʚ ʽ  ʨʦʟʚ'ʷʟʢʽʚ. ʎʷ ʦʙʩʪʘʚʠʥʘ ʜʦʟʚʦʣʷʻ 

ʟʘʜʘʚʘʪʠ ʭʘʨʘʢʪʝʨ ʦʩʦʙʣʠʚʦʩʪʽ ʨʦʟʚ'ʷʟʢʫ ʷʢ ʤʝʞʦʚʫ ʫʤʦʚʫ ʟʘʜʘʯʽ. ʗʢ ʚʞʝ ʟʘʟʥʘʯʘʣʦʩʴ 

ʚʠʱʝ, ʩʘʤʝ ʦʢʨʝʤʽ ʦʩʦʙʣʠʚʽ ʪʦʯʢʠ ʜʽʣʷʪʴ ʢʦʤʧʣʝʢʩʥʫ ʧʣʦʱʠʥʫ ʥʘ ʦʙʣʘʩʪʽ, ʫ ʢʦʞʥʽʡ ʟ 

ʷʢʠʭ ʨʦʟʚ'ʷʟʦʢ ʻ ʦʜʥʦʟʥʘʯʥʦʶ ʘʥʘʣʽʪʠʯʥʦʶ ʬʫʥʢʮʽʻʶ. ʗʢʫ ʙ ʦʙʣʘʩʪʴ ʤʠ ʥʝ ʨʦʟʛʣʷʜʘʣʠ, 

ʫ ʥʝʾ ʟʘʚʞʜʠ ʻ ʛʨʘʥʠʮʷ, ʥʘʚʽʪʴ ʷʢʱʦ ʮʽʻʶ ʦʙʣʘʩʪʶ ʻ ʚʩʷ ʢʦʤʧʣʝʢʩʥʘ ʧʣʦʱʠʥʘ. ɺ ʦʩʪʘʥ-

ʥʴʦʤʫ ʚʠʧʘʜʢʫ ʛʨʘʥʠʮʝʶ ʻ ʦʜʥʘ ʪʦʯʢʘ - ʥʝʩʢʽʥʯʝʥʥʦ ʚʽʜʜʘʣʝʥʘ ʪʦʯʢʘ. ɿʘʜʘʪʠ ʤʝʞʦʚʫ 

ʫʤʦʚʫ ʫ ʮʴʦʤʫ ʚʠʧʘʜʢʫ, ʮʝ ʟʘʜʘʪʠ ʭʘʨʘʢʪʝʨ ʦʩʦʙʣʠʚʦʩʪʽ ʨʦʟʚ'ʷʟʢʫ ʫ ʮʽʡ ʪʦʯʮʽ. ʇʨʠ ʮʴʦ-

ʤʫ ʩʣʽʜ ʥʘʛʘʜʘʪʠ, ʱʦ ʦʜʥʦʟʥʘʯʥʘ ʘʥʘʣʽʪʠʯʥʘ ʬʫʥʢʮʽʷ ʟʘʚʞʜʠ ʤʘʻ ʦʩʦʙʣʠʚʽ ʪʦʯʢʠ. ʗʢʱʦ 

ʪʘʢʽ ʪʦʯʢʠ ʚʽʜʩʫʪʥʽ ʫ ʩʢʽʥʯʝʥʽʡ ʯʘʩʪʠʥʽ ʢʦʤʧʣʝʢʩʥʦʾ ʧʣʦʱʠʥʠ, ʪʦ ʦʩʦʙʣʠʚʦʶ ʪʦʯʢʦʶ ʻ 

ʥʝʩʢʽʥʯʝʥʥʦ ʚʽʜʜʘʣʝʥʘ ʪʦʯʢʘ. ʗʢʱʦ ʽ ʦʩʪʘʥʥʷ ʻ ʟʚʠʯʘʡʥʦʶ ʪʦʯʢʦʶ ʬʫʥʢʮʽʾ, ʪʦ ʪʘʢʘ ʬʫ-

ʥʢʮʽʷ ʻ ʩʪʘʣʦʶ ʚʝʣʠʯʠʥʦʶ .  

ʗʢʱʦ ʢʦʝʬʽʮʽʻʥʪʠ ʨʽʚʥʷʥʥʷ ʻ ʘʥʘʣʽʪʠʯʥʠʤʠ ʬʫʥʢʮʽʷʤʠ ʩʢʨʽʟʴ, ʟʘ ʚʠʢʣʶʯʝʥʥʷʤ 

ʩʢʽʥʯʝʥʦʾ ʢʽʣʴʢʦʩʪʽ ʦʩʦʙʣʠʚʠʭ ʪʦʯʦʢ , ʪʦ ʚ ʦʢʦʣʽ ʙʫʜ-ɹʷʢʦʾ ʪʦʯʢʠ ʦʙʣʘʩʪʽ, ʜʝ ʰʫʢʘʻʪʴʩʷ 

ʨʦʟʚ'ʷʟʦʢ ʨʽʚʥʷʥʥʷ, ʦʩʪʘʥʥʽʡ ʤʦʞʥʘ ʧʨʝʜʩʪʘʚʠʪʠ ʫ ʚʠʛʣʷʜʽ ʚʽʜʧʦʚʽʜʥʦʛʦ ʩʪʝʧʝʥʝʚʦʛʦ 

ʨʷʜʫ. ɺ ʦʢʦʣʽ ʟʚʠʯʘʡʥʦʾ ʪʦʯʢʠ  ʨʽʚʥʷʥʥʷ ʡʦʛʦ ʨʦʟʚ'ʷʟʦʢ ʤʦʞʥʘ ʧʨʝʜʩʪʘʚʠʪʠ ʫ ʚʠʛʣʷʜʽ 

ʨʷʜʫ ʊʝʡʣʦʨʘ. ɺ ʦʢʦʣʽ ʦʩʦʙʣʠʚʦʾ ʪʦʯʢʠ ʡʦʛʦ ʨʦʟʚ'ʷʟʦʢ ʤʦʞʥʘ ʧʨʝʜʩʪʘʚʠʪʠ ʘʙʦ ʫ ʚʠʛʣʷʜʽ 

ʨʷʜʫ ʃʦʨʘʥʘ, ʘʙʦ ʫ ʚʠʛʣʷʜʽ ʨʷʜʫ ʇʶʽʟʴʦ. 

 ʈʦʣʴ ʥʝʩʢʽʥʯʝʥʥʦ ʚʽʜʜʘʣʝʥʦʾ ʪʦʯʢʠ ʪʫʪ ʧʨʦʷʚʣʷʻʪʴʩʷ ʫ ʪʦʤʫ, ʱʦ, ʟʘ ʦʟʥʘʯʝʥʥʷʤ, 

ʦʢʦʣʦʤ ʥʝʩʢʽʥʯʝʥʥʦ ʚʽʜʜʘʣʝʥʦʾ ʪʦʯʢʠ ʻ ʟʦʚʥʽʰʥʷ ʯʘʩʪʠʥʘ ʢʨʫʛʘ ʜʦʚʽʣʴʥʦʛʦ ʨʘʜʽʫʩʘ, ʱʦ 

ʤʽʩʪʠʪʴ ʫ ʩʦʙʽ ʧʦʯʘʪʦʢ ʢʦʦʨʜʠʥʘʪ. ʈʦʟʚʠʚʘʶʯʠ ʨʦʟʚ'ʷʟʦʢ ʨʽʚʥʷʥʥʷ  ʫ ʚʽʜʧʦʚʽʜʥʠʡ ʩʪʝʧʝ-

ʥʝʚʠʡ ʨʷʜ ʚ ʦʢʦʣʽ ʜʦʚʽʣʴʥʦʾ ʪʦʯʢʠ ʪʘʢʦʛʦ ʢʨʫʛʫ, ʤʠ ʚʨʘʭʦʚʫʻʤʦ ʽʥʬʦʨʤʘʮʽʶ ʧʨʦ ʧʦʚʝʜʽ-

ʥʢʫ ʬʫʥʢʮʽʾ ʚʩʝʨʝʜʠʥʽ ʢʨʫʛʘ. ʋʟʛʦʜʞʫʶʯʠ ʩʪʨʫʢʪʫʨʫ ʮʴʦʛʦ ʩʪʝʧʝʥʝʚʦʛʦ ʨʷʜʫ ʟ ʭʘʨʘʢʪʝ-

ʨʦʤ ʥʝʩʢʽʥʯʝʥʥʦ ʚʽʜʜʘʣʝʥʦʾ ʦʩʦʙʣʠʚʦʾ ʪʦʯʢʠ, ʤʠ ʜʦʜʘʪʢʦʚʦ ʚʧʣʠʚʘʻʤʦ ʥʘ ʩʪʨʫʢʪʫʨʫ 

ʩʪʝʧʝʥʝʚʦʛʦ ʨʷʜʫ, ʚʨʘʭʦʚʫʶʯʠ ʡʦʛʦ ʧʦʚʝʜʽʥʢʫ    ʟʘ ʤʝʞʘʤʠ ʢʨʫʛʘ. ʇʝʨʝʙʠʨʘʶʯʠ ʚʩʽ 

ʚʘʨʽʘʥʪʠ ʧʦʚʝʜʽʥʢʠ ʨʦʟʚ'ʷʟʢʫ ʫ ʥʝʩʢʽʥʯʝʥʥʦ ʚʽʜʜʘʣʝʥʽʡ ʪʦʯʮʽ, ʤʠ ʧʝʨʝʙʠʨʘʻʤʦ ʪʠʤ ʩʘ-

ʤʠʤ ʚʩʽ ʚʘʨʽʘʥʪʠ ʤʦʞʣʠʚʠʭ ʨʦʟʚ'ʷʟʢʽʚ ʨʽʚʥʷʥʥʷ. ɸʥʘʣʦʛʽʯʥʫ ʨʦʣʴ ʫ ʙʘʛʘʪʴʦʭ ʚʠʧʘʜʢʘʭ 

ʤʦʞʝ ʚʽʜʽʛʨʘʚʘʪʠ ʽ ʧʦʯʘʪʦʢ ʢʦʦʨʜʠʥʘʪ. 

ɿʘʟʥʘʯʝʥʽ ʨʝʢʦʤʝʥʜʘʮʽʾ ʥʝ ʥʦʩʷʪʴ ʦʙʦʚ'ʷʟʢʦʚʦʛʦ ʭʘʨʘʢʪʝʨʫ. ɿʘʚʞʜʠ ʤʦʞʥʘ ʚʠʢʦ-

ʨʠʩʪʦʚʫʚʘʪʠ ʣʠʰʝ ʥʘʡʙʽʣʴʰ ʟʘʛʘʣʴʥʠʡ ʨʷʜ  ʇʶʽʟʴʦ. ʇʨʠ ʮʴʦʤʫ, ʭʘʨʘʢʪʝʨ ʨʽʚʥʷʥʥʷ ʪʘ 

ʤʝʞʦʚʠʭ ʫʤʦʚ ʩʘʤ ʚʠʟʥʘʯʠʪʴ ʦʩʪʘʪʦʯʥʫ ʩʪʨʫʢʪʫʨʫ ʨʦʟʚ'ʷʟʢʫ. ʉʣʽʜ ʧʨʦʩʪʦ ʚʨʘʭʦʚʫʚʘʪʠ 

ʪʫ ʦʙʩʪʘʚʠʥʫ, ʱʦ ʯʠʤ ʙʣʠʞʯʝ ʭʘʨʘʢʪʝʨ ʚʠʭʽʜʥʦʛʦ ʨʷʜʫ ʜʦ ʦʩʪʘʪʦʯʥʦʛʦ ʨʝʟʫʣʴʪʘʪʫ, ʪʠʤ 

ʰʚʠʜh ʝ ʚʽʥ ʟʥʘʭʦʜʠʪʴʩʷ. 
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 ʗʢʱʦ ʚ ʦʙʣʘʩʪʽ, ʜʝ ʰʫʢʘʻʪʴʩʷ ʨʦʟʚ'ʷʟʦʢ ʨʽʚʥʷʥʥʷ ʦʩʦʙʣʠʚʽ ʪʦʯʢʠ ʚʽʜʩʫʪʥʽ, ʘʙʦ ʻ 

ʣʠʰʝ ʦʜʥʘ ʦʩʦʙʣʠʚʘ ʪʦʯʢʘ, ʪʦ ʨʦʟʚ'ʷʟʦʢ ʚʠʟʥʘʯʘʻʪʴʩʷ  ʦʜʥʠʤ ʩʪʝʧʝʥʝʚʠʤ ʨʷʜʦʤ. ɺ ʽʥ-

ʰʦʤʫ ʚʠʧʘʜʢʫ, ʚ ʦʢʦʣʽ ʢʦʞʥʦʾ ʦʩʦʙʣʠʚʦʾ ʪʦʯʢʠ ʨʦʟʚ'ʷʟʦʢ ʚʠʟʥʘʯʘʪʠʤʝʪʴʩʷ ʩʚʦʾʤ ʢʦʥʢ-

ʨʝʪʥʠʤ ʨʷʜʦʤ. 

 

1.2.ʇʦʚʝʜʽʥʢʘ ʘʥʘʣʽʪʠʯʥʠʭ ʬʫʥʢʮʽʡ ʚ ʦʢʦʣʽ ʦʩʦʙʣʠʚʠʭ ʪʦʯʦʢ 
 

 ʇʦʣʶʩʠ ʩʢʽʥʯʝʥʦʛʦ ʧʦʨʷʜʢʫ. ʅʘʡʧʨʦʩʪʽʰʠʤ ʪʠʧʦʤ ʦʩʦʙʣʠʚʠʭ ʪʦʯʦʢ ʻ ʧʦʣʶʩʠ 

ʩʢʽʥʯʝʥʦʛʦ ʧʦʨʷʜʢʫ. ʋ ʙʝʟʧʦʩʝʨʝʜʥʴʦʤʫ ʦʢʦʣʽ ʧʦʣʶʩʘ m ʘʥʘʣʽʪʠʯʥʫ ʬʫʥʢʮʽʶ ʤʦʞʥʘ 

ʧʨʝʜʩʪʘʚʠʪʠ ʫ ʚʠʛʣʷʜʽ: 

0
( ) /( )mf z A z z= -  

ʋ ʩʘʤʽʡ ʪʦʯʮʽ ʚʚʘʞʘʻʪʴʩʷ, ʱʦ ¤=)(
0

zf . ʊʫʪ A - ʜʦʚʽʣʴʥʘ ʩʪʘʣʘ. ʗʢʱʦ ʧʦʣʶʩ ʣʝ-

ʞʠʪʴ ʥʘ ʜʽʡʩʥʽʡ ʦʩʽ, ʪʦ ʫ ʧʦʣʶʩʽ ʧʘʨʥʦʛʦ ʧʦʨʷʜʢʫ ʬʫʥʢʮʽʷ ʤʘʻ ʥʝʩʢʽʥʯʝʥʽ ʣʽʚʫ ʽ ʧʨʘʚʫ 

ʤʝʞʽ, ʱʦ ʟʙʽʛʘʶʪʴʩʷ ʟʘ ʟʥʘʢʦʤ (ʜʠʚʠʩʷ ʫ ʚʠʧʘʜʢʫ ʜʽʡʩʥʦʾ ʟʤʽʥʥʦʾ ʥʘʩʪʫʧʥʠʡ ʤʘʣʥʁʦʢ): 

0 00 0

( ) ( )lim lim
x x x x

f x f x
­ - ­ +

= =¤; 

2 1 0 1 2 3 4

1

1

2

3

4

1

 

ʄʘʣʶʥʦʢ 1.ʇʦʣʶʩ ʧʘʨʥʦʛʦ ʧʦʨʷʜʢʫ 

ʫ ʧʦʣʶʩʽ ʥʝʧʘʨʥʦʛʦ ʧʦʨʷʜʢʫ, ʱʦ ʣʝʞʠʪʴ ʥʘ ʜʽʡʩʥʽʡ ʦʩʽ, ʣʽʚʘ ʽ ʧʨʘʚʘ ʤʝʞʽ ʻ ʥʝʩʢʽʥʯʝʥʠ-

ʤʠ ʘʣʝ ʚʽʜʨʽʟʥʷʶʪʴʩʷ ʟʥʘʢʘʤʠ. ɺ ʟʘʣʝʞʥʦʩʪʽ ʚʽʜ ʟʥʘʢʫ ʩʪʘʣʦʾ A (ʜʠʚʠʩʷ ʫ ʚʠʧʘʜʢʫ ʜʽʡ-

ʩʥʦʾ ʟʤʽʥʥʦʾ ʥʘʩʪʫʧʥʠʡ ʤʘʣʶʥʦʢ): 
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2 1 0 1 2 3 4

4

2

2

4

1

3 2 1 0 1 2 3
1

0.5

0

0.5

1

0sin x( )

cos x( )

0

x x,

 

ʄʘʣʶʥʦʢ 2. ʇʦʣʶʩ ʥʝʧʘʨʥʦʛʦ ʧʦʨʷʜʢʫ 

 

¤=
-­

)(lim
00

xf
xx

,     -¤=
+­

)(lim
00

xf
xx

, 

ʘʙʦ 

-¤=
-­

)(lim
00

xf
xx

,     ¤=
+­

)(lim
00

xf
xx

. 

 ɿ ʪʦʯʢʠ ʟʦʨʫ ʪʝʦʨʽʾ ʬʫʥʢʮʽʡ ʢʦʤʧʣʝʢʩʥʦʾ ʟʤʽʥʥʦʾ ʪʦʯʢʠ ¤=x ,  -¤=x  ʻ 

ʦʜʥʽʻʶ ʥʝʩʢʽʥʯʝʥʥʦ ʚʽʜʜʘʣʝʥʦʶ ʪʦʯʢʦʶ ¤=z . 

 ʉʫʪʪʻʚʦ ʦʩʦʙʣʠʚʽ ʪʦʯʢʠ (ʧʦʣʶʩʠ ʥʝʩʢʽʥʯʝʥʥʦʛʦ ʧʦʨʷʜʢʫ). ʋ ʩʫʪʪʻʚʦ ʦʩʦʙʣʠ-

ʚʠʭ ʪʦʯʢʘʭ ʬʫʥʢʮʽʷ ʥʝ ʤʘʻ ʧʝʚʥʦʛʦ ʟʥʘʯʝʥʥʷ. ɺ ʟʘʣʝʞʥʦʩʪʽ ʚʽʜ ʩʧʦʩʦʙʫ ʧʨʷʤʫʚʘʥʥʷ ʜʦ 

ʪʘʢʦʾ ʦʩʦʙʣʠʚʦʾ ʪʦʯʢʠ ʤʠ ʤʦʞʝʤʦ ʦʜʝʨʞʘʪʠ ʙʫʜʴ-ʷʢʝ ʟʥʘʯʝʥʥʷ ʬʫʥʢʮʽʾ ʘʙʦ  ʾʾ ʧʦʭʽʜʥʠʭ 

ʫ ʩʘʤʽʡ ʪʦʯʮʽ. ʇʦʢʘʞʝʤʦ ʮʝ ʥʘ ʢʦʥʢʨʝʪʥʦʤʫ ʧʨʠʢʣʘʜʽ.  

ʇʨʠʢʣʘʜ 1. ʅʝʭʘʡ 

( )( ) sin 1/f z z= . 

0=z  ʻ ʩʫʪʪʻʚʦ ʦʩʦʙʣʠʚʦʶ ʪʦʯʢʦʶ ʜʘʥʦʾ ʘʥʘʣʽʪʠʯʥʦʾ ʬʫʥʢʮʽʾ. ɿʥʘʡʜʝʤʦ ʤʝʞʦʚʝ ʟʥʘ-

ʯʝʥʥʷ ʬʫʥʢʮʽʾ ʫ ʟʘʟʥʘʯʝʥʽʡ ʪʦʯʮʽ, ʦʙʨʘʚʰʠ ʚ ʷʢʦʩʪʽ ʧʦʩʣʽʜʦʚʥʦʩʪʽ, ʟʙʽʞʥʦʾ ʜʦ ʪʦʯʢʠ 

0=z , ʥʘʩʪʫʧʥʫ: 

pn
zn

=
1

   ʘʙʦ   

pn
z

n

1
= ,   ,...2,1=n   . 

ɼʣʷ ʢʦʞʥʦʛʦ ʪʘʢʦʛʦ ʟʥʘʯʝʥʥʷ ʘʨʛʫʤʝʥʪʫ 

0)( =
n

zf , 

ʘ ʪʦʤʫ  

0)(lim
0

=
­

zf
nz

 . 
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ɿʥʘʡʜʝʤʦ ʪʝʧʝʨ ʤʝʞʦʚʝ ʟʥʘʯʝʥʥʷ ʬʫʥʢʮʽʾ ʫ ʟʘʟʥʘʯʝʥʽʡ ʪʦʯʮʽ ʦʙʨʘʚʰʠ ʚ ʷʢʦʩʪʽ 

ʧʦʩʣʽʜʦʚʥʦʩʪʽ, ʟʙʽʞʥʦʾ ʜʦ ʪʦʯʢʠ 0=z  ʥʘʩʪʫʧʥʫ: 

p
p

n
zn

2
2

1
+=    ʘʙʦ   

p
p

n

z
n

2
2

1

+

= ,   ,...2,1=n   . 

ɼʣʷ ʢʦʞʥʦʛʦ ʪʘʢʦʛʦ ʟʥʘʯʝʥʥʷ ʘʨʛʫʤʝʥʪʫ 

1)( =
n

zf , 

ʘ ʪʦʤʫ  

1)(lim
0

=
­

zf
nz

 . 

ɿʥʘʡʜʝʤʦ ʤʝʞʦʚʝ ʟʥʘʯʝʥʥʷ ʬʫʥʢʮʽʾ ʫ ʟʘʟʥʘʯʝʥʽʡ ʪʦʯʮʽ, ʦʙʨʘʚʰʠ ʚ ʷʢʦʩʪʽ ʧʦʩʣʽʜʦʚʥʦʩ-

ʪʽ, ʟʙʽʞʥʦʾ ʜʦ ʪʦʯʢʠ 0=z , ʪʘʢʫ: 

p
p

n
zn

2
2

1
+-=    ʘʙʦ   1/( /2 2 )

n
z np p= - + ,   ,...2,1=n   . 

ɼʣʷ ʢʦʞʥʦʛʦ ʪʘʢʦʛʦ ʟʥʘʯʝʥʥʷ ʘʨʛʫʤʝʥʪʫ 

1)( -=
n

zf , 

ʘ ʪʦʤʫ  

1)(lim
0

-=
­

zf
nz

 . 

ʎʝʡ ʧʨʦʮʝʩ ʤʦʞʥʘ ʧʨʦʜʦʚʞʫʚʘʪʠ ʥʝʦʙʤʝʞʝʥʦ. ɼʣʷ ʢʦʞʥʦʾ ʥʘʩʪʫʧʥʦʾ ʧʦʩʣʽʜʦʚʥʦʩʪʽ 

ʤʠ ʦʪʨʠʤʘʻ ʽʥʰʝ ʤʝʞʦʚʝ ʟʥʘʯʝʥʥʷ ʬʫʥʢʮʽʾ ʫ ʪʦʯʮʽ 0=z .  

 ʊʦʯʢʠ ʛʘʣʫʞʝʥʥʷ. ʂʦʞʥʘ ʙʘʛʘʪʦʟʥʘʯʥʘ ʬʫʥʢʮʽʷ ʝʢʚʽʚʘʣʝʥʪʥʘ ʧʝʚʥʽʡ ʩʢʽʥʯʝʥʽʡ 

ʘʙʦ ʥʝʩʢʽʥʯʝʥʽʡ ʩʫʢʫʧʥʦʩʪʽ ʦʜʥʦʟʥʘʯʥʠʭ ʬʫʥʢʮʽʡ ʷʢʽ ʥʘʟʠʚʘʶʪʴʩʷ ʾʾ ʛʽʣʢʘʤʠ. ʈʦʟʛʣʷʥʝ-

ʤʦ ʥʘʧʨʠʢʣʘʜ ʥʘʩʪʫʧʥʫ ʩʪʝʧʝʥʝʚʫ ʬʫʥʢʮʽʶ 

mzzf /1)( = . 

ʆʯʝʚʠʜʥʦ, ʱʦ ʜʣʷ ʥʘʪʫʨʘʣʴʥʠʭ m ʮʷ ʬʫʥʢʮʽʷ ʻ m ʟʥʘʯʥʦʶ ʽ ʝʢʚʽʚʘʣʝʥʪʥʘ ʥʘʩʪʫʧʥʠʤ 

m ʦʜʥʦʟʥʘʯʥʠʤ ʬʫʥʢʮʽʷ: 

1/
1

arg( ) 2
( ) | | expm

z
f z z i

m

p+è ø
= é ù

ê ú
, 

1/
2

arg( ) 4
( ) | | expm

z
f z z i

m

p+è ø
= é ù

ê ú
, 

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . , 

1/
arg( )

( ) | | expm
m

z
f z z i

m

è ø
= é ù

ê ú
. 

ʆʙʣʘʩʪʶ ʦʟʥʘʯʝʥʥʷ ʢʦʞʥʦʾ ʬʫʥʢʮʽʾ ʻ ʚʩʷ ʢʦʤʧʣʝʢʩʥʘ ʧʣʦʱʠʥʘ. ɭʜʠʥʦʶ ʪʦʯʢʦʶ 

ʫ ʩʢʽʥʯʝʥʽʡ ʯʘʩʪʠʥʽ ʢʦʤʧʣʝʢʩʥʦʾ ʧʣʦʱʠʥʠ, ʜʝ ʟʥʘʯʝʥʥʷ ʚʩʽʭ ʛʣ̔ʦʢ ʟʙʽʛʘʶʪʴʩʷ, ʻ ʧʦʯʘʪʦʢ 

ʢʦʦʨʜʠʥʘʪ. ʊʫʪ 
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0)0(...)0()0(
21

====
m

fff . 

ʑʝ ʦʜʥʽʻʶ ʪʘʢʦʶ ʪʦʯʢʦʶ ʻ ʥʝʩʢʽʥʯʝʥʥʦ ʚʽʜʜʘʣʝʥʘ ʪʦʯʢʘ. ɺ ʫʩʽʭ ʽʥʰʠʭ ʪʦʯʢʘʭ ʢʦʤʧʣʝʢ-

ʩʥʦʾ ʧʣʦʱʠʥʠ 

)(...)()(
21

zfzfzf
m

¸¸¸ . 

ɿʘʟʥʘʯʝʥʽ ʩʧʽʣʴʥʘ ʜʣʷ ʚʩʽʭ ʛʽʣʦʢ ʪʦʯʢʠ ʽ ʥʘʟʠʚʘʻʪʴʩʷ ʪʦʯʢʘʤʠ ʛʘʣʫʞʝʥʥʷ m-ʛʦ ʧʦʨʷʜʢʫ. 

ʈʦʟʛʣʷʥʝʤʦ ʜʝʪʘʣʴʥʽʰʝ ʦʩʦʙʣʠʚʫ ʪʦʯʢʫ 0z= . ʄʠ ʙʘʯʠʤʦ, ʱʦ ʷʢ ʙʘʛʘʪʦʟʥʘʯʥʘ ʬʫʥʢ-

ʮʽʷ, ʪʘʢ ʽ ʚʩʽ ʾʾ ʛʽʣʢʠ ʚʠʟʥʘʯʝʥʽ ʫ ʮʽʡ ʪʦʯʮʽ, ʘʣʝ ʧʦʭʽʜʥʘ ʫ ʮʽʡ ʪʦʯʮʽ ʜʣʷ ʢʦʞʥʦʾ ʟ ʟʘʟʥʘʯʝ-

ʥʠʭ ʬʫʥʢʮʽʡ ʥʝ ʽʩʥʫʻ. ʊʦʙʪʦ ʚʩʽ ʟʘʟʥʘʯʝʥʽ ʬʫʥʢʮʽʾ ʫ ʮʽʡ ʪʦʯʮʽ ʻ ʥʝʘʥʘʣʽʪʠʯʥʠʤʠ. ʎʝ ʚʠ-

ʧʨʘʚʜʦʚʫʻ ʩʪʘʪʫʩ ʪʦʯʢʠ ʛʘʣʫʞʝʥʥʷ ʷʢ ʦʩʦʙʣʠʚʦʾ ʪʦʯʢʠ ʙʘʛʘʪʦʟʥʘʯʥʠʭ ʘʥʘʣʽʪʠʯʥʠʭ ʬʫʥ-

ʢʮʽʡ. ʍʘʨʘʢʪʝʨʥʦʶ ʚʣʘʩʪʠʚʽʩʪʶ ʪʦʯʢʠ ʛʘʣʫʞʝʥʥʷ ʻ ʪʝ, ʱʦ ʧʨʠ ʾʾ ʦʙʭʦʜʽ ʟʘ ʟʘʤʢʥʝʥʠʤ 

ʢʦʥʪʫʨʦʤ ʦʜʥʘ ʛʽʣʢʘ ʙʘʛʘʪʦʟʥʘʯʥʦʾ ʬʫʥʢʮʽʾ ʧʝʨʝʭʦʜʠʪʴ ʚ ʽʥʰʫ. ɼʽʡʩʥʦ, ʧʨʠ ʧʦʚʥʦʤʫ 

ʦʙʭʦʜʽ ʧʦʯʘʪʢʫ ʢʦʦʨʜʠʥʘʪ ʫ ʜʦʜʘʪʥʦʤʫ ʥʘʧʨʷʤʫ  ʘʨʛʫʤʝʥʪ ʢʦʞʥʦʾ ʛʽʣʢʠ ʟʤʽʥʶʻʪʴʩʷ ʥʘ 

p2 . ʋ ʚʠʩʣʽʜʽ: 

1/
1 2

arg( ) 2 2
( ) | | exp ( )m

z
f z z i f z

m

p p+ +è ø
= =é ù

ê ú
, 

1/
2 3

arg( ) 2 4
( ) | | exp ( )m

z
f z z i f z

m

p p+ +è ø
= =é ù

ê ú
, 

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . , 

1/
1

arg( ) 2
( ) | | exp ( )m

m

z
f z z i f z

m

p+è ø
= =é ù

ê ú
. 

 ʂʨʽʤ ʨʦʟʛʣʷʥʫʪʠʭ ʦʩʦʙʣʠʚʠʭ ʪʦʯʦʢ ʤʦʞʫʪʴ ʙʫʪʠ ʽ ʜʝʷʢʽ ʾʭ ʩʧʦʣʫʯʝʥʥʷ, ʧʝʨʝʨʘ-

ʭʦʚʘʥʽ ʫ ʧʦʧʝʨʝʜʥʴʦʤʫ ʧʘʨʘʛʨʘʬʽ. ʂʨʽʤ ʩʪʝʧʝʥʝʚʠʭ ʬʫʥʢʮʽʡ ʟ ʥʝʮʽʣʠʤʠ ʧʦʢʘʟʥʠʢʘʤʠ 

ʩʪʝʧʝʥʶ, ʩʝʨʝʜ ʦʩʥʦʚʥʠʭ ʝʣʝʤʝʥʪʘʨʥʠʭ ʬʫʥʢʮʽʡ ʙʘʛʘʪʦʟʥʘʯʥʠʤʠ (ʥʝʩʢʽʥʯʝʥʥʦ ʟʥʘʯʥʠ-

ʤʠ) ʬʫʥʢʮʽʷʤʠ ʻ ʦʙʝʨʥʝʥʽ ʪʨʠʛʦʥʦʤʝʪʨʠʯʥʽ, ʛʽʧʝʨʙʦʣʽʯʥʽ ʪʘ ʧʦʢʘʟʥʠʢʦʚʘ (ʣʦʛʘʨʠʬʤ) 

ʬʫʥʢʮʽʾ. ɺ ʦʩʪʘʥʥʴʦʤʫ ʚʠʧʘʜʢʫ 

Ln( ) ln( ) 2z z i np= + ,  n ZÍ  . 

ʊʫʪ 

ln( ) ln| | arg( )z z i z= +  

ʛʦʣʦʚʥʝ ʟʥʘʯʝʥʥʷ ʣʦʛʘʨʠʬʤʫ, 0=z  ʪʘ ¤=z  ʻ ʜʣʷ ʣʦʛʘʨʠʬʤʘ ʪʦʯʢʘʤʠ ʛʘʣʫʞʝʥʥʷ 

ʥʝʩʢʽʥʯʝʥʦʛʦ ʧʦʨʷʜʢʫ ʽ, ʦʜʥʦʯʘʩʥʦ ʩʫʪʪʻʚʦ ʦʩʦʙʣʠʚʠʤʠ ʪʦʯʢʘʤʠ. ʆʙʝʨʥʝʥʽ ʪʨʠʛʦʥʦʤʝʪ-

ʨʠʯʥʽ ʪʘ ʛʽʧʝʨʙʦʣʽʯʥʽ ʬʫʥʢʮʽʾ ʚʠʨʘʞʘʶʪʴʩʷ ʯʝʨʝʟ ʣʦʛʘʨʠʬʤ ʥʘʩʪʫʧʥʠʤ ʯʠʥʦʤ 

( )2Arcsin( ) Ln 1z i iz z=- + -,  ( )2Arccos( ) Ln 1z i z i z=- + -, 

( )2Arcsinh( ) Ln 1z z z= + +,  ( )2Arccosh( ) Ln 1z z z= + -, 

11
Arctan( ) Ln

12

iz
z i

iz

+å õ
=- æ ö-ç ÷

,   
11

Arccot( ) Ln
12

iz
z i

iz

-å õ
=- æ ö+ç ÷

, 
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11
Arctanh( ) Ln

12

z
z

z

+å õ
= æ ö-ç ÷

,   
11

Arccoth( ) Ln
12

z
z

z

+å õ
= æ ö-ç ÷

. 

ʅʠʞʯʝ ʥʘʚʝʜʝʥʽ ʛʨʘʬʽʢʠ ʾʭ ʛʦʣʦʚʥʠʭ ʟʥʘʯʝʥʴ ʜʣʷ ʜʽʡʩʥʠʭ ʘʨʛʫʤʝʥʪʽʚ: 

1 0 1

2

1

1

2

p-

2

p

2

asin x( )

1- 1

x

1 0 1

1

2

3

4

p

acosx( )

1- 1

x

 

5 0 5

p-

2

p

2

atanx( )

x

        

5 0 5

0

p

acotx( )

x
 

ʄʘʣʶʥʦʢ 3. ʆʙʝʨʥʝʥʽ ʪʨʠʛʦʥʦʤʝʪʨʠʯʥʽ ʬʫʥʢʮʽʾ:                         arcsin( )z ,  

arccos( )z ,  arctan( )z ,    arccot( )z  

 

10 0 10
asinh x( )

x

        

0 5 10

acoshx( )

x
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1 0 1

3

2

1

1

2

3

4

atanhx( )

x

 

10 0 10
acoth y( )

y
 

ʄʘʣʶʥʦʢ 4. ʆʙʝʨʥʝʥʽ ʛʽʧʝʨʙʦʣʽʯʥʽ ʬʫʥʢʮʽʾ:                                    arcsinh( )z ,  

arccosh( )z ,  arctanh( )z ,    arccoth( )z  

 

1.3.ʊʨʠʛʦʥʦʤʝʪʨʠʯʥʽ, ʛʽʧʝʨʙʦʣʽʯʥʽ ʪʘ ʧʦʢʘʟʥʠʢʦʚʘ ʬʫʥʢʮʽʾ 
 

ʄʦʞʥʘ ʟʘʧʨʦʧʦʥʫʚʘʪʠ ʥʘʩʪʫʧʥʫ ʢʣʘʩʠʬʽʢʘʮʽʶ ʬʫʥʢʮʽʡ. ɽʣʝʤʝʥʪʘʨʥʽ ʬʫʥʢʮʽʾ - 

ʮʝ ʬʫʥʢʮʽʾ, ʱʦ ʻ  ʨʦʟʚ'ʷʟʢʘʤʠ ʟʚʠʯʘʡʥʠʭ ʣʽʥʽʡʥʠʭ ʦʜʥʦʨʽʜʥʠʭ ʜʠʬʝʨʝʥʮʽʡʥʠʭ ʨʽʚʥʷʥʴ ʟ 

ʩʪʘʣʠʤʠ ʢʦʝʬʽʮʽʻʥʪʘʤʠ, ʘʙʦ ʥʘʡʧʨʦʩʪʽʰʠʭ ʦʜʥʦʨʽʜʥʠʭ ʟʚʠʯʘʡʥʠʭ ʜʠʬʝʨʝʥʮʽʡʥʠʭ ʨʽʚ-

ʥʷʥʴ ʽʟ ʟʤʽʥʥʠʤʠ ʢʦʝʬʽʮʽʻʥʪʘʤʠ (ʩʪʝʧʝʥʝʚʘ ʬʫʥʢʮʽʷ). ʉʧʝʮʽʘʣʴʥʽ ʬʫʥʢʮʽʾ - ʮʝ ʬʫʥʢʮʽʾ, 

ʱʦ ʻ  ʨʦʟʚ'ʷʟʢʘʤʠ ʙʽʣʴʰ ʩʢʣʘʜʥʠʭ ʟʚʠʯʘʡʥʠʭ ʣʽʥʽʡʥʠʭ ʦʜʥʦʨʽʜʥʠʭ ʜʠʬʝʨʝʥʮʽʡʥʠʭ ʨʽʚ-

ʥʷʥʴ ʽʟ ʟʤʽʥʥʠʤʠ ʢʦʝʬʽʮʽʻʥʪʘʤʠ. ʅʘʜʘʣʽ ʤʠ ʧʨʦʽʣʶʩʪʨʫʻʤʦ ʮʝ ʪʚʝʨʜʞʝʥʥʷ ʥʘ ʨʷʜʽ ʧʨʠ-

ʢʣʘʜʽʚ. ʇʨʠ ʮʴʦʤʫ, ʥʘʤ ʜʦʚʝʜʝʪʴʩʷ ʟʽʪʢʥʫʪʠʩʴ ʱʝ ʟ ʦʜʥʽʻʶ ʦʙʩʪʘʚʠʥʦʶ. ɿʘʟʥʘʯʝʥʽ ʨʽʚ-

ʥʷʥʥʷ ʜʘʣʝʢʦ ʥʝ ʟʘʚʞʜʠ ʤʘʶʪʴ ʥʝʥʫʣʴʦʚʽ ʨʦʟʚ'ʷʟʢʠ. ɼʣʷ ʽʩʥʫʚʘʥʥʷ ʦʩʪʘʥʥʽʭ ʽʥʢʦʣʠ ʜʦ-

ʚʦʜʠʪʴʩʷ ʩʧʝʮʽʘʣʴʥʠʤ ʯʠʥʦʤ ʧʽʜʙʠʨʘʪʠ ʢʦʝʬʽʮʽʥ̒ʪʠ ʮʠʭ ʨʽʚʥʷʥʴ. ʅʘʡʯʘʩʪʽʰʝ ʚ ʷʢʦʩʪʽ 

ʪʘʢʦʛʦ ʢʦʝʬʽʮʽʻʥʪʫ ʚʠʙʠʨʘʻʪʴʩʷ ʢʦʝʬʽʮʽʻʥʪ ʧʨʠ ʥʝʚʽʜʦʤʽʡ ʬʫʥʢʮʽʾ. ɿʥʘʯʝʥʥʷ  ʢʦʝʬʽʮʽʻʥ-

ʪʽʚ ʦʜʥʦʨʽʜʥʦʛʦ ʜʠʬʝʨʝʥʮʽʡʥʦʛʦ ʨʽʚʥʷʥʥʷ, ʜʣʷ ʷʢʠʭ ʽʩʥʫʶʪʴ ʡʦʛʦ ʥʝʥʫʣʴʦʚʽ ʨʦʟʚ'ʷʟʢʠ, 

ʥʘʟʠʚʘʶʪʴʩʷ ʚʣʘʩʥʠʤʠ ʯʠʩʣʘʤʠ ʮʴʦʛʦ ʨʽʚʥʷʥʥʷ, ʘ ʚʽʜʧʦʚʽʜʥʽ ʥʝʥʫʣʴʦʚʽ ʨʦʟʚ'ʷʟʢʠ - ʚʣʘʩ-

ʥʠʤʠ ʬʫʥʢʮʽʷʤʠ. ʈʦʟʛʣʷʥʝʤʦ ʥʘʩʪʫʧʥʝ ʣʽʥʽʡʥʝ ʦʜʥʦʨʽʜʥʝ ʜʠʬʝʨʝʥʮʽʡʥʝ ʨʽʚʥʷʥʥʷ ʜʨʫ-

ʛʦʛʦ ʧʦʨʷʜʢʫ ʟ ʩʪʘʣʠʤʠ ʢʦʝʬʽʮʽʻʥʪʘʤʠ 

2

2

d f(z)
+ f(z)=0

dz
l   . 

ʽ ʙʫʜʝʤʦ ʰʫʢʘʪʠ ʡʦʛʦ ʤʦʞʣʠʚʽ ʨʦʟʚ'ʷʟʢʠ ʥʘ ʚʩʽʡ ʢʦʤʧʣʝʢʩʥʽʡ ʧʣʦʱʠʥʽ. ɿ ʤʝʪʦʶ ʜʝʤʦʥ-

ʩʪʨʘʮʽʾ ʦʩʥʦʚʥʠʭ ʤʦʤʝʥʪʽʚ ʤʝʪʦʜʫ ʩʪʝʧʝʥʝʚʠʭ ʨʷʜʽʚ, ʩʢʦʨʠʩʪʘʻʤʦʩʷ ʩʘʤʝ ʥʠʤ, ʘ ʥʝ ʦʜ-

ʥʠʤ ʟ ʙʽʣʴʰ ʧʨʦʩʪʠʭ ʤʝʪʦʜʽʚ, ʧʨʠʜʘʪʥʠʭ ʜʦ ʨʦʟʚôʷʟʘʥʥʷ ʟʚʠʯʘʡʥʠʭ ʣʽʥʽʡʥʠʭ ʜʠʬʝʨʝʥ-

ʮʽʡʥʠʭ ʨʽʚʥʷʥʴ ʽʟ ʩʪʘʣʠʤʠ ʢʦʝʬʽʮʽʻʥʪʘʤʠ. ʇʨʠ ʮʴʦʤʫ, ʥʝʩʢʽʥʯʝʥʥʦ ʚʽʜʜʘʣʝʥʫ ʪʦʯʢʫ ʤʦ-

ʞʥʘ ʚʚʘʞʘʪʠ ʻʜʠʥʦʶ ʛʨʘʥʠʯʥʦʶ ʪʦʯʢʦʶ ʦʙʣʘʩʪʽ, ʫ ʷʢʽʡ ʰʫʢʘʻʪʴʩʷ ʨʦʟʚ'ʷʟʦʢ. ɺʦʥʘ ʤʦʞʝ 

ʙʫʪʠ ʪʘʢʦʞ ʻʜʠʥʦʶ ʦʩʦʙʣʠʚʦʶ ʪʦʯʢʦʶ ʨʦʟʚ'ʷʟʢʫ. ɺ ʟʘʣʝʞʥʦʩʪʽ ʚʽʜ ʧʨʠʧʫɦ ʝʥʴ ʱʦʜʦ ʾʾ 

ʭʘʨʘʢʪʝʨʫ, ʤʠ ʦʜʝʨʞʠʤʦ ʪʦʡ ʯʠ ʽʥʰʠʡ ʨʦʟʚ'ʷʟʦʢ  ʨʽʚʥʷʥʥʷ. ʊʦʙʪʦ ʨʦʣʴ ʩʧʝʮʠʬʽʯʥʦʾ ʤʝ-

ʞʦʚʦʾ ʫʤʦʚʠ ʜʣʷ ʨʦʟʚ'ʷʟʢʫ ʨʽʚʥʷʥʥʷ ʚʽʜʽʛʨʘʻ ʭʘʨʘʢʪʝʨ ʡʦʛʦ ʦʩʦʙʣʠʚʦʩʪʽ ʫ ʥʝʩʢʽʥʯʝʥʥʦ 

ʚʽʜʜʘʣʝʥʽʡ ʪʦʯʮʽ.  

 ʇʦʜʽʣʠʚʰʠ ʜʣʷ 0̧l  ʦʙʠʜʚʽ ʯʘʩʪʠʥʠ ʨʽʚʥʷʥʥʷ ʥʘ l ʽ, ʧʝʨʝʡʰʦʚʰʠ ʜʦ ʥʦʚʦʾ 

ʟʤʽʥʥʦʾ  zl, ʥʘʜʘʣʽ, ʜʣʷ ʧʨʦʩʪʦʪʠ, ʤʠ ʟʥʦʚʫ ʙʫʜʝʤʦ ʧʦʟʥʘʯʘʪʠ ʾʾ ʣʽʪʝʨʦʶ z, ʨʽʚʥʷʥ-

ʥʷ ʤʦʞʥʘ ʩʧʨʦʩʪʠʪʠ, ʥʘʜʘʚʰʠ ʡʦʤʫ ʚʠʛʣʜ̫ʫ 
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ʂʦʝʬʽʮʽʻʥʪʠ ʮʴʦʛʦ ʨʽʚʥʷʥʥʷ ʻ ʩʪʘʣʠʤʠ ʚʝʣʠʯʠʥʘʤʠ, ʘ ʦʪʞʝ ʥʝ ʤʘʶʪʴ ʦʩʦʙʣʠʚʠʭ ʪʦʯʦʢ ʫ 

ʢʦʤʧʣʝʢʩʥʽʡ ʧʣʦʱʠʥʽ. ʊʦʤʫ ʨʦʟʚ'ʷʟʦʢ ʮʴʦʛʦ ʨʽʚʥʷʥʥʷ ʤʦʞʥʘ ʧʨʝʜʩʪʘʚʠʪʠ ʫ ʚʠʛʣʷʜʽ ʨʷ-

ʜʫ ʊʝʡʣʦʨʘ, ʟʙʽʞʥʦʛʦ ʥʘ ʚʩʽʡ ʢʦʤʧʣʝʢʩʥʽʡ ʧʣʦʱʠʥʽ, ʟʘ ʚʠʢʣʶʯʝʥʥʷʤ, ʤʦʞʣʠʚʦ, ʥʝʩʢʽʥ-

ʯʝʥʥʦ ʚʽʜʜʘʣʝʥʦʾ ʪʦʯʢʠ. ʆʩʢʣ̔ʴʢʠ ʫ ʜʘʥʦʤʫ ʚʠʧʘʜʢʫ ʥʘ ʢʦʤʧʣʝʢʩʥʽʡ ʧʣʦʱʠʥʽ ʚʽʜʩʫʪʥʷ 

ʚʠʜʽʣʝʥʘ ʪʦʯʢʘ, ʪʦ ʟʨʫʯʥʦ ʧʦʢʣʘʩʪʠ 0
0
=z . ʆʪʞʝ, 

 ä
¤

=

=
0

)(
n

n
nzczf  . 

ʎʝʡ ʨʷʜ ʚʽʜʧʦʚʽʜʘʻ ʥʝʩʢʽʥʯʝʥʥʦ ʚʽʜʜʘʣʝʥʽʡ ʪʦʯʮʽ ʷʢ ʩʫʪʪʻʚʦ ʦʩʦʙʣʠʚʽʡ, ʘ ʧʦʯʘʪʦʢ ʢʦʦʨ-

ʜʠʥʘʪ ʚʽʥ ʪʨʘʢʪʫʻ ʷʢ ʟʚʠʯʘʡʥʫ ʪʦʯʢʫ ʨʦʟʚ'ʷʟʢʫ. ʇʽʜʩʪʘʚʠʚʰʠ ʨʷʜ ʫ ʨʽʚʥʷʥʥʷ, ʤʘʪʠʤʝʤʦ 

0)1(
02

2 =- ä+ä
¤

=

¤

=

-

n

n
n

n

n
n zczcnn  . 

ʋ ʧʝʨʰʽʡ ʩʫʤʽ ʜʚʘ ʧʝʨʰʽ ʜʦʜʘʥʢʠ ʜʦʨʽʚʥʶʶʪʴ ʥʫʣʶ ʯʝʨʝʟ ʥʘʷʚʥʽʩʪʴ ʤʥʦʞʥʠʢʘ 

)1( -nn , ʪʦʤʫ ʟʨʫʯʥʦ ʧʦʯʠʥʘʪʠ ʩʫʤʫʚʘʥʥʷ ʟ ʟʥʘʯʝʥʥʷ ʽʥʜʝʢʩʫ ʩʫʤʫʚʘʥʥʷ ʨʽʚʥʦʛʦ 2. 

ʎʶ ʩʫʤʫ ʤʦʞʥʘ ʧʝʨʝʧʠʩʘʪʠ ʪʘʢʠʤ ʯʠʥʦʤ, ʱʦʙ ʚʦʥʘ ʤʽʩʪʠʣʘ ʣʠʰʝ nz . ɼʣʷ ʮʴʦʛʦ, ʩʧʦ-

ʯʘʪʢʫ ʧʝʨʝʡʜʝʤʦ ʜʦ ʥʦʚʦʛʦ ʽʥʜʝʢʩʫ ʩʫʤʫʚʘʥʥʷ 2-=nm , ʘ ʧʦʪʽʤ ʧʦʚʝʨʥʝʤʦ ʡʦʤʫ 

ʩʪʘʨʫ ʥʘʟʚʫ n. ʂʨʽʤ ʪʦʛʦ, ʦʩʢʽʣʴʢʠ ʤʝʞʽ ʩʫʤʫʚʘʥʥʷ ʜʣʷ ʦʙʦʭ ʩʫʤ ʟʙʽʛʘʶʪʴʩʷ, ʾʭ ʜʦʮʽʣʴ-

ʥʦ ʦʙ'ʻʜʥʘʪʠ ʚ ʦʜʥʫ. ʈʚ̔ʥʷʥʥʷ ʥʘʙʝʨʝ ʚʠʛʣʷʜʫ 

0])2)(1[(
0

2 =+++ä
¤

=

+

n

n
nn zccnn  . 

ʆʩʢʽʣʴʢʠ ʩʪʝʧʝʥʝʚʽ ʬʫʥʢʮʽʾ nz  ʻ ʣʽʥʽʡʥʦ ʥʝʟʘʣʝʞʥʠʤʠ, ʪʦ ʾʭ ʣʽʥʽʡʥʘ ʢʦʤʙʽʥʘʮʽʷ ʜʦʨʚ̔-

ʥʶʻ ʥʫʣʶ ʣʠʰʝ ʫ ʚʠʧʘʜʢʫ, ʢʦʣʠ ʚʩʽ ʢʦʝʬʽʮʽʻʥʪʠ ʮʽʻʾ ʣʥ̔ʽʡʥʦʾ ʢʦʤʙʽʥʘʮʽʾ ʜʦʨʽʚʥʶʶʪʴ 

ʥʫʣʶ, ʪʦʙʪʦ 

0)2)(1(
2

=+++
+ nn

ccnn ,   ¤<¢n0 . 

ʋ ʚʠʩʣʽʜʽ ʤʠ ʦʪʨʠʤʘʣʠ  ʥʝʩʢʽʥʯʝʥʫ ʦʜʥʦʨʽʜʥʫ ʩʠʩʪʝʤʫ ʣʽʥʽʡʥʠʭ ʘʣʛʝʙʨʘʾʯʥʠʭ ʨʽʚʥʷʥʴ 

ʚʽʜʥʦʩʥʦ ʢʦʝʬʽʮʽʻʥʪʽʚ ʨʷʜʫ ʊʝʡʣʦʨʘ 

2 0
2! 0c c+ =, 

0!3
13
=+cc , 

. . . . . . . . . . . . . . . . . . . . . . . . . . .  

0)2)(1(
2

=+++
+ nn

ccnn , 

. . . . . . . . . . . . . . . . . . . . . . . . . . .  

ʎʷ ʩʠʩʪʝʤʘ ʤʘʻ ʜʦʩʠʪʴ ʩʧʝʮʠʬʽʯʥʠʡ ʚʠʛʣʷʜ, ʦʩʢʽʣʴʢʠ ʢʦʞʥʝ ʾʾ ʨʚ̔ʥʷʥʥʷ ʧʦʚ'ʷʟʫʻ 

ʤʽʞ ʩʦʙʦʶ ʣʠʰʝ ʜʚʘ ʢʦʝʬʽʮʽʻʥʪʠ ʨʷʜʫ, ʪʦʤʫ ʽʥʰʘ ʥʘʟʚʘ ʮʽʻʾ ʩʠʩʪʝʤʠ - ʨʝʢʫʨʝʥʪʥʝ ʩʧʽʚ-

ʚʽʜʥʦʰʝʥʥʷ ʜʣʷ ʢʦʝʬʽʮʽʻʥʪʽʚ.  

 ʈʦʟʛʣʷʥʝʤʦ ʪʝʧʝʨ ʨʽʟʥʽ ʪʠʧʠ ʤʝʞʦʚʠʭ ʫʤʦʚ ʫ ʥʝʩʢʽʥʯʝʥʥʦ ʚʽʜʜʘʣʝʥʽʡ ʪʦʯʮʽ. ʅʝ-

ʭʘʡ ʥʝʩʢʽʥʯʝʥʥʦ ʚʽʜʜʘʣʝʥʘ ʪʦʯʢʘ ʻ ʩʫʪʪʻʚʦ ʦʩʦʙʣʠʚʦʶ ʜʣʷ ʨʦʟʚ'ʟ̫ʢʫ ʨʽʚʥʷʥʥʷ. ʋ ʮʴʦʤʫ 

ʚʠʧʘʜʢʫ ʚʩʽ ʢʦʝʬʽʮʽʻʥʪʠ ʨʷʜʫ ʊʝʡʣʦʨʘ ʚʽʜʤʽʥʥʽ ʚʽʜ ʥʫʣʷ (ʮʝ ʽ ʻ ʦʟʥʘʯʝʥʥʷʤ ʥʝʩʢʽʥʯʝʥʥʦ 

ʚʽʜʜʘʣʝʥʦʾ ʪʦʯʢʠ ʷʢ ʩʫʪʪʻʚʦ ʦʩʦʙʣʠʚʦʾ) ʽ ʦʪʨʠʤʘʥʘ ʥʘʤʠ ʩʠʩʪʝʤʘ ʣʽʥʽʡʥʠʭ ʘʣʛʝʙʨʘʾʯʥʠʭ 
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ʨʽʚʥʷʥʴ ʙʫʜʝ ʤʘʪʠ ʥʝʩʢʽʥʯʝʥʥʠʡ ʧʦʨʷʜʦʢ. ɿ ʥʝʾ ʙʝʟʧʦʩʝʨʝʜʥʴʦ ʚʠʧʣʠʚʘʻ, ʱʦ ʚʩʽ ʧʘʨʥʽ 

ʢʦʝʬʽʮʽʻʥʪʠ ʩʠʩʪʝʤʠ ʚʠʟʥʘʯʘʶʪʴʩʷ ʯʝʨʝʟ ʢʦʝʬʽʮʽʻʥʪ 
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ɺʩʽ ʞ ʥʝʧʘʨʥʽ ʢʦʝʬʽʮʽʻʥʪʠ ʚʠʟʥʘʯʘʶʪʴʩʷ ʯʝʨʝʟ ʢʦʝʬʽʮʽʻʥʪ 
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ʊʦʜʽ ʨʦʟʚ'ʷʟʦʢ ʨʽʚʥʷʥʥʷ ʤʦʞʥʘ ʧʨʝʜʩʪʘʚʠʪʠ ʫ ʚʠʛʣʷʜʽ ʥʘʩʪʫʧʥʦʾ ʩʫʤʠ ʧʘʨʥʦʛʦ ʪʘ ʥʝʧʘʨ-

ʥʦʛʦ ʚʽʜʥʦʩʥʦ z ʜʦʜʘʥʢʽʚ 

)sin()cos()(
10

zczczf += . 

ʎʽ ʜʦʜʘʥʢʠ, ʟʘ ʦʟʥʘʯʝʥʥʷʤ, ʟ ʪʦʯʥʽʩʪʶ ʜʦ ʜʦʚʽʣʴʥʠʭ ʤʥʦʞʥʠʢʽʚ ʻ ʪʨʠʛʦʥʦʤʝʪʨʠʯʥʠʤʠ 

ʢʦʩʠʥʫʩʦʤ ʽ ʩʠʥʫʩʦʤ ʚʽʜʧʦʚʽʜʥʦ: 
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ɼʣʷ ʜʽʡʩʥʠʭ ʟʥʘʯʝʥʴ ʘʨʛʫʤʝʥʪʽʚ ʾʭ ʛʨʘʬʽʢʠ ʥʘʚʝʜʝʥʽ ʜʘʣʽ ʥʘ ʤʘʣʶʥʢʫ 
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ʄʘʣʶʥʦʢ 5. ʊʨʠʛʦʥʦʤʝʪʨʠʯʥʽ ʩʠʥʫʩ ʪʘ ʢʦʩʠʥʫʩ ʜʽʡʩʥʦʛʦ ʘʨʛʫʤʝʥʪʫ 

  

ʇʦʚʝʨʪʘʶʯʠʩʴ ʫ ʚʠʭʽʜʥʦʤʫ ʨʽʚʥʷʥʥʽ ʜʦ ʩʪʘʨʦʾ ʟʤʽʥʥʦʾ, ʤʘʪʠʤʝʤʦ 

0 1
( , ) cos( ) sin( )f z c z c zl l l= +  . 

ʎʷ ʩʫʤʘ, ʦʜʥʦʯʘʩʥʦ, ʻ ʣʽʥʽʡʥʦʶ ʢʦʤʙʽʥʘʮʽʻʶ ʜʚʦʭ ʣʽʥʽʡʥʦ ʥʝʟʘʣʝʞʥʠʭ ʬʫʥʢʮʽʡ, ʘ ʦʪʞʝ ʽ 

ʟʘʛʘʣʴʥʠʤ ʨʦʟʚ'ʷʟʢʦʤ ʚʽʜʧʦʚʽʜʥʦʛʦ ʣʽʥʽʡʥʦʛʦ ʦʜʥʦʨʽʜʥʦʛʦ ʜʠʬʝʨʝʥʮʽʡʥʦʛʦ ʨʽʚʥʷʥʥʷ 

ʜʨʫʛʦʛʦ ʧʦʨʷʜʢʫ. ɭʜʠʥʠʤ  ʦʙʤʝʞʝʥʥʷʤ ʥʘ ʤʦʞʣʠʚʽ ʟʥʘʯʝʥʥʷ l ʫ ʮʴʦʤʫ ʚʠʧʘʜʢʫ ʻ ʧʦʯʘ-

ʪʢʦʚʝ ʧʨʠʧʫʱʝʥʥʷ ʧʨʦ ʪʝ, ʱʦ 0̧l .  ʅʝʭʘʡ ʪʝʧʝʨ 0=l . ʊʦʜʽ ʚʠʭʽʜʥʝ ʨʽʚʥʷʥʥʷ 

ʤʘʻ ʚʠʛʣʷʜ 
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0
)(

2

2

=
dz

zfd
, 

ʟ ʦʯʝʚʠʜʥʠʤʠ ʜʚʦʤʘ ʣʽʥʽʡʥʦ ʥʝʟʘʣʝʞʥʠʤʠ ʨʦʟʚʦʟʢʘʤʠ  1 ʽ z, ʪʘ ʟʘʛʘʣʴʥʠʤ ʨʦʟʚ'ʷʟʢʦʤ ʫ 
ʚʠʛʣʷʜʽ ʣʽʥʽʡʥʦʾ ʬʫʥʢʮʽʾ 

zcczf
10

)( += . 

ʎʝʡ ʨʦʟʚ'ʷʟʦʢ ʚʽʜʧʦʚʽʜʘʻ ʩʠʪʫʘʮʽʾ, ʢʦʣʠ ʥʝʩʢʽʥʯʝʥʥʦ ʚʽʜʜʘʣʝʥʘ ʪʦʯʢʘ ʻ ʧʦʣʶʩʦʤ ʧʝʨʰʦ-

ʛʦ ʧʦʨʷʜʢʫ. ɯʥʰʽ ʪʠʧʠ ʤʝʞʦʚʠʭ ʫʤʦʚ ʩʫʤʽʩʥʽ ʣʠʰʝ ʟ ʥʫʣʴʦʚʠʤʠ ʨʦʟʚ'ʷʟʢʘʤʠ ʨʽʚʥʷʥʥʷ. 

ɺʠʢʣʶʯʝʥʥʷʤ ʻ ʪʨʠʚʽʘʣʴʥʘ ʫʤʦʚʘ, ʢʦʣʠ ʥʝʩʢʽʥʯʝʥʥʦ ʚʽʜʜʘʣʝʥʘ ʪʦʯʢʘ ʻ ʟʚʠʯʘʡʥʦʶ ʪʦʯ-

ʢʦʶ ʨʦʟʚ'ʷʟʢʫ, ʪʦʜʽ 

0
)( czf = . 

ʆʪʞʝ, ʩʧʝʢʪʨ ʚʣʘʩʥʠʭ ʯʠʩʝʣ ʻ ʥʝʧʝʨʝʨʚʥʠʤ. ʇʨʠ ʮʴʦʤʫ ʜʽʡʩʥʠʤ ʜʦʜʘʪʥʠʤ ʚʣʘʩ-

ʥʠʤ ʯʠʩʣʘʤ (0>l ) ʚʽʜʧʦʚʽʜʘʶʪʴ ʪʨʠʛʦʥʦʤʝʪʨʠʯʥʽ ʬʫʥʢʮʽʾ, ʥʫʣʴʦʚʦʤʫ ʚʣʘʩʥʦʤʫ ʯʠʩ-

ʣʫ (0=l ) - ʣʽʥʽʡʥʘ ʬʫʥʢʮʽʷ, ʜʽʡʩʥʠʤ ʚʽʜ'ʻʤʥʠʤ ʚʣʘʩʥʠʤ ʯʠʩʣʘʤ (0<l ) - ʛʽʧʝʨʙʦʣʽ-

ʯʥʽ ʬʫʥʢʮʽʾ. ʆʩʪʘʥʥʻ ʤʦʞʥʘ ʧʦʢʘʟʘʪʠ ʚʨʘʭʫʚʘʚʰʠ, ʱʦ ʜʣʷ ʚʽʜôʻʤʥʠʭ ʚʣʘʩʥʠʭ ʯʠʩʝʣ 

| | | |il l l= - = , ʪʘ ʩʢʦʨʠʩʪʘʚʰʠʩʴ ʚʽʜʦʤʠʤ ʟʚ'ʷʟʢʦʤ ʤʽʞ ʪʨʠʛʦʥʦʤʝʪʨʠʯʥʠʤʠ 

ʪʘ ʛʽʧʝʨʙʦʣʽʯʥʠʤʠ ʬʫʥʢʮʽʷʤʠ: 

cos( | | ) cosh( | | )i z zl l=  ,            sin( | | ) sinh( | | )i z i zl l=  , 

ʆʪʞʝ, ʚ ʦʩʪʘʥʥʴʦʤʫ ʚʠʧʘʜʢʫ ʨʦʟʚ'ʷʟʦʢ ʨʽʚʥʷʥʥʷ ʤʘʪʠʤʝ ʚʠʛʣʷʜ 

0 1
( , ) cosh( | | ) sinh( | | )f z c z c zl l l= +   . 
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ʄʘʣʶʥʦʢ 6. ɻ̔ ʧʝʨʙʦʣʽʯʥʽ ʩʠʥʫʩ ʪʘ ʢʦʩʠʥʫʩ ʜʽʡʩʥʦʛʦ ʘʨʛʫʤʝʥʪʫ 

 

ʈʷʜʠ ʊʝʡʣʦʨʘ ʜʣʷ ʛʽʧʝʨʙʦʣʽʯʥʠʭ ʩʠʥʫʩʘ ʪʘ ʢʦʩʠʥʫʩʘ ʤʘʶʪʴ ʚʠʛʣʷʜ 

2

0

1
cosh( )

(2 )!

n

n

z z
n

¤

=

=ä ,            
2 1

0

1
sinh( )

(2 1)!

n

n

z z
n

¤
+

=

=
+

ä  . 

ʇʨʠʥʘʛʽʜʥʦ ʥʘʚʝʜʝʤʦ ʩʪʝʧʝʥʝʚʠʡ ʨʷʜ, ʱʦ ʚʠʟʥʘʯʘʻ ʧʦʢʘʟʥʠʢʦʚʫ ʬʫʥʢʮʽʶ 
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0

1
exp( )

!

n

n

z z
n

¤

=

=ä  . 

ʎʝʡ ʨʷʜ ʤʦʞʝ ʙʫʪʠ ʦʪʨʠʤʘʥʠʤ ʙʝʟʧʦʩʝʨʝʜʥʽʤ ʨʦʟʚʠʥʝʥʥʷʤ ʧʦʢʘʟʥʠʢʦʚʦʾ ʬʫʥʢʮʽʾ ʫ ʨʷʜ 

ʊʝʡʣʦʨʘ. ɺʠʜʽʣʠʚʰʠ ʫ ʧʨʘʚʽʡ ʯʘʩʪʠʥʽ ʟ ʩʫʤʠ ʦʢʨʝʤʦ ʧʘʨʥʽ ʽ ʦʢʨʝʤʦ ʥʝʧʘʨʥʽ ʜʦʜʘʥʢʠ ʽ 

ʧʦʨʽʚʥʶʶʯʠ ʾʭ ʟ ʥʘʚʝʜʝʥʠʤʠ ʚʠʱʝ ʨʷʜʘʤʠ ʜʣʷ ʛʽʧʝʨʙʦʣʽʯʥʠʭ ʬʫʥʢʮʽʡ, ʦʜʝʨʞʠʤʦ ʟʚ'ʷ-

ʟʦʢ ʤʽʞ ʧʦʢʘʟʥʠʢʦʚʦʶ ʬʫʥʢʮʽʻʶ ʽ ʛʧ̔ʝʨʙʦʣʽʯʥʠʤʠ ʬʫʥʢʮʽʷʤʠ 

 

exp( ) cosh( ) sinh( )z z z= +  . 

ʊʫʪ ʩʘʤʫ ʧʨʦʮʝʜʫʨʫ ʤʦʞʥʘ ʚʠʢʦʥʘʪʠ ʽ ʜʣʷ ʨʦʟʚʠʥʝʥʥʷ 

0

1
exp( ) ( )

!

n

n

iz iz
n

¤

=

=ä . 

ʊʦʜ̔ ʤʘʪʠʤʝʤʦ ʥʘʩʪʫʧʥʠʡ ʟʚ'ʷʟʦʢ ʤʽʞ ʧʦʢʘʟʥʠʢʦʚʦʶ ʪʘ ʪʨʠʛʦʥʦʤʝʪʨʠʯʥʠʤʠ ʬʫʥʢʮʽʤ̫ʠ 

exp( ) cos( ) sin( )iz z i z= + . 

ɿʚ'ʷʟʦʢ ʤʽʞ ʧʦʢʘʟʥʠʢʦʚʦʶ ʬʫʥʢʮʽʻʶ ʽ ʪʨʠʛʦʥʦʤʝʪʨʠʯʥʠʤʠ ʪʘ ʛʽʧʝʨʙʦʣʽʯʥʠʤʠ ʬʫʥʢʮʽʷ-

ʤʠ ʤʦʞʥʘ ʧʨʝʜʩʪʘʚʠʪʠ ʽ ʪʘʢ: 

1
cos( ) [exp( ) exp(- )]

2
z iz iz= +  ,     

1
sin( ) [exp( )-exp(- )]

2
z iz iz

i
=  , 

 

1
cosh( ) [exp( ) exp(- )]

2
z z z= +  ,   

1
sinh( ) [exp( )-exp(- )]

2
z z z=  . 

ʅʘʚʝʜʝʥʽ ʬʦʨʤʫʣʠ ʥʘʟʠʚʘʶʪʴʩʷ ʬʦʨʤʫʣʘʤʠ ɽʡʣʝʨʘ. ʆʩʢʽʣʴʢʠ ʤʽʞ ʚʩʽʤʘ ʟʘʟʥʘʯʝ-

ʥʠʤʠ ʬʫʥʢʮʽʷʤʠ ʽʩʥʫʻ ʣʽʥʽʡʥʠʡ ʟʚ'ʷʟʦʢ, ʪʦ ʽ ʧʦʢʘʟʥʠʢʦʚʘ ʬʫʥʢʮʽʷ, ʪʘʢ ʩʘʤʦ ʷʢ ʽ ʽʥʰʽ 

ʬʫʥʢʮʽʾ, ʻ ʙʝʟʧʦʩʝʨʝʜʥʽʤ ʨʦʟʚ'ʷʟʢʦʤ ʪʦʛʦ ʩʘʤʦʛʦ ʨʚ̔ʥʷʥʥʷ. ʊʦʙʪʦ, ʟʘʛʘʣʴʥʠʡ ʨʦʟʚ'ʷʟʦʢ 

ʨʽʚʥʷʥʥʷ ʤʦʞʥʘ ʧʨʝʜʩʪʘʚʠʪʠ ʽ ʪʘʢ 

)exp()exp(),( ziBziAzf lll -+=  

ʜʣʷ 0>l  ʽ ʫ ʚʠʛʣʷʜʽ 

)exp()exp(),( zBzAzf lll -+=  

ʜʣʷ 0<l . ʊʫʪ  

)(
2

1
10

iccA -= ,  )(
2

1
10

iccB += . 

 ʂʦʤʧʣʝʢʩʥʠʤ ʚʣʘʩʥʠʤ ʯʠʩʣʘʤ ʪʝʞ ʚʽʜʧʦʚʽʜʘʶʪʴ ʧʦʢʘʟʥʠʢʦʚʽ ʚʣʘʩʥʽ ʬʫʥʢʮʽʾ, ʘʙʦ 

ʢʦʤʙʽʥʘʮʽʾ ʪʨʠʛʦʥʦʤʝʪʨʠʯʥʠʭ ʪʘ ʛʽʧʝʨʙʦʣʽʯʥʠʭ ʬʫʥʢʮʽʡ. 

 ʆʩʢʽʣʴʢʠ ʟʚʠʯʘʡʥʝ ʣʽʥʽʡʥʝ ʦʜʥʦʨʽʜʥʝ ʜʠʬʝʨʝʥʮʽʡʥʝ ʨʽʚʥʷʥʥʷ ʜʨʫʛʦʛʦ ʧʦʨʷʜʢʫ 

ʤʘʶʪʴ ʣʠʰʝ ʜʚʘ ʣʽʥʽʡʥʦ ʥʝʟʘʣʝʞʥʽ ʨʦʟʚôʷʟʢʠ, ʽ ʜʣʷ ʚʩʽʭ ʤʦʞʣʠʚʠʭ ʜʽʡʩʥʠʭ ʟʥʘʯʝʥʴ ʚʣʘ-

ʩʥʠʭ ʯʠʩʝʣ ʤʠ ʾʭ ʚʞʝ ʟʥʘʡʰʣʠ, ʪʦ ʨʝʰʪʫ ʪʠʧʽʚ ʤʝʞʦʚʠʭ ʫʤʦʚ ʤʦʞʥʘ ʥʝ ʨʦʟʛʣʷʜʘʪʠ. ʊʘʢ 

ʩʘʤʦ ʤʦʞʥʘ ʨʦʟʛʣʷʥʫʪʠ ʚʠʧʘʜʦʢ ʢʦʤʧʣʝʢʩʥʠʭ ʚʣʘʩʥʠʭ ʯʠʩʝʣ. ɿʘʛʘʣʴʥʠʡ ʨʦʟʚ'ʷʟʦʢ ʨʽʚ-

ʥʷʥʥʷ ʫ ʮʴʦʤʫ ʨʘʟʽ ʙʫʜʝ ʢʦʤʙʽʥʘʮʽʻʶ ʚʞʝ ʦʪʨʠʤʘʥʠʭ ʥʘʤʠ ʨʦʟʚ'ʷʟʢʽʚ. ʄʦʞʥʘ ʙʫʣʦ ʙ ʟ 

ʩʘʤʦʛʦ ʧʦʯʘʪʢʫ ʰʫʢʘʪʠ ʨʦʟʚ'ʷʟʦʢ ʨʽʚʥʷʥʥʷ ʚ ʦʢʦʣʽ ʧʦʯʘʪʢʫ ʢʦʦʨʜʠʥʘʪ ʫ ʚʠʛʣʷʜʽ ʨʷʜʫ 

ʃʦʨʘʥʘ, ʘʣʝ ʪʦʜʽ ʚʩʽ ʢʦʝʬʽʮʽʻʥʪʠ ʨʷʜʫ ʧʨʠ ʚʽʜôʻʤʥʠʭ ʩʪʝʧʝʥʷʭ  ʚʠʷʚʠʣʠʩʴ ʙʠ ʨʽʚʥʠʤʠ 

ʥʫʣʶ ʽ ʤʠ ʟʥʦʚʫ ʦʪʨʠʤʘʣʠ ʙ ʚʞʝ ʥʘʚʝʜʝʥʠʡ ʚʠʱʝ ʨʝʟʫʣʪɹʘʪ. 
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1.4.ʉʪʝʧʝʥʝʚʘ ʪʘ ʣʦʛʘʨʠʬʤʽʯʥʘ ʬʫʥʢʮʽʾ 
 

ʈʦʟʛʣʷʥʝʤʦ ʥʘʩʪʫʧʥʝ ʣʽʥʽʡʥʝ ʦʜʥʦʨʽʜʥʝ ʜʠʬʝʨʝʥʮʽʡʥʝ ʨʽʚʥʷʥʥʷ ʜʨʫʛʦʛʦ ʧʦʨʷʜʢʫ 

ʽʟ ʟʤʽʥʥʠʤʠ ʢʦʝʬʽʮʽʻʥʪʘʤʠ 

2
2

2

( ) ( )
( ) 0

d f z df z
z az f z

dzdz
l++ = 

ʽ ʰʫʢʘʪʠʤʝʤʦ ʡʦʛʦ ʤʦʞʣʠʚʽ ʨʦʟʚ'ʷʟʢʠ ʥʘ ʚʩʽʡ ʢʦʤʧʣʝʢʩʥʽʡ ʧʣʦʱʠʥʽ. ʊʫʪ a  ʜʦʚʽʣʴʥʘ 

ʩʪʘʣʘ. ʉʝʨʝʜ ʨʽʚʥʷʥʴ ʽʟ ʟʤʽʥʥʠʤʠ ʢʦʝʬʽʮʽʻʥʪʘʤʠ ʮʝ ʨʽʚʥʷʥʥʷ ʻ ʥʘʡʧʨʦʩʪʽʰʠʤ. ʈʦʟʛʣʷ-

ʥʝʤʦ ʡʦʛʦ ʨʦʟʚ'ʷʟʦʢ ʜʣʷ 1=a . ʊʘʢʦʛʦ ʪʠʧʫ ʨʽʚʥʷʥʥʷ ʚʠʥʠʢʘʻ ʧʨʠ ʨʦʟʚ'ʷʟʘʥʥʽ ʰʠʨʦʢʦ-

ʛʦ ʢʦʣʘ ʤʝʞʦʚʠʭ ʟʘʜʘʯ ʫ ʧʦʣʷʨʥʽʡ ʘʙʦ ʮʠʣʽʥʜʨʠʯʥʽʡ ʩʠʩʪʝʤʘʭ ʢʦʦʨʜʠʥʘʪ. ʈʽʚʥʷʥʥʷ ʤʘʻ 

ʦʜʥʫ ʦʩʦʙʣʠʚʫ ʪʦʯʢʫ ï ʧʦʯʘʪʦʢ ʢʦʦʨʜʠʥʘʪ. ʎʝ ʩʪʘʻ ʦʯʝʚʠʜʥʦʶ, ʷʢʱʦ ʚʩʽ ʯʣʝʥʠ ʨʽʚʥʷʥʥʷ 

ʧʦʜʽʣʠʪʠ ʥʘ ʢʦʝʬʽʮʽʻʥʪ ʧʨʠ ʜʨʫʛʽʡ ʧʦʭʽʜʥʽʡ. ʗʢ ʽ ʨʘʥʽʰʝ, ʥʝʩʢʽʥʯʝʥʥʦ ʚʽʜʜʘʣʝʥʫ ʪʦʯʢʫ 

ʟʨʫʯʥʦ ʚʚʘʞʘʪʠ ʤʝʞʦʚʦʶ ʪʦʯʢʦʶ ʜʣʷ ʦʙʣʘʩʪʽ, ʜʝ ʰʫʢʘʻʪʴʩʷ ʨʦʟʚ'ʷʟʦʢ. ɯʥh ʦʶ ʤʝʞʦʚʦʶ 

ʪʦʯʢʦʶ ʻ ʧʦʯʘʪʦʢ ʢʦʦʨʜʠʥʘʪ. ɺ ʟʘʣʝʞʥʦʩʪʽ ʚʽʜ ʧʨʠʧʫʱʝʥʴ ʱʦʜʦ ʾʭ ʭʘʨʘʢʪʝʨʫ, ʤʠ ʦʜʝʨ-

ʞʠʤʦ ʪʦʡ ʯʠ ʽʥʰʠʡ ʨʦʟʚ'ʷʟʦʢ ʨʽʚʥʷʥʥʷ.  

ʅʝʭʘʡ ʥʝʩʢʽʥʯʝʥʥʦ ʚʽʜʜʘʣʝʥʘ ʪʦʯʢʘ ʻ ʧʦʣʶʩʦʤ ʧʦʨʷʜʢʫ m, ʘ ʧʦʯʘʪʦʢ ʢʦʦʨʜʠʥʘʪ  
- ʩʫʪʪʻʚʦ ʦʩʦʙʣʠʚʦʶ ʪʦʯʢʦʶ. ʈʦʟʚ'ʷʟʦʢ ʨʽʚʥʷʥʥʷ ʟʨʫʯʥʦ ʧʨʝʜʩʪʘʚʠʪʠ ʨʷʜʦʤ ʃʦʨʘʥʘ ʚ 

ʦʢʦʣʽ ʧʦʯʘʪʢʫ ʢʦʦʨʜʠʥʘʪ ʪʘ, ʦʜʥʦʯʘʩʥʦ, ʚ ʦʢʦʣʽ ʥʝʩʢʽʥʯʝʥʥʦ ʚʽʜʜʘʣʝʥʦʾ ʪʦʯʢʠ. ʎʝʡ ʨʷʜ 

ʟʙʽʞʥʠʡ ʥʘ ʚʩʽʡ ʢʦʤʧʣʝʢʩʥʽʡ ʧʣʦʱʠʥʽ, ʟʘ ʚʠʢʣʶʯʝʥʥʷʤ, ʤʦʞʣʠʚʦ, ʣʠʰʝ ʧʦʯʘʪʢʫ ʢʦʦʨ-

ʜʠʥʘʪ ʪʘ ʥʝʩʢʽʥʯʝʥʥʦ ʚʽʜʜʘʣʝʥʦʾ ʪʦʯʢʠ. ʆʪʞʝ, 

 ä
-¤=

=
m

n

n
nzczf )( . 

ʊʫʪ 0=
n

c   ʜʣʷ  mn>  ʫ ʧʦʚʥʽʡ ʚʽʜʧʦʚʽʜʥʦʩʪʽ ʜʦ ʦʟʥʘʯʝʥʥʷ ʧʦʣʶʩʫ  ʧʦʨʷʜʢʫ m ʫ 

ʥʝʩʢʽʥʯʝʥʥʦ ʚʽʜʜʘʣʝʥʽʡ ʪʦʯʮʽ. ɿ ʪʦʾ ʩʘʤʦʾ ʧʨʠʯʠʥʠ 0̧
m

c  . ʇʽʜʩʪʘʚʠʚʰʠ ʮʝʡ ʨʷʜ ʫ 

ʨʽʚʥʷʥʥʷ, ʤʘʪʠʤʝʤʦ 
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ʆʩʢʽʣʴʢʠ ʤʝʞʽ ʩʫʤʫʚʘʥʥʷ ʚʩʽʭ ʩʫʤ ʟʙʽʛʘʶʪʴʩʷ, ʾʭ ʜʦʮʽʣʴʥʦ ʦʙ'ʻʜʥʘʪʠ ʚ ʦʜʥʫ. ʋ ʚʠʩʣʽʜʽ 

ʨʽʚʥʷʥʥʷ ʥʘʙʝʨʝ ʚʠʛʣʷʜʫ 

2[ ] 0
m

n
n

n

n c zl
=-¤

+ =ä  . 

ʆʩʢʽʣʴʢʠ ʩʪʝʧʝʥʝʚʽ ʬʫʥʢʮʽʾ nz  ʻ ʣʽʥʽʡʥʦ ʥʝʟʘʣʝʞʥʠʤʠ, ʪʦ ʟ ʫʤʦʚʠ ʨʽʚʥʦʩʪʽ ʥʫʣʶ ʾʭ ʣʽ-

ʥʽʡʥʦʾ ʢʦʤʙʽʥʘʮʽʾ ʚʠʧʣʠʚʘʻ ʨʽʚʥʽʩʪʴ ʥʫʣʶ ʚʩʽʭ ʢʦʝʬʽʮʽʻʥʪʽʚ ʮʽʻʾ ʣʽʥʽʡʥʦʾ ʢʦʤʙʽʥʘʮʽʾ, ʘ 

ʩʘʤʝ 

2[ ] 0
n

n cl+ =,    mn ,...,0,...-¤= . 

ɺʩʽ ʨʽʚʥʷʥʥʷ ʩʠʩʪʝʤʠ ʻ ʥʝʟʘʣʝʞʥʠʤʠ ʽ ʥʝ ʜʦʟʚʦʣʷʶʪʴ ʚʩʪʘʥʦʚʠʪʠ ʟʚôʷʟʦʢ ʤʽʞ ʢʦʝʬʽʮʽʻ-

ʥʪʘʤʠ 
n

c . ʆʩʢʽʣʴʢʠ 0̧
m

c , ʽʥʘʢʰʝ ʧʦʣʶʩ ʫ ʥʝʩʢʽʥʯʝʥʥʦ ʚʽʜʜʘʣʝʥʽʡ ʪʦʯʮʽ ʙʫʜʝ ʤʘʪʠ 

ʤʝʥʰʠʡ ʧʦʨʷʜʦʢ ʥʽʞ m, ʪʦ 02 =+lm . ɿʚʽʜʩʠ ʚʽʜʧʦʚʽʜʥʝ ʚʣʘʩʥʝ ʯʠʩʣʦ ʨʽʚʥʷʥʥʷ 

ʥʘʙʫʚʘʻ  ʟʥʘʯʝʥʥʷ:  
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2-
m

ml=  ,      m NÍ    . 

 ʎʝ ʚʣʘʩʥʝ ʯʠʩʣʦ ʛʘʨʘʥʪʫʻ ʚʽʜʤʽʥʥʽʩʪʴ ʚʽʜ ʥʫʣʷ ʽ ʢʦʝʬʽʮʽʻʥʪʫ 
m

c , ʽ ʢʦʝʬʽʮʽʻʥʪʫ 

m
c
-
. ʈʝʰʪʘ ʢʦʝʬʽʮʽʻʥʪʽʚ ʜʦʨʽʚʥʶʻ ʥʫʣʶ, ʦʩʢʽʣʴʢʠ ʧʽʜʩʪʘʥʦʚʢʘ ʦʪʨʠʤʘʥʦʛʦ ʚʣʘʩʥʦʛʦ 

ʯʠʩʣʘ ʫ ʩʠʩʪʝʤʫ ʨʦʙʠʪʴ ʚʽʜʤʽʥʥʠʤʠ ʚʽʜ ʥʫʣʷ ʤʥʦʞʥʠʢʠ ʧʨʠ ʚʩʽʭ 
n

c  ʜʣʷ 

1,..., --¤= mn  ( mn -̧ ), ʘ ʦʪʞʝ ʪʘʢʽ 0=
n

c . ʉʫʢʫʧʥʽʩʪʴ ʚʩʽʭ ʤʦʞʣʠʚʠʭ ʤʝ-

ʞʦʚʠʭ ʫʤʦʚ ʫ ʥʝʩʢʽʥʯʝʥʥʦ ʚʽʜʜʘʣʝʥʽʡ ʪʦʯʮʽ ʪʠʧʫ ʧʦʣʶʩʫ ʧʦʨʦʜʞʫʻ ʽ ʥʝʩʢʽʥʯʝʥʥʠʡ ʜʠʩ-

ʢʨʝʪʥʠʡ ʩʧʝʢʪʨ ʚʣʘʩʥʠʭ ʯʠʩʝʣ ʨʽʚʥʷʥʥʷ ʪʠʧʫ ʚʞʝ ʥʘʚʝʜʝʥʠʭ ʚʠʱʝ ʟʥʘʯʝʥʴ 
m
l  ʜʣʷ ʜʦ-

ʚʽʣʴʥʠʭ ʜʦʜʘʪʥʠʭ  m. ɺʽʜʧʦʚʽʜʥʘ ʚʣʘʩʥʦʤʫ ʯʠʩʣʫ 
m
l  ʚʣʘʩʥʘ ʬʫʥʢʮʽʷ ʻ ʣʽʥʽʡʥʦʶ 

ʢʦʤʙʽʥʘʮʽ̒ ʶ ʜʚʦʭ ʩʪʝʧʝʥʝʚʠʭ ʬʫʥʢʮʽʡ ʟ ʜʦʜʘʪʥʠʤ ʽ ʚʽʜôʻʤʥʠʤ ʧʦʢʘʟʥʠʢʘʤʠ ʩʪʝʧʝʥʶ:  

-
-

( ) m m
m m m

f z c z c z= +  ,   m NÍ     

ʽ ʻ ʻʜʠʥʠʤ ʨʦʟʚôʷʟʢʦʤ ʨʽʚʥʷʥʥʷ ʜʣʷ ʜʘʥʦʛʦ 
m
l. ʌʘʢʪʠʯʥʦ, ʤʠ ʟʥʘʡʰʣʠ ʟʘʛʘʣʴʥʠʡ 

ʨʦʟʚ'ʷʟʦʢ ʨʽʚʥʷʥʥʷ. ɺʽʥ ʩʢʣʘʜʘʻʪʴʩʷ ʟ ʯʘʩʪʠʥʥʠʭ ʨʦʟʚ'ʷʟʢʽʚ, ʱʦ ʧʨʷʤʫʶʪʴ ʜʦ ʥʫʣʷ ʘʙʦ 

ʧʨʠ ʥʘʙʣʠʞʝʥʥʽ ʜʦ ʥʝʩʢʽʥʯʝʥʥʦ ʚʽʜʜʘʣʝʥʦʾ ʪʦʯʢʠ, ʘʙʦ ʜʦ ʥʫʣʷ. ɿʘʫʚʘʞʠʤʦ, ʱʦ ʧʦʯʘʪʦʢ 

ʢʦʦʨʜʠʥʘʪ ʜʣʷ ʦʪʨʠʤʘʥʦʛʦ ʨʦʟʚ'ʷʟʢʫ ʚʠʷʚʠʚʩʷ ʧʦʣʶʩʦʤ ʪʦʛʦ ʞ ʧʦʨʷʜʢʫ, ʱʦ ʽ 

ʥʝʩʢʽʥʯʝʥʥʦ ʚʽʜʜʘʣʝʥʘ ʪʦʯʢʘ. ʆʪʞʝ, ʧʨʠ ʨʦʟʚ'ʷʟʘʥʥʽ ʨʽʚʥʷʥʥʷ ʥʝʚʽʨʥʝ ʧʦʯʘʪʢʦʚʝ 

ʧʨʠʧʫʱʝʥʥʷ ʧʨʦ ʪʝ, ʱʦ ʧʦʯʘʪʦʢ ʢʦʦʨʜʠʥʘʪ ʻ ʩʫʪʪʻʚʦ ʦʩʦʙʣʠʚʦʶ ʪʦʯʢʦʶ, ʙʫʣʦ 

ʘʚʪʦʤʘʪʠʯʥʦ ʚʽʜʢʦʨʠʛʦʚʘʥʝ. ʊʘʢʝ ʢʦʨʠʛʫʚʘʥʥʷ ʟʘʚʞʜʠ ʚʽʜʙʫʚʘʻʪʴʩʷ, ʷʢʱʦ ʧʦʯʘʪʢʦʚʝ 

ʧʨʠʧʫʱʝʥʥʷ ʤʘʻ ʙʽʣʴʰ ʟʘʛʘʣʴʥʠʡ ʭʘʨʘʢʪʝʨ, ʥʽʞ ʚʽʨʥʠʡ ʨʝʟʫʣʴʪʘʪ. ʉʠʤʝʪʨʽʷ ʦʪʨʠʤʘʥʦʛʦ 

ʨʦʟʚ'ʷʟʢʫ ʜʦʟʚʦʣʷʻ ʙʝʟ ʜʦʜʘʪʢʦʚʦʛʦ ʦʙʛʦʚʦʨʝʥʥʷ ʨʦʟʰʠʨʠʪʠ ʥʘʙʽʨ ʤʦʞʣʠʚʠʭ ʟʥʘʯʝʥʴ 

m ʟʘ ʨʘʭʫʥʦʢ ,...2,1--=m .  
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ʄʘʣʶʥʦʢ 7. ʉʪʝʧʝʥʝʚʽ ʬʫʥʢʮʽʾ ʟ ʥʝʧʘʨʥʠʤʠ ʧʦʢʘʟʥʠʢʘʤʠ ʩʪʝʧʝʥʶ 

 ʅʝʭʘʡ ʪʝʧʝʨ ʥʝʩʢʽʥʯʝʥʥʦ ʚʽʜʜʘʣʝʥʘ ʪʦʯʢʘ ʻ ʟʚʠʯʘʡʥʦʶ ʪʦʯʢʦʶ ʨʦʟʚ'ʷʟʢʫ. 

ʉʠʤʝʪʨʽʷ ʟʘʜʘʯʽ ʚʠʤʘʛʘʻ, ʱʦʙ ʽ ʧʦʯʘʪʦʢ ʢʦʦʨʜʠʥʘʪ ʙʫʚ ʧʨʠ ʮʴʦʤʫ ʟʚʠʯʘʡʥʦʶ ʪʦʯʢʦʶ 

ʨʦʟʚ'ʷʟʢʫ. ʎʝ ʤʦʞʣʠʚʝ ʣʠʰʝ ʫ ʨʘʟʽ, ʢʦʣʠ ʚʩʽ ʢʦʝʬʽʮʽʻʥʪʠ ʚʽʜʧʦʚʽʜʥʦʛʦ ʩʪʝʧʝʥʝʚʦʛʦ   
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ʨʷʜʫ, ʢʨʽʤ 
0

c , ʜʦʨʽʚʥʶʶʪʴ ʥʫʣʶ. ʊʦʜʽ, ʜʣʷ 0=m , ʤʠ ʦʜʝʨʞʠʤʦ ʣʠʰʝ ʦʜʠʥ 

ʯʘʩʪʠʥʥʠʡ ʨʦʟʚ'ʷʟʦʢ ʨʽʚʥʠʡ 1.  

 

ɯʥʰʽ ʤʝʞʦʚʽ ʫʤʦʚʠ, ʱʦ ʚʧʣʠʚʘʶʪʴ ʥʘ ʚʠʛʣʷʜ ʨʷʜʫ ʃʦʨʘʥʘ, ʧʨʠʚʦʜʷʪʴ ʜʦ ʚʣʘʩʥʠʭ 

ʬʫʥʢʮʽʡ, ʷʢʠʤ ʻ ʩʪʝʧʝʥʝʚʽ ʬʫʥʢʮʽʾ ʘʙʦ ʟ ʜʦʜʘʪʥʠʤʠ, ʘʙʦ ʚʽʜ'ʻʤʥʠʤʠ ʧʦʢʘʟʥʠʢʘʤʠ  

ʩʪʝʧʝʥʶ. ʊʘʢ, ʧʨʠʧʫʱʝʥʥʷ ʧʨʦ ʪʝ, ʱʦ ʧʦʯʘʪʦʢ ʢʦʦʨʜʠʥʘʪ ʻ ʟʚʠʯʘʡʥʦʶ ʪʦʯʢʦʶ 

ʨʦʟʚ'ʷʟʢʫ, ʘ ʥʝʩʢʽʥʯʝʥʥʦ ʚʽʜʜʘʣʝʥʘ ʪʦʯʢʘ ʻ ʧʦʣʶʩʦʤ ʧʦʨʷʜʢʫ m, ʧʨʠʚʦʜʠʪʴ ʜʦ 
ʥʘʩʪʫʧʥʠʭ ʚʣʘʩʥʠʭ ʬʫʥʢʮʽʡ: 

m
m

zzf =)( ,   ,...2,1,0=m  

ʇʨʠʧʫʱʝʥʥʷ ʞ ʧʨʦ ʪʝ, ʱʦ ʧʦʯʘʪʦʢ ʢʦʦʨʜʠʥʘʪ ʻ ʧʦʣʶʩʦʤ ʧʦʨʷʜʢʫ m ʨʦʟʚ'ʷʟʢʫ, ʘ 

ʥʝʩʢʽʥʯʝʥʥʦ ʚʽʜʜʘʣʝʥʘ ʪʦʯʢʘ ʻ ʡʦʛʦ ʟʚʠʯʘʡʥʦʶ ʪʦʯʢʦʶ, ʧʨʠʚʦʜʠʪʴ ʜʦ  ʥʘʩʪʫʧʥʠʭ 

ʚʣʘʩʥʠʭ ʬʫʥʢʮʽʡ: 

m
m

zzf =)( ,   ,...2,1--=m  . 

ɺʠʧʘʜʦʢ, ʢʦʣʠ ʥʝʩʢʽʥʯʝʥʥʦ ʚʽʜʜʘʣʝʥʘ ʪʦʯʢʘ ʻ ʦʜʥʦʯʘʩʥʦ ʧʦʣʶʩʦʤ  ʧʦʨʷʜʢʫ m 

ʪʘ ʪʦʯʢʦʶ ʨʦʟʛʘʣʫʞʝʥʥʷ k  ʧʦʨʷʜʢʫ ʚʠʤʘʛʘʻ ʜʣʷ ʟʥʘʭʦʜʞʝʥʥʷ ʨʦʟʚôʷʟʢʽʚ ʚʠʢʦʨʠʩʪʘʥʥʷ 

ʨʷʜʫ ʇʶʽʟʴʦ ʽ ʧʦʨʦʜʞʫʻ ʥʘʩʪʫʧʥʝ  ʚʣʘʩʥʝ ʯʠʩʣʦ: 

2

/ ö
÷

õ
æ
ç

å
=

k

m
km

l , ,...2,1=m ,   ,...2,1=k  
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ʄʘʣʶʥʦʢ 8. ʉʪʝʧʝʥʝʚʽ ʬʫʥʢʮʽʾ ʟ ʧʘʨʥʠʤʠ ʧʦʢʘʟʥʠʢʘʤʠ ʩʪʝʧʝʥʶ 

 

ʟ ʚʽʜʧʦʚʽʜʥʦʶ ʡʦʤʫ ʚʣʘʩʥʦʶ ʬʫʥʢʮʽʻʶ: 

km
km

km
kmkm

zczczf /
/

/
//

)( -
-

+= . 

ʉʫʢʫʧʥʽʩʪʴ ʤʝʞʦʚʠʭ ʫʤʦʚ ʪʘʢʦʛʦ ʪʠʧʫ ʜʣʷ ʨʽʟʥʠʭ m ʪʘ k  ʧʦʨʦʜʞʫʻ ʥʝʩʢʽʥʯʝʥʥʠʡ 

ʜʠʩʢʨʝʪʥʠʡ ʩʧʝʢʪʨ ʚʣʘʩʥʠʭ ʯʠʩʝʣ, ʱʦ ʩʢʣʘʜʘʻʪʴʩʷ ʟ ʢʚʘʜʨʘʪʽʚ ʨʘʮʽʦʥʘʣʴʥʠʭ ʯʠʩʝʣ,  ʪʘ 

ʚʣʘʩʥʠʭ ʬʫʥʢʮʽʡ, ʷʢʠʤʠ ʻ ʩʪʝʧʝʥʝʚʽ ʬʫʥʢʮʽʾ ʟ  ʨʘʮʽʦʥʘʣʴʥʠʤʠ ʧʦʢʘʟʥʠʢʘʤʠ ʩʪʝʧʝʥʶ. 

ʆʯʝʚʠʜʥʦ, ʱʦ ʦʪʨʠʤʘʥʠʡ ʨʝʟʫʣʴʪʘʪ ʤʦʞʝ ʙʫʪʠ ʫʟʘʛʘʣʴʥʝʥʠʤ ʥʘ ʚʠʧʘʜʦʢ 
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,...2,1--=m ,  ,...2,1--=k  ʽ ʜʘʻ ʣʠʰʝ ʦʜʠʥ ʨʦʟʚ'ʷʟʦʢ ʜʣʷ ʥʫʣʴʦʚʦʛʦ ʚʣʘʩʥʦʛʦ 

ʯʠʩʣʘ. 

 ʊʘʢʠʤ ʯʠʥʦʤ, ʜʣʷ ʚʩʽʭ ʨʦʟʛʣʷʥʫʪʠʭ ʤʝʞʦʚʠʭ ʫʤʦʚ, ʚʠʭʽʜʥʝ ʨʽʚʥʷʥʥʷ ʤʘʻ ʩʚʦʾʤʠ 

ʨʦʟʚôʷʟʢʘʤʠ ʣʠʰʝ ʨʽʟʥʽ ʩʪʝʧʝʥʝʚʽ ʬʫʥʢʮʽʾ. 

 ʉʪʘʥʦʚʠʪʴ ʦʩʦʙʣʠʚʠʡ ʽʥʪʝʨʝʩ ʚʠʧʘʜʦʢ, ʢʦʣʠ ʥʝʩʢʽʥʯʝʥʥʦ ʚʽʜʜʘʣʝʥʘ ʪʦʯʢʘ ʻ ʣʦʛʘ-

ʨʠʬʤʽʯʥʦʶ ʦʩʦʙʣʠʚʦʶ ʪʦʯʢʦʶ. ʇʨʠ ʮʴʦʤʫ ʣʦʛʘʨʠʬʤʽʯʥʦʶ ʦʩʦʙʣʠʚʦʶ ʪʦʯʢʦʶ ʙʫʜʝ ʽ 

ʧʦʯʘʪʦʢ ʢʦʦʨʜʠʥʘʪ. ʊʦʜʽ ʚʣʘʩʥʠʤʠ ʬʫʥʢʮʽʷʤʠ ʟʥʦʚʫ ʻ ʩʪʝʧʝʥʝʚʽ ʬʫʥʢʮʽʾ, ʘʣʝ ʟ ʜʦʚʽʣʴ-

ʥʠʤʠ ʜʽʡʩʥʠʤʠ ʧʦʢʘʟʥʠʢʘʤʠ ʩʪʝʧʝʥʶ. ʂʨʽʤ ʪʦʛʦ, ʜʣʷ ʥʫʣʴʦʚʦʛʦ ʚʣʘʩʥʦʛʦ ʯʠʩʣʘ, ʫ ʜʦ-

ʜʘʪʦʢ ʜʦ ʚʞʝ ʚʽʜʦʤʦʛʦ ʥʘʤ ʨʦʟʚ'ʷʟʢʫ ʨʽʚʥʦʛʦ 1, ʟ'ʷʚʣʷʻʪʴʩʷ ʽ ʥʦʚʠʡ, ʣʽʥʽʡʥʦ ʥʝʟʘʣʝʞʥʠʡ 

ʚʽʜ ʥʴʦʛʦ ʨʦʟʚ'ʷʟʦʢ, )ln(z . ʋ ʮʴʦʤʫ ʣʝʛʢʦ ʧʝʨʝʢʦʥʘʪʠʩʴ ʙʝʟʧʦʩʝʨʝʜʥʴʦʶ ʧʽʜʩʪʘʥʦʚ-

ʢʦʶ. ʆʪʞʝ, ʚʣʘʩʥʘ ʬʫʥʢʮʽʷ, ʱʦ ʚʽʜʧʦʚʽʜʘʻ ʥʫʣʴʦʚʦʤʫ ʚʣʘʩʥʦʤʫ ʯʠʩʣʫ, ʻ 

0
( ) ln( )f z A B z= +  . 

ɺʦʥʘ ʻ ʣʽʥʽʡʥʦʶ ʢʦʤʙʽʥʘʮʽʻʶ ʜʚʦʭ ʣʽʥʽʡʥʦ ʥʝʟʘʣʝʞʥʠʭ ʨʦʟʚ'ʷʟʢʽʚ 1 ʽ )ln(z . ʇʝʨʰʠʡ ʟ 
ʥʠʭ ʤʠ ʦʪʨʠʤʫʚʘʣʠ ʽ ʫ ʚʩʽʭ ʧʦʧʝʨʝʜʥʽʭ ʚʠʧʘʜʢʘʭ. ɼʨʫʛʠʡ ʻ ʧʨʠʥʮʠʧʦʚʦ ʥʦʚʠʤ, ʦʩʢʽʣʴʢʠ 

ʚʽʥ ʨʦʟʙʽʛʘʻʪʴʩʷ ʽ ʧʨʠ ʥʘʙʣʠʞʝʥʥʽ ʜʦ ʥʝʩʢʽʥʯʝʥʥʦ ʚʽʜʜʘʣʝʥʦʾ ʪʦʯʢʠ, ʽ ʧʨʠ ʥʘʙʣʠʞʝʥʥʽ ʜʦ 

ʥʫʣʷ.  

ʇʨʠʢʣʘʜ 2. ʅʝʭʘʡ 2=a . ʊʘʢʝ ʨʽʚʥʷʥʥʷ ʚʠʥʠʢʘʻ ʧʨʠ ʨʦʟʚ'ʷʟʘʥʥʽ ʰʠʨʦʢʦʛʦ ʢʦʣʘ 

ʤʝʞʦʚʠʭ ʟʘʜʘʯ ʫ ʩʬʝʨʠʯʥʽʡ ʩʠʩʪʝʤʽ ʢʦʦʨʜʠʥʘʪ. ɺʠʭʽʜʥʝ ʨʽʚʥʷʥʥʷ ʥʘʙʝʨʝ ʪʝʧʝʨ ʚʠʛʣʷʜʫ 

0)(
)(

2
)(

2

2
2 =+ + zf

dz
zdf

z
dz

zfd
z l . 

ʅʝ ʜʠʚʣʷʯʠʩʴ ʥʘ ʚʝʣʠʢʫ ʩʭʦʞʽʩʪʴ ʮʴʦʛʦ ʨʽʚʥʷʥʥʷ ʟ ʧʦʧʝʨʝʜʥʽʤ, ʡʦʛʦ ʨʦʟʚ'ʟ̫ʢʠ ʤʘʶʪʴ 

ʧʝʚʥʽ ʦʩʦʙʣʠʚʦʩʪʽ, ʪʦʤʫ ʤʠ ʡʦʛʦ ʨʦʟʛʣʷʥʝʤʦ ʥʝ ʤʝʥʴʰ ʜʝʪʘʣʥɹʦ ʥʽʞ ʧʦʧʝʨʝʜʥʻ. 

ʈʦʟʚ'ʷʟʘʥʥʷ. ɹʫʜʝʤʦ ʰʫʢʘʪʠ ʤʦʞʣʠʚʽ ʨʦʟʚ'ʷʟʢʠ ʥʘ ʚʩʽʡ ʢʦʤʧʣʝʢʩʥʽʡ ʧʣʦʱʠʥʽ. 

ʅʝʭʘʡ ʥʝʩʢʽʥʯʝʥʥʦ ʚʽʜʜʘʣʝʥʘ ʪʦʯʢʘ ʻ ʧʦʣʶʩʦʤ ʧʦʨʷʜʢʫ m, ʘ ʧʦʯʘʪʦʢ ʢʦʦʨʜʠʥʘʪ ʩʫʪ-

ʪ̒ ʚʦ ʦʩʦʙʣʠʚʦʶ ʪʦʯʢʦʶ. ʊʦʜʽ ʨʦʟʚ'ʷʟʦʢ ʨʽʚʥʷʥʥʷ ʟʨʫʯʥʦ ʧʨʝʜʩʪʘʚʠʪʠ ʫ ʚʠʛʣʷʜʽ ʨʷʜʫ 

ʃʦʨʘʥʘ ʚ ʦʢʦʣʽ ʧʦʯʘʪʢʫ ʢʦʦʨʜʠʥʘʪ. ʎʝʡ ʨʷʜ ʟʙʽʞʥʠʡ ʥʘ ʚʩʽʡ ʢʦʤʧʣʝʢʩʥʽʡ ʧʣʦʱʠʥʽ, ʟʘ 

ʚʠʢʣʶʯʝʥʥʷʤ, ʤʦʞʣʠʚʦ, ʣʠʰʝ ʧʦʯʘʪʢʫ ʢʦʦʨʜʠʥʘʪ ʪʘ ʥʝʩʢʽʥʯʝʥʥʦ ʚʽʜʜʘʣʝʥʦʾ ʪʦʯʢʠ. 

ʆʪʞʝ, 

 ä
-¤=

=
m

n

n
nzczf )(  . 

ʇʨʠ ʮʴʦʤʫ 0=
n

c   ʜʣʷ  mn>  ʫ ʧʦʚʥʽʡ ʚʽʜʧʦʚʽʜʥʦʩʪʽ ʜʦ ʦʟʥʘʯʝʥʥʷ ʧʦʣʶʩʫ  ʧʦʨʷʜʢʫ 

m ʫ ʥʝʩʢʽʥʯʝʥʥʦ ʚʽʜʜʘʣʝʥʽʡ ʪʦʯʮʽ. ɿ ʪʦʾ ʩʘʤʦʾ ʧʨʠʯʠʥʠ 0̧
m

c . ʇʽʜʩʪʘʚʠʚʰʠ ʮʝʡ ʨʷʜ 

ʫ ʨʽʚʥʷʥʥʷ, ʤʘʪʠʤʝʤʦ: 

02)1( =++- äää
-¤=-¤=-¤=
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n
n zcznczcnn l , 

ʆʩʢʽʣʴʢʠ ʤʝʞʽ ʩʫʤʫʚʘʥʥʷ ʜʣʷ ʚʩʽʭ ʩʫʤ ʟʙʽʛʘʶʪʴʩʷ, ʾʭ ʜʦʮʽʣʴʥʦ ʦʙ'ʻʜʥʘʪʠ ʚ ʦʜʥʫ. ʋ ʚʠ-

ʩʣʽʜʽ ʨʽʚʥʷʥʥʷ ʥʘʙʝʨʝ ʚʠʛʣʷʜʫ 

[ ( 1) ] 0
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n
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n n c zl
=-¤

+ + =ä  . 
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ɺ ʩʠʣʫ ʣʽʥʽʡʥʦʾ ʥʝʟʘʣʝʞʥʦʩʪʽ ʩʪʝʧʝʥʝʚʠʭ ʬʫʥʢʮʽʡ nz  ʤʠ ʦʜʝʨʞʫʻʤʦ ʥʘʩʪʫʧʥʫ ʩʠʩʪʝ-

ʤʫ ʣʽʥʽʡʥʠʭ ʦʜʥʦʨʽʜʥʠʭ ʘʣʛʝʙʨʘʾʯʥʠʭ ʨʽʚʥʷʥʴ ʚʽʜʥʦʩʥʦ ʢʦʝʬʽʮʽʻʥʪʽʚ ʨʷʜʫ ʃʦʨʘʥʘ, ʘ ʩʘʤʝ 

[ ( 1) ] 0
n

n n cl+ + =,    mn ,...,1,-¤=  . 

ɺʩʽ ʨʽʚʥʷʥʥʷ ʩʠʩʪʝʤʠ ʥʝʟʘʣʝʞʥʽ ʽ ʥʝ ʜʦʟʚʦʣʷʶʪʴ ʚʩʪʘʥʦʚʠʪʠ ʟʚôʷʟʦʢ ʤʽʞ ʢʦʝʬʽʮʽʻʥ-

ʪʘʤʠ 
n

c . ʆʩʢʽʣʴʢʠ 0̧
m

c , ʽʥʘʢʰʝ ʧʦʣʶʩ ʫ ʥʝʩʢʽʥʯʝʥʥʦ ʚʽʜʜʘʣʝʥʽʡ ʪʦʯʮʽ ʤʘʪʠʤʝ 

ʤʝʥʰʠʡ ʧʦʨʷʜʦʢ ʟʘ m, ʪʦ 0)1( =++ lmm . ɿʚʽʜʩʠ ʚʽʜʧʦʚʽʜʥʝ ʚʣʘʩʥʝ ʯʠʩʣʦ ʨʽʚ-

ʥʷʥʥʷ ʥʘʙʫʚʘʻ  ʟʥʘʯʝʥʥʷ:  

)1( +-= mm
m
l .       ,...2,1,0=m    . 

ʎʝ ʚʣʘʩʥʝ ʯʠʩʣʦ ʛʘʨʘʥʪʫʻ ʚʽʜʤʽʥʥʽʩʪʴ ʚʽʜ ʥʫʣʷ ʥʝ ʣʠʰʝ ʢʦʝʬʽʮʽʻʥʪʘ ʨʷʜʫ ʃʦʨʘʥʘ 
m

c , 

ʘʣʝ ʽ ʢʦʝʬʽʮʽʻʥʪʫ 
1--m

c , ʦʩʢʽʣʴʢʠ ʤʥʦʞʥʠʢʦʤ ʧʝʨʝʜ ʥʠʤ ʪʝʞ ʙʫʜʝ ʚʠʨʘʟ 

0)1( =++ lmm . ʈʝʰʪʘ ʢʦʝʬʽʮʽʻʥʪʽʚ ʜʦʨʽʚʥʶʻ ʥʫʣʶ, ʦʩʢʽʣʴʢʠ ʧʽʜʩʪʘʥʦʚʢʘ 

ʦʪʨʠʤʘʥʦʛʦ ʚʣʘʩʥʦʛʦ ʯʠʩʣʘ ʫ ʩʠʩʪʝʤʫ ʨʦʙʠʪʴ ʚʽʜʤʽʥʥʠʤʠ ʚʽʜ ʥʫʣʷ ʤʥʦʞʥʠʢʠ ʧʨʠ ʚʩʽʭ 

n
c  ʜʣʷ 1,..., --¤= mn  ( 1--̧mn ), ʘ ʦʪʞʝ ʪʘʢʽ 0=

n
c . ʉʫʢʫʧʥʽʩʪʴ ʤʦʞ-

ʣʠʚʠʭ ʤʝʞʦʚʠʭ ʫʤʦʚ ʫ ʥʝʩʢʽʥʯʝʥʥʦ ʚʽʜʜʘʣʝʥʽʡ ʪʦʯʮʽ ʪʠʧʫ ʧʦʣʶʩʫ ʧʦʨʦʜʞʫʻ ʜʠʩʢʨʝʪʥʠʡ 

ʩʧʝʢʪʨ ʚʣʘʩʥʠʭ ʯʠʩʝʣ ʨʽʚʥʷʥʥʷ ʪʠʧʫ ʚʞʝ ʥʘʚʝʜʝʥʠʭ ʚʠʱʝ ʟʥʘʯʝʥʴ 
m
l  ʜʣʷ ʜʦʚʽʣʴʥʠʭ ʥʝ-

ʚʽʜôʻʤʥʠʭ  m. ɺʽʜʧʦʚʽʜʥʘ ʚʣʘʩʥʦʤʫ ʯʠʩʣʫ 
m
l  ʚʣʘʩʥʘ ʬʫʥʢʮʽʷ ʻ ʣʽʥʽʡʥʦʶ ʢʦʤʙʽʥʘʮʽʻʶ 

ʜʚʦʭ ʩʪʝʧʝʥʝʚʠʭ ʬʫʥʢʮʽʡ ʟ ʜʦʜʘʪʥʠʤ ʽ ʚʽʜôʻʤʥʠʤ ʮʽʣʠʤ ʧʦʢʘʟʥʠʢʦʤ ʩʪʝʧʝʥ  ʁ

1
1

)( --
--

+= m
m

m
mm

zczczf ,     ,...2,1=m  

ʽ ʻ ʻʜʠʥʠʤ ʤʦʞʣʠʚʠʤ ʨʦʟʚôʷʟʢʦʤ ʨʽʚʥʷʥʥʷ ʜʣʷ ʜʘʥʦʛʦ 
m
l. ʌʘʢʪʠʯʥʦ, ʤʠ ʟʥʘʡʰʣʠ 

ʟʘʛʘʣʴʥʠʡ ʨʦʟʚ'ʷʟʦʢ ʚʠʭʽʜʥʦʛʦ ʨʽʚʥʷʥʥʷ.  

ʅʝʭʘʡ ʥʝʩʢʽʥʯʝʥʥʦ ʚʽʜʜʘʣʝʥʘ ʪʦʯʢʘ ʻ ʩʫʪʪʻʚʦ ʦʩʦʙʣʠʚʦʶ, ʘ ʧʦʯʘʪʦʢ ʢʦʦʨʜʠʥʘʪ 

- ʧʦʣʶʩʦʤ ʧʦʨʷʜʢʫ m. ʊʦʜʽ ʨʦʟʚ'ʷʟʦʢ ʨʽʚʥʷʥʥʷ ʟʨʫʯʥʦ ʧʨʝʜʩʪʘʚʠʪʠ ʚ ʦʢʦʣʽ ʧʦʯʘʪʢʫ 

ʢʦʦʨʜʠʥʘʪ ʫ ʚʠʛʣʷʜʽ ʜʝʱʦ ʽʥʰʦʛʦ  ʨʷʜʫ ʃʦʨʘʥʘ. ʎʝʡ ʨʷʜ ʟʙʽʞʥʠʡ ʥʘ ʚʩʽʡ ʢʦʤʧʣʝʢʩʥʽʡ 

ʧʣʦʱʠʥʽ, ʟʘ ʚʠʢʣʶʯʝʥʥʷʤ, ʤʦʞʣʠʚʦ, ʣʠʰʝ ʧʦʯʘʪʢʫ ʢʦʦʨʜʠʥʘʪ ʪʘ ʥʝʩʢʽʥʯʝʥʥʦ ʚʽʜʜʘʣʝ-

ʥʦʾ ʪʦʯʢʠ. ʆʪʞʝ, 

ä
¤

-=

=
mn

n
nzczf )( . 

 ʈʦʟʚ'ʷʟʦʢ ʨʽʚʥʷʥʥʷ ʦʪʨʠʤʫʻʪʴʩʷ ʘʥʘʣʦʛʽʯʥʦ ʧʦʧʝʨʝʜʥʴʦʤʫ ʽ  

1
1

)( --
--

+= m
m

m
mm

zczczf ,     ,...2,1--=m  

ɺʠʧʘʜʢʫ, ʢʦʣʠ ʧʦʯʘʪʦʢ ʢʦʦʨʜʠʥʘʪ ʪʘ ʥʝʩʢʽʥʯʝʥʥʦ ʚʽʜʜʘʣʝʥʘ ʪʦʯʢʘ ʻ ʟʚʠʯʘʡʥʠʤʠ 

ʪʦʯʢʘʤʠ ʨʦʟʚ'ʷʟʢʫ 1,0-=m , ʚʽʜʧʦʚʽʜʘʻ ʨʦʟʚ'ʷʟʦʢ 

1
100

)( -
-

+= zcczf  , 

ʱʦ ʪʘʢʦʞ ʻ ʣʽʥʽʡʥʦʶ ʢʦʤʙʽʥʘʮʽʻʶ ʜʚʦʭ ʣʽʥʽʡʥʦ ʥʝʟʘʣʝʞʥʠʭ ʨʦʟʚ'ʷʟʢʽʚ. ʆʯʝʚʠʜʥʦ, 

ʥʘʚʝʜʝʥʠʡ ʨʦʟʚ'ʷʟʦʢ ʚʽʜʧʦʚʽʜʘʻ ʚʣʘʩʥʠʤ ʯʠʩʣʘʤ 0
10
==

-
ll . ʆʪʞʝ, ʟʘʛʘʣʴʥʠʡ 

ʨʝʟʫʣʴʪʘʪ ʪʘʢʠʡ: 
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 ʈʝʰʪʘ ʚʘʨʽʘʥʪʽʚ ʤʝʞʦʚʠʭ ʫʤʦʚ ʨʦʟʛʣʷʜʘʻʪʴʩʷ ʘʥʘʣʦʛʽʯʥʦ. ɺʦʥʠ  ʨʝʘʣʽʟʫʶʪʴ 

ʚʠʧʘʜʢʠ, ʢʦʣʠ ʧʦʢʘʟʥʠʢʠ ʩʪʝʧʝʥʶ ʻ ʨʘʮʽʦʥʘʣʴʥʠʤʠ ʘʙʦ ʜʽʡʩʥʠʤʠ ʯʠʩʣʘʤʠ. ʅʘ ʚʽʜʤʽʥʫ 

ʚʽʜ ʨʽʚʥʷʥʥʷ, ʨʦʟʛʣʷʥʫʪʦʛʦ ʥʘ ʧʦʯʘʪʢʫ ʧʘʨʘʛʨʘʬʘ, ʮʝ ʨʽʚʥʷʥʥʷ ʥʝ ʤʽʩʪʠʪʴ ʨʦʟʚ'ʷʟʢʽʚ, 

ʚʽʜʤʽʥʥʠʭ ʚʽʜ ʩʪʝʧʝʥʝʚʠʭ ʬʫʥʢʮʽʡ. ʇʦʜʽʙʥʠʤ ʯʠʥʦʤ ʨʦʟʚ'ʷʟʫʻʪʴʩʷ ʨʽʚʥʷʥʥʷ ʽ ʜʣʷ 

ʜʦʚʽʣʴʥʠʭ a . 

 

1.5.ʌʫʥʢʮʽʾ ʪʘ ʧʦʣʽʥʦʤʠ  ɽʨʤʽʪʘ 
 

ʈʦʟʛʣʷʥʝʤʦ ʨʽʚʥʷʥʥʷ ɽʨʤʽʪʘ 

2

-
2

( ) ( )
2 ( ) 0

d f z df z
z f z

dzdz
l+ = 

ʽ ʰʫʢʘʪʠʤʝʤʦ ʡʦʛʦ ʤʦʞʣʠʚʽ ʨʦʟʚ'ʷʟʢʠ ʫ ʚʩʽʡ ʢʦʤʧʣʝʢʩʥʽʡ ʧʣʦʱʠʥʽ ʟʘ ʚʠʢʣʶʯʝʥʥʷʤ ʥʝ-

ʩʢʽʥʯʝʥʥʦ ʚʽʜʜʘʣʝʥʦʾ ʪʦʯʢʠ. ʎʷ ʪʦʯʢʘ ʛʨʘʻ ʨʦʣʴ ʤʝʞʦʚʦʾ, ʘ ʭʘʨʘʢʪʝʨ ʾʾ ʦʩʦʙʣʠʚʦʩʪʽ -  

ʨʦʣʴ ʚʽʜʧʦʚʽʜʥʦʾ ʤʝʞʦʚʦʾ ʫʤʦʚʠ. ɾʦʜʝʥ ʟ ʢʦʝʬʮ̔ʽʻʥʪʽʚ ʨʽʚʥʷʥʥʷ ʥʝ ʤʘʻ ʦʩʦʙʣʠʚʦʩʪʝʡ ʫ 

ʢʦʤʧʣʝʢʩʥʽʡ ʧʣʦʱʠʥʽ, ʟʘ ʚʠʢʣʯʁʝʥʥʷʤ ʥʝʩʢʽʥʯʝʥʥʦ ʚʽʜʜʘʣʝʥʦʾ ʪʦʯʢʠ. ʆʪʞʝ, ʨʦʟʚ'ʷʟʦʢ 

ʨʽʚʥʷʥʥʷ ʩʣʽʜ ʰʫʢʘʪʠ ʫ ʚʠʛʣʷʜʽ ʨʷʜʫ ʊʝʡʣʦʨʘ 

ä
¤

=

=
0

)(
n

n
nzczf  . 

ʇʽʩʣʷ ʧʽʜʩʪʘʥʦʚʢʠ ʮʴʦʛʦ ʨʷʜʫ ʫ ʨʽʚʥʷʥʥʷ ʦʜʝʨʞʠʤʦ 

02)1(
002

2 =- ä+ä-ä
¤

=

¤

=

¤

=

-

n

n
n

n

n
n

n

n
n zcznczcnn l  . 

ʋ ʧʝʨʰʽʡ ʩʫʤʽ ʧʝʨʝʡʜʝʤʦ ʜʦ ʥʦʚʦʛʦ ʽʥʜʝʢʩʫ ʩʫʤʫʚʘʥʥʷ 2-=nm , ʘ ʧʦʪʽʤ ʧʦʚʝʨʥʝʤʦ 

ʡʦʤʫ ʩʪʘʨʫ ʥʘʟʚʫ n. ʆʩʢʽʣʴʢʠ ʤʝʞʽ ʩʫʤʫʚʘʥʥʷ ʚʩʽʭ ʩʫʤ ʟʙʽʛʘʶʪʴʩʷ, ʾʭ ʜʦʮʽʣʴʥʦ ʦʙ'ʻʜ-

ʥʘʪʠ ʚ ʦʜʥʫ. ʋ ʚʠʩʣʽʜʽ 

0])2()2)(1[(
0

2 =--++ä
¤

=

+

n

n
nn zcncnn l  . 

ʇʨʠʨʽʚʥʶʶʯʠ ʥʫʣʶ ʢʦʝʬʽʮʽʻʥʪʠ ʧʨʠ ʩʪʝʧʝʥʝʚʠʭ ʬʫʥʢʮʽʷʭ, ʦʜʝʨʞʠʤʦ ʥʘʩʪʫʧʥʫ ʩʠʩʪʝʤʫ 

ʣʽʥʽʡʥʠʭ ʘʣʛʝʙʨʘʾʯʥʠʭ ʨʽʚʥʷʥʴ:  

0)2()2)(1(
2

=--++
+ nn

cncnn l ,    ¤<¢n0  . 

 ʗʢʱʦ ʥʝʩʢʽʥʯʝʥʥʦ ʚʽʜʜʘʣʝʥʘ ʪʦʯʢʘ ʩʫʪʪʻʚʦ ʦʩʦʙʣʠʚʘ, ʪʦ ʩʠʩʪʝʤʘ ʨʽʚʥʷʥʴ ʻ ʥʝ-

ʩʢʽʥʯʝʥʥʦʶ, ʘ ʾʾ ʨʦʟʚ'ʷʟʦʢ ʻ ʣʽʥʽʡʥʦʶ ʢʦʤʙʽʥʘʮʽʻʶ ʜʚʦʭ ʩʧʝʮʽʘʣʥɹʠʭ ʪʨʘʥʩʮʝʥʜʝʥʪʥʠʭ 

ʬʫʥʢʮʽʡ, ʘ ʩʘʤʝ: ʧʘʨʥʦʾ ʪʘ ʥʝʧʘʨʥʦʾ ʬʫʥʢʮʽʡ ɽʨʤʽʪʘ 

0 1
( , ) ( , ) ( , )f z c he z c ho zl l l= +  . 

ʎʝʡ ʨʦʟʚ'ʷʟʦʢ, ʦʜʥʦʯʘʩʥʦ, ʻ ʟʘʛʘʣʴʥʠʤ ʨʦʟʚ'ʷʟʢʦʤ ʨʽʚʥʷʥʥʷ ɽʨʤʽʪʘ ʜʣʷ ʜʦʚʽʣʴʥʠʭ l. 

ʊʘʢʠʤ ʯʠʥʦʤ, ʜʣʷ ʟʘʜʘʥʦʾ ʤʝʞʦʚʦʾ ʫʤʦʚʠ ʩʧʝʢʪʨ ʚʣʘʩʥʠʭ ʯʠʩʝʣ ʻ ʥʝʧʝʨʝʨʚʥʠʤ. ɿʜʘʚʘ-

ʣʦʩʷ, ʽʥʰʽ ʚʘʨʽʘʥʪʠ ʧʦʚʝʜʽʥʢʠ ʨʦʟʚ'ʷʟʢʫ ʫ ʥʝʩʢʽʥʯʝʥʥʦ ʚʽʜʜʘʣʝʥʽʡ ʪʦʯʮʽ ʤʦʞʥʘ ʙʫʣʦ ʙ ʽ 
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ʄʘʣʶʥʦʢ 9. ʇʘʨʥʽ ʬʫʥʢʮʽʾ ɽʨʤʽʪʘ ʜʣʷ ʟʥʘʯʝʥʴ l, ʙʣʠʟʴʢʠʭ ʜʦ 2, ʪʘ ʧʦʣʥ̔ʦʤ ɽʨʤʽʪʘ 

ʜʨʫʛʦʛʦ ʩʪʝʧʝʥʶ 

 

m
m

2=l , ʭʘʨʘʢʪʝʨ ʨʦʟʚôʷʟʢʫ ʟʤʽʥʶʻʪʴʩʷ ʽ, ʷʢ ʙʫʜʝ ʧʦʢʘʟʘʥʦ ʜʘʣʽ, ʦʜʥʘ ʟ ʬʫʥʢʮʽʡ 

ɽʨʤʽʪʘ ʧʝʨʝʪʚʦʨʠʪʴʩʷ ʫ ʧʦʣʽʥʦʤ ɽʨʤʽʪʘ. ʊʫʪ 

( )
-1

2

1 0

(-1)
( , ) 1 -4

(2 )!

n n
n

n m

he z z m
n

l l
¤

= =

= +ä Ô  , 
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-1

2 1

1 0

(-1)
( , ) -4 -1

(2 1)!

n n
n

n m

ho z z z m
n

l l
¤

+

= =

= +
+

ä Ô  . 

ɼʣʷ ʚʝʣʠʢʠʭ ʟʥʘʯʝʥʴ n   ʩʧʽʚʚʽʜʥʦʰʝʥʥʷ ʤʽʞ ʢʦʝʬʽʮʽʻʥʪʘʤʠ ʥʘʙʝʨʝ ʦʩʦʙʣʠʚʦ ʧʨʦʩʪʦʛʦ 

ʚʠʛʣʷʜʫ, ʘ ʩʘʤʝ: 0/2
2

=-
+

ncc
nn

, ʱʦ ʚʽʜʧʦʚʽʜʘʻ ʩʪʝʧʝʥʝʚʦʤʫ ʨʦʟʚʠʥʝʥʥʶ ʬʫʥʢʮʽʾ 

)exp( 2z . ʉʘʤʝ ʪʘʢʫ ʧʦʚʝʜʽʥʢʫ ʚ ʦʢʦʣʽ ʥʝʩʢʽʥʯʝʥʥʦ ʚʽʜʜʘʣʝʥʦʾ ʪʦʯʢʠ ʤʘʶʪʴ ʬʫʥʢʮʽʾ 

ɽʨʤʽʪʘ. 

 ʅʝʭʘʡ ʪʝʧʝʨ ʥʝʩʢʽʥʯʝʥʥʦ ʚʽʜʜʘʣʝʥʘ ʪʦʯʢʘ ʻ ʧʦʣʶʩʦʤ ʧʦʨʷʜʢʫ m. ʊʦʜʽ, ʚʽʜʧʦʚʽʜ-

ʥʦ ʜʦ ʦʟʥʘʯʝʥʥʷ ʧʦʣʶʩʘ, ʨʷʜ ʊʝʡʣʦʨʘ ʤʘʪʠʤʝ ʚʠʛʣʷʜ 
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ʄʘʣʶʥʦʢ 10. ʅʝʧʘʨʥʽ ʬʫʥʢʮʽʾ ɽʨʤʽʪʘ ʜʣʷ ʟʥʘʯʝʥʴ l, ʙʣʠʟʴʢʠʭ ʜʦ 3, ʪʘ ʧʦʣʽʥʦʤ ɽʨ-

ʤʽʪʘ ʪʨʝʪʴʦʛʦ ʩʪʝʧʝʥʶ 

 

ʆʪʞʝ, ʩʠʩʪʝʤʘ ʣʽʥʽʡʥʠʭ ʘʣʛʝʙʨʘʾʯʥʠʭ ʨʽʚʥʷʥʴ, ʦʩʢʽʣʴʢʠ ʢʦʝʬʽʮʽʻʥʪʠ 
1+m

c , 
2+m

c ,é 

ʜʦʨʽʚʥʶʶʪʴ ʥʫʣʶ, ʙʫʜʝ ʩʢʽʥʯʝʥʦʶ:  

02
02
=+ cc l     (ʜʣʷ ʧʘʨʥʦʛʦ m), 

0)2(23
13
=--Ö cc l    (ʜʣʷ ʥʝʧʘʨʥʦʛʦ m), 

éééééééééééééééééé. 

0)42()1(
2
=----

-nn
cnncn l , 

éééééééééééééééééé 

0)42()1(
2
=----

-mm
cmmcm l , 

0)2( =-
m

cm l  . 

ʋ ʩʚʦʶ ʯʝʨʛʫ, 
0

c , 
1

c ,é, 0̧
m

c . ʊʦʤʫ ʟ ʦʩʪʘʥʥʴʦʛʦ ʨʽʚʥʷʥʥʷ ʩʠʩʪʝʤʠ ʚʠʧʣʠʚʘʻ, ʱʦ 

2
m

ml=  . 

ʆʪʞʝ, ʤʠ ʚʽʜʨʘʟʫ ʟʥʘʭʦʜʠʤʦ ʚʣʘʩʥʝ ʯʠʩʣʦ ʨʽʚʥʷʥʥʷ ɽʨʤʽʪʘ ʜʣʷ ʜʘʥʦʾ ʤʝʞʦʚʦʾ ʫʤʦʚʠ ʘʙʦ 

ʩʧʝʢʪʨ ʚʣʘʩʥʠʭ ʯʠʩʝʣ ʨʽʚʥʷʥʥʷ ɽʨʤʽʪʘ ʜʣʷ ʜʘʥʦʛʦ ʢʣʘʩʫ ʤʝʞʦʚʠʭ ʫʤʦʚ. ʊʘʢʠʤ ʯʠʥʦʤ, 

ʚʣʘʩʥʽ ʯʠʩʣʘ ʨʽʚʥʷʥʥʷ ɽʨʤʽʪʘ ʙʝʟʧʦʩʝʨʝʜʥʴʦ ʧʦʚ'ʷʟʘʥʽ ʟ ʧʦʨʷʜʢʦʤ ʧʦʣʶʩʘ ʫ ʥʝʩʢʽʥʯʝʥ-

ʥʦ ʚʽʜʜʘʣʝʥʽʡ ʪʦʯʮʽ. ɺʠʜʥʦ, ʱʦ ʩʧʝʢʪʨ ʫ ʜʘʥʦʤʫ ʨʘʟʽ ʻ ʜʠʩʢʨʝʪʥʠʤ  ʜʽʡʩʥʠʤ ʪʘ ʥʝ-

ʚʽʜôʻʤʥʠʤ ʽ ʨʦʟʚ'ʷʟʦʢ ʩʠʩʪʝʤʠ ʻ ʧʦʣʽʥʦʤʦʤ,  ʩʪʝʧʽʥʴ ʷʢʦʛʦ ʟʙʽʛʘʻʪʴʩʷ ʟ ʧʦʨʷʜʢʦʤ ʧʦʣʶ-

ʩʘ ʫ ʥʝʩʢʽʥʯʝʥʥʦ ʚʽʜʜʘʣʝʥʽʡ ʪʦʯʮʽ. ʎʝʡ ʧʦʣʽʥʦʤ ʥʘʟʠʚʘʻʪʴʩʷ ʧʦʣʽʥʦʤʦʤ ɽʨʤʪ̔ʘ.  

ʗʢʱʦ ʥʝʩʢʽʥʯʝʥʥʦ ʚʽʜʜʘʣʝʥʘ ʪʦʯʢʘ ʻ ʧʦʣʶʩʦʤ ʧʘʨʥʦʛʦ ʧʦʨʷʜʢʫ, ʪʦ ʨʦʟʚ'ʷʟʦʢ ʨʽ-

ʚʥʷʥʥʷ ɽʨʤʽʪʘ ʤʘʪʠʤʝ ʚʠʛʣʷʜ 
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ʜʝ, ʜʣʷ 0>n , 
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= ä  

-ʧʦʣʽʥʦʤʠ ɽʨʤʽʪʘ ʧʘʨʥʦʛʦ ʩʪʝʧʝʥʷ. ʆʯʝʚʠʜʥʦ, ʱʦ ʢʦʞʥʠʡ ʟ ʥʠʭ ʚʠʟʥʘʯʝʥʠʡ ʟ ʪʦʯʥʽʩʪʶ 

ʜʦ ʜʦʚʽʣʴʥʦʛʦ ʩʪʘʣʦʛʦ ʤʥʦʞʥʠʢʘ. ʇʦʣʽʥʦʤ ɽʨʤʽʪʘ ʩʪʝʧʝʥʶ n  ʟʚʠʯʘʡʥʦ ʥʦʨʤʫʻʪʴʩʷ ʪʘ-

ʢʠʤ ʯʠʥʦʤ, ʱʦʙ ʢʦʝʬʽʮʽʻʥʪ ʧʨʠ ʩʪʘʨʰʦʤʫ ʩʪʝʧʝʥʶ z ʙʫʚ n2 . ʊʦʜʽ ʚʩʽ ʢʦʝʬʽʮʽʻʥʪʠ ʧʦ-

ʣʽʥʦʤʫ ʙʫʜʫʪʴ ʮʽʣʠʤʠ ʯʠʩʣʘʤʠ. ɼʣʷ ʥʝʧʘʨʥʦʛʦ 1>n  

)()(
1

zHczf
nn

= , 

ʜʝ 

( -1) / 2
- 2

0

(-1)
( ) ! (2 )

!( -2 )!

mn
n m

n
m

H z n z
m n m

=

= ä  

- ʧʦʣʽʥʦʤʠ ɽʨʤʽʪʘ ʥʝʧʘʨʥʦʛʦ ʩʪʝʧʝʥʷ.  

ɼʣʷ 1=n  zczf
11

)( = , ʟʚʽʜʢʠ, ʟʛʽʜʥʦ ʜʦ ʟʘʟʥʘʯʝʥʦʾ ʚʠʱʝ ʧʨʦʮʝʜʫʨʠ ʥʦʨʤʫ-

ʚʘʥʥʷ,  

zzH 2)(
1
=  

 ʇʦʣʽʥʦʤʠ ɽʨʤʽʪʘ ʤʘʶʪʴ ʽʥʪʝʛʨʘʣʴʥʝ ʧʨʝʜʩʪʘʚʣʝʥʥʷ ʽ ʧʨʝʜʩʪʘʚʣʝʥʥʷ ʫ ʚʠʛʣʷʜʽ 

ʧʦʭʽʜʥʦʾ ʚʽʜʧʦʚʽʜʥʦʛʦ ʧʦʨʷʜʢʫ. ɺ ʦʩʪʘʥʥʴʦʤʫ ʚʠʧʘʜʢʫ 

2 2( ) (-1) exp( ) exp(- )
n

n
n n

d
H z z z

dz
=  . 

ʇʝʨʰʽ ʜʝʢʽʣʴʢʘ ʧʦʣʽʥʦʤʽʚ ɽʨʤʽʪʘ ʤʘʶʪʴ ʚʠʛʣʷʜ: 

24)( 2
2

-= zzH , 

zzzH 128)( 3
3

-=  

124816)( 24
4

+-= zzzH , 

zzzzH 12016032)( 35
5

+-= , 

12072048064)( 246
6

-+-= zzzzH . 

zzzzzH 168033601344128)( 357
7

-+-= . 

 ɺʠʧʘʜʦʢ, ʢʦʣʠ ʥʝʩʢʽʥʯʝʥʥʦ ʚʽʜʜʘʣʝʥʘ ʪʦʯʢʘ ʻ ʟʚʠʯʘʡʥʦʶ ʪʦʯʢʦʶ ʨʦʟʚ'ʷʟʢʫ ʨʽʚ-

ʥʷʥʥʷ ɽʨʤʽʪʘ, ʟʚʦʜʠʪʴʩʷ ʜʦ ʦʜʥʦʛʦ ʪʨʠʚʽʘʣʴʥʦʛʦ ʨʽʚʥʷʥʥʷ 

0
0
=cl , 

ʷʢʝ ʜʘʻ ʦʜʥʝ ʚʣʘʩʥʝ ʯʠʩʣʦ 0=l  ʽ ʦʜʥʫ ʚʣʘʩʥʫ ʬʫʥʢʮʽʶ 
00

)( czf = . ɿ ʫʨʘʭʫʚʘʥʥʷʤ 

ʥʦʨʤʫʚʘʥʥʷ, ʨʦʟʚ'ʷʟʦʢ ʤʘʻ ʚʠʛʣʷʜ 

1)(
0
=zH . 
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 ɼʣʷ ʜʦʚʽʣʴʥʦʛʦ ʚʣʘʩʥʦʛʦ ʯʠʩʣʘ ʨʽʚʥʷʥʥʷ ɽʨʤʽʪʘ n
n

2=l  ʚʽʜʧʦʚʽʜʥʠʡ ʧʦʣʽʥʦʤ 

ɽʨʤʽʪʘ ʻ ʣʠʰʝ ʦʜʥʠʤ ʟ ʜʚʦʭ ʣʽʥʽʡʥʦ ʥʝʟʘʣʝʞʥʠʭ ʨʦʟʚ'ʷʟʢʽʚ ʨʚ̔ʥʷʥʥʷ. ɯʥʰʠʤ ʨʦʟʚ'ʷʟʢʦʤ 

ʻ ʬʫʥʢʮʽʷ ɽʨʤʽʪʘ. ɺʦʥʘ ʟʙʽʛʘʻʪʴʩʷ ʟ ʦʜʥʽʻʶ ʟ ʜʚʦʭ, ʥʘʚʝʜʝʥʠʭ ʚʠʱʝ, ʬʫʥʢʮʽʡ ɽʨʤʽʪʘ ʪʘʢ. 

ʗʢ ʪʽʣʴʢʠ l ʟʙʽʛʘʻʪʴʩʷ ʟ ʦʜʥʠʤ ʟ ʟʘʟʥʘʯʝʥʠʭ ʚʠʱʝ ʚʣʘʩʥʠʭ ʯʠʩʝʣ ʨʽʚʥʷʥʥʷ ɽʨʤʽʪʘ, ʦʜ-

ʥʘ ʟ ʬʫʥʢʮʽʡ ɽʨʤʽʪʘ ʧʝʨʝʪʚʦʨʶʻʪʴʩʷ ʫ ʧʦʣʽʥʦʤ ɽʨʤʽʪʘ, ʘ ʜʨʫʛʘ ʟʘʣʠʰʘʻʪʴʩʷ  ʪʨʘʥʩʮʝʥ-

ʜʝʥʪʥʦʶ ʬʫʥʢʮʽʻʶ. ʋ ʮʴʦʤʫ ʨʘʟʽ ʟʘʛʘʣʴʥʠʡ ʨʦʟʚ'ʷʟʦʢ ʤʘʪʠʤʝ ʚʠʛʣʷʜ 
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ʄʘʣʶʥʦʢ 11. ʇʦʣʽʥʦʤ ɽʨʤʽʪʘ ʰʦʩʪʦʛʦ ʩʪʝʧʝʥʶ 

 

 ɿʘʛʘʣʴʥʠʡ ʨʦʟʚ'ʷʟʦʢ ʨʽʚʥʷʥʥʷ ɽʨʤʽʪʘ ʻ ʦʜʥʦʟʥʘʯʥʦʶ ʘʥʘʣʽʪʠʯʥʦʶ ʬʫʥʢʮʽʻʶ ʥʘ 

ʚʩʽʡ ʢʦʤʧʣʝʢʩʥʽʡ ʧʣʦʱʠʥʽ, ʟʘ ʚʠʢʣʶʯʝʥʥʷʤ ʥʝʩʢʽʥʯʝʥʥʦ ʚʽʜʜʘʣʝʥʦʾ ʪʦʯʢʠ. ʇʨʠ ʧʝʨʝʭʦ-

ʜʽ ʜʦ ʜʽʡʩʥʦʾ ʟʤʽʥʥʦʾ ʮʝʡ ʨʦʟʚ'ʷʟʦʢ ʟʘʣʠʰʘʻʪʴʩʷ ʚʠʟʥʘʯʝʥʠʤ ʥʘ ʚʩʽʡ ʜʽʡʩʥʽʡ ʦʩʽ. 

 ʄʠ ʥʝ ʨʦʟʛʣʷʜʘʻʤʦ ʽʥʰʽ ʤʝʞʦʚʽ ʫʤʦʚʠ ʫ ʥʝʩʢʽʥʯʝʥʥʦ ʚʽʜʜʘʣʝʥʽʡ ʪʦʯʮʽ, ʦʩʢʽʣʴʢʠ 

ʚʦʥʠ ʥʝ ʜʘʶʪʴ ʥʦʚʠʭ ʣʽʥʽʡʥʦ ʥʝʟʘʣʝʞʥʠʭ  ʨʦʟʚ'ʷʟʢʽʚ. 
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ʄʘʣʶʥʦʢ 12. ʇʦʣʽʥʦʤ ɽʨʤʽʪʘ ʧôʷʪʦʛʦ ʩʪʝʧʝʥʶ. 

 

1.6.ʌʫʥʢʮʽʾ ʪʘ ʧʦʣʽʥʦʤʠ  ʃʘʛʝʨʘ 
 

 ʈʽʚʥʷʥʥʷ ʃʘʛʝʨʘ ʤʘʻ ʚʠʛʣʷʜ 
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z z lf z

dzdz
+ - + = . 

ɺʦʥʦ ʤʘʻ ʻʜʠʥʫ ʦʩʦʙʣʠʚʫ ʪʦʯʢʘ ʫ ʧʦʯʘʪʢʫ ʢʦʦʨʜʠʥʘʪ, ʷʢʘ ʻ ʧʦʣʶʩʦʤ ʧʝʨʰʦʛʦ ʧʦʨʷʜʢʫ. 

ɿʦʚʥʽʰʥʴʦʶ ʛʨʘʥʠʮʝʶ ʦʙʣʘʩʪʽ, ʜʝ ʰʫʢʘʻʪʴʩʷ ʨʦʟʚ'ʷʟʦʢ ʨʽʚʥʷʥʥʷ, ʟʥʦʚʫ ʻ ʥʝʩʢʽʥʯʝʥʥʦ 

ʚʽʜʜʘʣʝʥʘ ʪʦʯʢʘ. ɺ ʷʢʦʩʪʽ ʚʥʫʪʨʽʰʥʴʦʾ ʤʝʞʽ ʤʦʞʥʘ ʚʟʷʪʠ ʧʦʯʘʪʦʢ ʢʦʦʨʜʠʥʘʪ. ʇʨʠʧʫʩ-

ʪʠʤʦ, ʱʦ ʽ ʧʦʯʘʪʦʢ ʢʦʦʨʜʠʥʘʪ, ʽ ʥʝʩʢʽʥʯʝʥʥʦ ʚʽʜʜʘʣʝʥʘ ʪʦʯʢʘ ʻ ʩʫʪʪʻʚʦ ʦʩʦʙʣʠʚʠʤʠ. ʊʦ-

ʜʽ ʨʦʟʚ'ʷʟʦʢ ʨʽʚʥʷʥʥʷ ʜʦʮʽʣʴʥʦ ʧʨʝʜʩʪʘʚʠʪʠ ʥʘʩʪʫʧʥʠʤ ʨʷʜʦʤ ʃʦʨʘʥʘ 
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ʘʙʦ ʨʷʜʦʤ ʇʶʽʟʴʦ. ʇʦʯʥʝʤʦ ʟ ʧʝʨʰʦʛʦ. ʆʙʣʘʩʪʶ ʟʙʽʞʥʦʩʪʽ ʮʴʦʛʦ ʨʷʜʫ ʙʫʜʝ ʚʩʷ ʢʦʤʧʣʝ-

ʢʩʥʘ ʧʣʦʱʠʥʘ, ʟʘ ʚʠʢʣʶʯʝʥʥʷʤ ʥʝʩʢʽʥʯʝʥʥʦ ʚʽʜʜʘʣʝʥʦʾ ʪʦʯʢʠ ʽ ʧʦʯʘʪʢʫ ʢʦʦʨʜʠʥʘʪ.  ʇʽ-

ʜʩʪʘʥʦʚʢʘ ʨʷʜʫ ʫ ʨʽʚʥʷʥʥʷ ʥʘʜʘʻ ʡʦʤʫ ʚʠʛʣʷʜʫ: 
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ʇʽʩʣʷ ʦʙ'ʻʜʥʘʥʥʷ ʚʩʽʭ ʩʫʤ ʚ ʦʜʥʫ ʤʘʪʠʤʝʤʦ 
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ʇʨʠʨʽʚʥʶʶʯʠ ʢʦʝʬʽʮʽʻʥʪʠ ʧʨʠ ʦʜʥʘʢʦʚʠʭ ʩʪʝʧʝʥʷʭ z, ʦʜʝʨʞʠʤʦ ʥʘʩʪʫʧʥʫ ʥʝʩʢʽʥʯʝʥʫ 
ʩʠʩʪʝʤʫ ʣʽʥʽʡʥʠʭ ʘʣʛʝʙʨʘʾʯʥʠʭ ʨʽʚʥʷʥʴ: 
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ɿ ʥʘʚʝʜʝʥʦʾ ʩʠʩʪʝʤʠ ʚʠʜʥʦ, ʱʦ ʜʣʷ ʜʦʚʽʣʴʥʠʭ l ʪʘ ʮʽʣʠʭ ʟʥʘʯʝʥʴ n  ʦʜʥʝ ʟ ʨʽʚʥʷʥʴ ʤʘʻ 

ʚʠʛʣʷʜ: 

0)1(
1
=+

-
cl . 

ɿ ʥʴʦʛʦ ʚʠʧʣʠʚʘʻ, ʱʦ 0
1
=

-
c , ʘ ʦʪʞʝ ʜʦʨʽʚʥʶʻ ʥʫʣʶ ʽ ʨʝʰʪʘ ʢʦʝʬʽʮʽʻʥʪʽʚ ʟ ʚʽʜ'ʻʤʥʠ-

ʤʠ ʟʥʘʯʝʥʥʷʤʠ ʽʥʜʝʢʩʽʚ ,...,...,,
32 n

ccc
---

. ʊʘʢʠʤ ʯʠʥʦʤ, ʷʢʱʦ ʥʝʩʢʽʥʯʝʥʥʦ ʚʽʜ-

ʜʘʣʝʥʘ ʪʦʯʢʘ ʻ ʩʫʪʪʻʚʦ ʦʩʦʙʣʠʚʦʶ, ʪʦ ʧʦʯʘʪʦʢ ʢʦʦʨʜʠʥʘʪ ʤʦʞʝ ʙʫʪʠ ʣʠʰʝ ʟʚʠʯʘʡʥʦʶ 

ʪʦʯʢʦʶ ʨʦʟʚ'ʷʟʢʫ ʨʽʚʥʷʥʥʷ ʃʘʛʝʨʘ. ʊʦʙʪʦ, ʷʢ ʚʞʝ ʟʘʟʥʘʯʘʣʦʩʴ ʚʠʱʝ, ʦʩʦʙʣʠʚʘ ʪʦʯʢʘ ʢʦ-

ʝʬʽʮʽʻʥʪʽʚ ʨʽʚʥʷʥʥʷ ʥʝ ʟʘʚʞʜʠ ʻ ʦʩʦʙʣʠʚʦʶ ʜʣʷ ʢʦʞʥʦʛʦ ʟ ʡʦʛʦ ʣʽʥʽʡʥʦ ʥʝʟʘʣʝʞʥʠʭ ʨʦ-

ʟʚ'ʷʟʢʽʚ. ʅʘ ʧʝʨʰʠʡ ʧʦʛʣʷʜ ʚʠʥʷʪʢʦʤ ʻ ʚʠʧʘʜʦʢ 1-=l . ɼʣʷ ʪʘʢʦʛʦ l ʣʘʥʮʶʞʦʢ ʨʽ-

ʚʥʷʥʴ ʨʦʟʨʠʚʘʻʪʴʩʷ. ʊʦʜʽ ʢʦʝʬʽʮʽʻʥʪʠ ʨʷʜʫ ʟ ʜʦʜʘʪʥʠʤʠ ʟʥʘʯʝʥʥʷʤʠ ʽʥʜʝʢʩʫ, ʷʢ ʽ ʫ ʧʦ-

ʧʝʨʝʜʥʴʦʤʫ ʚʠʧʘʜʢʫ, ʚʠʟʥʘʯʘʶʪʴʩʷ ʯʝʨʝʟ ʢʦʝʬʽʮʽʻʥʪ 
0

c . ʂʦʝʬʽʮʽʻʥʪʠ ʨʷʜʫ ʟ ʚʽʜ'ʻʤʥʠ-

ʤʠ ʟʥʘʯʝʥʥʷʤʠ ʽʥʜʝʢʩʫ  ʚʠʟʥʘʯʘʶʪʴʩʷ ʯʝʨʝʟ ʢʦʝʬʽʮʽʻʥʪ 
1-

c . ɼʦʚʽʣʴʥʝ ʨʽʚʥʷʥʥʷ, ʱʦ 

ʧʦʚ'ʷʟʫʻ ʪʘʢʽ ʢʦʝʬʽʮʽʻʥʪʠ, ʤʘʻ ʚʠʛʣʷʜ 

0)1(
1

=++
-+- nn

ccn  

ʽ ʢʦʞʥʠʡ ʥʘʩʪʫʧʥʠʡ ʢʦʝʬʽʮʽʻʥʪ ʨʷʜʫ ʻ ʙʽʣʴʰʠʤ ʚʽʜ ʧʦʧʝʨʝʜʥʴʦʛʦ. ʎʝ ʦʟʥʘʯʘʻ, ʱʦ ʨʷʜ 

ʨʦʟʙʽʛʘʻʪʴʩʷ ʫ ʢʦʞʥʽʡ ʪʦʯʮʽ ʢʦʤʧʣʝʢʩʥʦʾ ʧʣʦʱʠʥʠ. ʎʝ ʧʨʦʪʠʨʽʯʠʪʴ ʫʤʦʚʽ ʧʨʦ ʥʘʷʚʥʽʩʪʴ 

ʫ ʨʦʟʚ'ʷʟʢʘ ʣʠʰʝ ʜʚʦʭ ʦʩʦʙʣʠʚʠʭ ʪʦʯʦʢ - ʧʦʯʘʪʢʫ ʢʦʦʨʜʠʥʘʪ ʽ ʥʝʩʢʽʥʯʝʥʥʦ ʚʽʜʜʘʣʝʥʦʾ 

ʪʦʯʢʠ. ʆʪʞʝ, ʽ ʜʣʷ 1-=l  ʢʦʝʬʽʮʽʻʥʪʠ ʨʷʜʫ ʟ ʚʽʜ'ʻʤʥʠʤʠ ʟʥʘʯʝʥʥʷʤʠ ʽʥʜʝʢʩʫ ʜʦʨʽʚ-

ʥʶʶʪʴ ʥʫʣʶ. 

 ʗʢʱʦ ʞ ʥʝʩʢʽʥʯʝʥʥʦ ʚʽʜʜʘʣʝʥʘ ʪʦʯʢʘ ʻ ʩʫʪʪʻʚʦ ʦʩʦʙʣʠʚʦʶ, ʪʦ ʚʩʽ ʢʦʝʬʽʮʽʻʥʪʠ 

ʨʷʜʫ ʃʦʨʘʥʘ, ʘ ʬʘʢʪʠʯʥʦ ʨʷʜʫ ʊʝʡʣʦʨʘ, ʚʽʜʤʽʥʥʽ ʚʽʜ ʥʫʣʷ, ʧʦʯʠʥʘʶʯʠ ʟ 
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- ʬʫʥʢʮʽʷ ʃʘʛʝʨʘ (ʬʫʥʢʮʽʷ ʃʘʛʝʨʘ ʧʝʨʰʦʛʦ ʨʦʜʫ). ɾʦʜʥʠʭ ʦʙʤʝʞʝʥʴ ʥʘ ʚʣʘʩʥʽ ʯʠʩʣʘ 

ʨʽʚʥʷʥʥʷ ʃʘʛʝʨʘ ʪʫʪ ʥʝʤʘ. ɼʣʷ ʪʘʢʦʾ ʤʝʞʦʚʦʾ ʫʤʦʚʠ ʩʧʝʢʪʨ ʚʣʘʩʥʠʭ ʯʠʩʝʣ ʨʽʚʥʷʥʥʷ ʙʫ-

ʜʝ ʥʝʧʝʨʝʨʚʥʠʤ. ɼʣʷ m
m
=l  ʭʘʨʘʢʪʝʨ ʨʦʟʚôʷʟʢʫ ʟʤʽʥʶʻʪʴʩʷ ʽ ʪʨʘʥʩʮʝʥʜʝʥʪʥʘ ʬʫʥʢ-

ʮʽʷ ʃʘʛʝʨʘ ʧʝʨʝʭʦʜʠʪʴ ʫ ʧʦʣʥ̔ʦʤ ʃʘʛʝʨʘ.  

  ʅʝʭʘʡ ʪʝʧʝʨ ʥʝʩʢʽʥʯʝʥʥʦ ʚʽʜʜʘʣʝʥʘ ʪʦʯʢʘ ʻ ʧʦʣʶʩʦʤ ʧʦʨʷʜʢʫ m. ʊʦʜʽ ʩʠʩʪʝʤʘ 
ʣʽʥʽʡʥʠʭ ʘʣʛʝʙʨʘʾʯʥʠʭ ʨʽʚʥʷʥʴ ʜʣʷ ʟʥʘʭʦʜʞʝʥʥʷ ʢʦʝʬʽʮʽʻʥʪʽʚ ʨʷʜʫ ʃʦʨʘʥʘ ʙʫʜʝ ʩʢʽʥʯʝ-

ʥʦʶ ʽ ʤʘʪʠʤʝ ʚʠʛʣʷʜ:  
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ʎʷ ʩʠʩʪʝʤʘ ʤʘʻ ʥʝʥʫʣʴʦʚʠʡ ʨʦʟʚ'ʷʟʦʢ ʣʠʰʝ ʫ ʚʠʧʘʜʢʫ, ʢʦʣʠ ʢʦʝʬʽʮʽʻʥʪ ʦʩʪʘʥʥʴʦʛʦ ʨʽʚ-

ʥʷʥʥʷ ʜʦʨʽʚʥʶʻ ʥʫʣʶ, ʪʦʙʪʦ 

m
ml=  . 

ɺʣʘʩʥʠʤʠ ʬʫʥʢʮʽʷʤʠ, ʱʦ ʚʽʜʧʦʚʽʜʘʶʪʴ ʮʠʤ ʚʣʘʩʥʠʤ ʯʠʩʣʘʤ, ʙʫʜʫʪʴ ʧʦʣʥ̔ʦʤʠ ʃʘʛʝʨʘ, ʘ 

ʨʦʟʚ'ʷʟʦʢ ʨʽʚʥʷʥʥʷ ʃʘʛʝʨʘ ʤʘʪʠʤʝ ʚʠʛʣʷʜ 
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ʄʘʣʶʥʦʢ 13. ʌʫʥʢʮʽʷ ʃʘʛʝʨʘ ʧʝʨʰʦʛʦ ʨʦʜʫ ʜʣʷ ʟʥʘʯʝʥʴ l, ʙʣʠʟʴʢʠʭ ʜʦ 3, ʪʘ ʧʦʣʽʥʦʤ 

ʃʘʛʝʨʘ ʪʨʝʪʴʦʛʦ ʩʪʝʧʝʥʷ 
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ʆʩʢʽʣʴʢʠ ʧʦʣʽʥʦʤʠ ʃʘʛʝʨʘ ʪʝʞ ʚʠʟʥʘʯʝʥʽ ʟ ʪʦʯʥʽʩʪʶ ʜʦ ʜʦʚʽʣʴʥʦʛʦ ʤʥʦʞʥʠʢʘ. ɿʚʠʯʘʡʥʦ 

ʧʦʣʽʥʦʤʠ ʃʘʛʝʨʘ ʥʦʨʤʫʶʪʴʩʷ ʟʘ ʜʦʧʦʤʦʛʦʶ ʫʤʦʚʠ !)0( mL
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ʄʘʣʶʥʦʢ 14. ʇʦʣʽʥʦʤ ʃʘʛʝʨʘ ʯʝʪʚʝʨʪʦʛʦ ʩʪʝʧʝʥʶ 

 

ɺʽʜʤʽʥʥʦ ʚʽʜ ʧʦʣʽʥʦʤʽʚ ɽʨʤʽʪʘ, ʧʦʣʽʥʦʤʠ ʃʘʛʝʨʘ ʥʝ ʻ ʥʽ ʧʘʨʥʠʤʠ, ʥʽ ʥʝʧʘʨʥʠʤʠ. 

 ʅʘʨʝʰʪʽ ʨʦʟʛʣʷʥʝʤʦ ʚʠʧʘʜʦʢ, ʢʦʣʠ ʥʝʩʢʽʥʯʝʥʥʦ ʚʽʜʜʘʣʝʥʘ ʪʦʯʢʘ ʻ ʟʚʠʯʘʡʥʦʶ 

ʪʦʯʢʦʶ  ʨʦʟʚ'ʷʟʢʫ. ʊʦʜʽ ʩʠʩʪʝʤʘ ʘʣʛʝʙʨʘʾʯʥʠʭ ʨʽʚʥʷʥʴ ʟʚʝʜʝʪʴʩʷ ʜʦ ʻʜʠʥʦʛʦ ʨʽʚʥʷʥʥʷ 

0
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ʚʽʜʧʦʚʽʜʘʻ ʧʦʣʽʥʦʤʫ ʃʘʛʝʨʘ  
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1)(
0
=zL . 

ʇʨʠ ʟʥʘʭʦʜʞʝʥʥʽ ʨʦʟʚ'ʷʟʢʫ ʨʽʚʥʷʥʥʷ ʃʘʛʝʨʘ, ʫ ʚʠʛʣʷʜʽ ʨʷʜʫ ʃʦʨʘʥʘ ʟ ʙʫʜʴ - ʷʢʠʤʠ ʽʥ-

ʰʠʤʠ ʚʘʨʽʘʥʪʘʤʠ ʤʝʞʦʚʠʭ ʫʤʦʚ, ʤʠ ʥʝ ʦʜʝʨʞʠʤʦ ʥʦʚʠʭ ʨʦʟʚ'ʷʟʢʽʚ. ʉʧʨʦʙʫʻʤʦ ʟʥʘʡʪʠ 

ʣʽʥʽʡʥʦ ʥʝʟʘʣʝʞʥʠʡ ʨʦʟʚ'ʷʟʦʢ ʮʴʦʛʦ ʨʽʚʥʷʥʥʷ, ʱʦ ʥʘʟʠʚʘʻʪʴʩʷ ʬʫʥʢʮʽʻʶ ʃʘʛʝʨʘ ʜʨʫʛʦʛʦ 

ʨʦʜʫ,  ʚʠʢʦʨʠʩʪʦʚʫʶʯʠ ʨʷʜ ʇʶʽʟʴʦ  

ä
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=
n
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/)( . 

ʊʦʜʽ ʩʠʩʪʝʤʘ ʣʽʥʽʡʥʠʭ ʘʣʛʝʙʨʘʾʯʥʠʭ ʨʽʚʥʷʥʴ ʜʣʷ ʟʥʘʭʦʜʞʝʥʥʷ ʢʦʝʬʽʮʽʻʥʪʽʚ ʨʷʜʫ ʤʘʪʠʤʝ 

ʚʠʛʣʷʜ: 

ééééééééééééé... , 

0)/()1/(
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ééééééééééééé.. , 

0)/()1/(
/1/

2 =-++
+ knkn

cknckn l , 

ééééééééééééé.  . 

ʊʝʧʝʨ ʣʘʥʮʶʞʦʢ ʨʽʚʥʷʥʴ ʜʣʷ ʢʦʝʬʽʮʽʻʥʪʽʚ ʥʽʜʝ ʥʝ ʧʝʨʝʨʠʚʘʻʪʴʩʷ. ɺʩʽ ʢʦʝʬʽʮʽʻʥʪʠ ʷʢ 

ʧʨʠ ʜʦʜʘʪʥʠʭ, ʪʘʢ ʽ ʚʽʜ'ʻʤʥʠʭ ʩʪʝʧʝʥʷʭ z, ʙʫʜʫʪʴ ʚʽʜʤʽʥʥʠʤʠ ʚʽʜ ʥʫʣʷ. ʂʨʽʤ ʪʦʛʦ, ʥʘ-

ʚʝʜʝʥʘ ʩʠʩʪʝʤʘ ʨʽʚʥʷʥʴ ʥʝ ʤʦʞʝ ʤʘʪʠ ʥʝʥʫʣʴʦʚʽ ʨʦʟʚ'ʷʟʢʠ, ʷʢʱʦ ʧʦʨʷʜʦʢ ʪʦʯʢʠ ʨʦʟʛʘ-

ʣʫʞʝʥʥʷ k  ʻ ʩʢʽʥʯʝʥʠʤ. ɼʣʷ ʜʦʚʝʜʝʥʥʷ ʮʴʦʛʦ ʪʚʝʨʜʞʝʥʥʷ ʨʦʟʛʣʷʥʝʤʦ ʜʦʚʽʣʴʥʝ ʨʽʚʥʷʥ-

ʥʷ ʩʠʩʪʝʤʠ  

0)/()1/(
/1/

2 =++-
-+- knkn

cknckn l . 

ɼʣʷ ʚʝʣʠʢʠʭ n  ʽ ʩʢʽʥʯʝʥʠʭ k  ʚʦʥʦ ʥʘʙʝʨʝ ʚʠʛʣʷʜʫ 

1//
)/(

+--
=

knkn
cknc  

ʽ ʢʦʞʥʠʡ ʥʘʩʪʫʧʥʠʡ ʢʦʝʬʽʮʽʻʥʪ ʨʷʜʫ ʙʫʜʝ ʙʽʣʴʰʠʤ ʟʘ ʧʦʧʝʨʝʜʥʽʡ. ʎʝ ʟʥʦʚʫ ʞ ʪʘʢʠ 

ʦʟʥʘʯʘʻ, ʱʦ ʨʷʜ ʨʦʟʙʽʛʘʻʪʴʩʷ ʫ ʢʦʞʥʽʡ ʪʦʯʮʽ ʢʦʤʧʣʝʢʩʥʦʾ ʧʣʦʱʠʥʠ, ʱʦ ʧʨʦʪʠʨʽʯʠʪʴ ʥʘ-

ʷʚʥʦʩʪʽ ʫ ʨʦʟʚ'ʷʟʢʘ ʣʠʰʝ ʜʚʦʭ, ʟʘʟʥʘʯʝʥʠʭ ʚʠʱʝ ʦʩʦʙʣʠʚʠʭ ʪʦʯʦʢ. ʆʪʞʝ, ʤʦʞʣʠʚʠʡ ʣʠ-

ʰʝ ʚʘʨʽʘʥʪ, ʢʦʣʠ ʚʩʽ 0
/
=

- kn
c . ʊʘʢʠʤ ʯʠʥʦʤ, k  ʥʝ ʤʦʞʝ ʙʫʪʠ ʩʢʽʥʯʝʥʠʤ, ʘ ʧʦʚʠʥʥʦ 

ʧʨʷʤʫʚʘʪʠ ʜʦ ʥʝʩʢʽʥʯʝʥʥʦʩʪʽ ʪʘʢ, ʱʦʙ kn/  ʙʫʣʦ ʩʪʘʣʦʶ ʚʝʣʠʯʠʥʦʶ. ʋ ʮʴʦʤʫ ʨʘʟʽ 

ʦʙʠʜʚʘ ʜʦʜʘʥʢʠ  ʚʽʜʧʦʚʽʜʥʦʛʦ ʨʽʚʥʷʥʥʷ ʙʫʜʫʪʴ ʦʜʥʦʛʦ ʧʦʨʷʜʢʫ ʚʝʣʠʯʠʥʠ ʽ ʞʦʜʝʥ ʟ ʢʦʝ-

ʬʽʮʽʻʥʪʽʚ ʥʝ ʜʦʨʽʚʥʶʚʘʪʠʤʝ ʥʫʣʶ. ʋ ʚʠʩʣʽʜʽ ʥʝʩʢʽʥʯʝʥʥʦ ʚʽʜʜʘʣʝʥʘ ʪʦʯʢʘ ʤʘʻ ʙʫʪʠ ʩʫʪ-

ʪʻʚʦ ʦʩʦʙʣʠʚʦʶ ʪʦʯʢʦʶ ʽ ʪʦʯʢʦʶ ʨʦʟʛʘʣʫʞʝʥʥʷ ʥʝʩʢʽʥʯʝʥʥʦʛʦ ʧʦʨʷʜʢʫ, ʪʦʙʪʦ ʣʦʛʘʨʠ-

ʬʤʽʯʥʦʶ ʦʩʦʙʣʠʚʦʶ ʪʦʯʢʦʶ. ʆʩʢʽʣʴʢʠ ʦʙʭʽʜ ʥʝʩʢʽʥʯʝʥʥʦ ʚʽʜʜʘʣʝʥʦʾ ʪʦʯʢʠ ʟʘ ʟʘʤʢʥʝ-

ʥʠʤ ʢʦʥʪʫʨʦʤ ʦʜʥʦʯʘʩʥʦ ʻ ʘʥʘʣʦʛʽʯʥʠʤ ʦʙʭʦʜʦʤ ʧʦʯʘʪʢʫ ʢʦʦʨʜʠʥʘʪ, ʪʽʣʴʢʠ ʫ ʧʨʦʪʠʣʝ-

ʞʥʦʤʫ ʥʘʧʨʷʤʢʫ, ʪʦ ʦʩʪʘʥʥʽʡ ʪʝʞ ʧʦʚʠʥʝʥ ʙʫʪʠ ʪʦʯʢʦʶ ʨʦʟʛʘʣʫʞʝʥʥʷ ʥʝʩʢʽʥʯʝʥʥʦʛʦ 

ʧʦʨʷʜʢʫ. ʌʫʥʢʮʽʻʶ, ʜʣʷ ʷʢʦʾ ʧʦʯʘʪʦʢ ʢʦʦʨʜʠʥʘʪ ʽ ʥʝʩʢʽʥʯʝʥʥʦ ʚʽʜʜʘʣʝʥʘ ʪʦʯʢʘ ʻ ʧʦʣʶ-

ʩʘʤʠ ʥʝʩʢʽʥʯʝʥʦʛʦ ʧʦʨʷʜʢʫ ʽ, ʦʜʥʦʯʘʩʥʦ, ʪʦʯʢʘʤʠ ʨʦʟʛʘʣʫʞʝʥʥʷ ʥʝʩʢʽʥʯʝʥʦʛʦ ʧʦʨʷʜʢʫ, 
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ʻ ln( )z . ɿʚʽʜʩʠ ʽ ʥʘʟʚʘ ʚʽʜʧʦʚʽʜʥʦʾ ʦʩʦʙʣʠʚʦʾ ʪʦʯʢʠ. ʆʪʞʝ, ʜʨʫʛʠʡ ʣʽʥʽʡʥʦ ʥʝʟʘʣʝʞʥʠʡ 

ʨʦʟʚ'ʷʟʦʢ ʨʽʚʥʷʥʥʷ ʃʘʛʝʨʘ ʧʦʚʠʥʝʥ ʤʽʩʪʠʪʠ ʜʦʜʘʥʦʢ ʟ ʤʥʦʞʥʠʢʦʤ ln( )z . ɼʣʷ ʟʥʘʭʦ-

ʜʞʝʥʥʷ ʨʦʟʚ'ʷʟʢʫ, ʱʦ ʤʘʻ ʣʦʛʘʨʠʬʤʽʯʥʫ ʦʩʦʙʣʠʚʫ ʪʦʯʢʫ ʙʝʟʧʦʩʝʨʝʜʥʻ ʚʠʢʦʨʠʩʪʘʥʥʷ 

ʤʝʪʦʜʫ ʩʪʝʧʝʥʝʚʠʭ ʨʷʜʽʚ ʥʝ  ʝʬʝʢʪʠʚʥʝ. ɼʦʮʽʣʴʥʽʰʝ ʧʝʨʝʡʪʠ ʚʽʜ ʥʝʚʽʜʦʤʦʾ ʬʫʥʢʮʽʾ 

( )f z  ʜʦ ʥʦʚʦʾ ʥʝʚʜ̔ʦʤʦʾ ʬʫʥʢʮʽʾ  ( ) ( )ln( )f z z za= , ʜʝ ʬʫʥʢʮʽʷ ( )za  ʚʞʝ ʥʝ 

ʤʘʻ ʣʦʛʘʨʠʬʤʽʯʥʠʭ ʦʩʦʙʣʠʚʦʩʪʝʡ ʫ ʧʦʯʘʪʢʫ ʢʦʦʨʜʠʥʘʪ ʪʘ ʥʝʩʢʽʥʯʝʥʥʦ ʚʽʜʜʘʣʝʥʽʡ ʪʦʯʮʽ. 

ʄʦʞʥʘ ʥʘʧʝʨʝʜ ʩʢʘʟʘʪʠ, ʱʦ ʨʽʚʥʷʥʥʷ ʜʣʷ ʬʫʥʢʮʽʾ ( )za , ʦʪʨʠʤʘʥʝ ʧʽʩʣʷ ʧʽʜʩʪʘʥʦʚʢʠ ʫ 

ʨʽʚʥʷʥʥʷ ʃʘʛʝʨʘ ʬʫʥʢʮʽʾ ( )ln( )z za  ʙʫʜʝ ʩʢʣʘʜʥʽʰʠʤ, ʥʽʞ ʚʠʭʽʜʥʝ ʨʽʚʥʷʥʥʷ ʃʘʛʝʨʘ. 

ʉʧʨʦʩʪʠʪʠ ʮʝ ʨʽʚʥʷʥʥʷ ʤʦʞʥʘ ʚʚʽʚʰʠ ʜʚʽ ʥʦʚʽ ʥʝʚʽʜʦʤʽ ʬʫʥʢʮʽʾ ( )za  ʽ ( )zb  ʟʘʤʽʩʪʴ 

ʦʜʥʽʻʾ ʟʘ ʬʦʨʤʫʣʦʶ 

( ) ( )ln( ) ( )f z z z za b= +  . 

ʇʨʠ ʮʴʦʤʫ ʟʘʡʚʫ ʥʝʚʽʜʦʤʫ ʬʫʥʢʮʽʶ ( )zb  ʤʦʞʥʘ ʧʽʜʽʙʨʘʪʠ ʪʘʢʠʤ ʯʠʥʦʤ, ʱʦʙ ʨʽʚʥʷʥ-

ʥʷ ʜʣʷ ʬʫʥʢʮʽʾ ( )za  ʙʫʣʦ ʤʘʢʩʠʤʘʣʴʥʦ ʧʨʦʩʪʠʤ, ʥʘʧʨʠʢʣʘʜ, ʟʙʽʛʘʪʠʤʝʪʴʩʷ ʟ ʨʽʚʥʷʥ-

ʥʷʤ ʃʘʛʝʨʘ. ɺʠʢʦʥʘʻʤʦ ʟʘʧʨʦʧʦʥʦʚʘʥʫ ʧʽʜʩʪʘʥʦʚʢʫ. ʊʦʜʽ ʚʠʭʽʜʥʝ ʨʽʚʥʷʥʥʷ ʩʪʘʥʝ ʪʘʢʠʤ 
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ʗʢʱʦ ʬʫʥʢʮʽʶ ( )zb  ʦʙʨʘʪʠ ʪʘʢʠʤ ʯʠʥʦʤ, ʱʦʙ ʚʦʥʘ ʟʘʜʦʚʦʣʴʥʷʣʘ  ʥʝʦʜʥʦʨʽʜʥʦʤʫ 

ʨʽʚʥʷʥʥʶ ʃʘʛʝʨʘ 
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,  

ʪʦ ʬʫʥʢʮʽʷ ( )za  ʙʫʜʝ ʟʘʜʦʚʦʣʴʥʷʪʠ ʜʦʩʠʪʴ ʧʨʦʩʪʦʤʫ ʨʽʚʥʷʥʥ ʁ
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z z z z
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, 

ʷʢʝ ʚ ʫʩʽʡ ʢʦʤʧʣʝʢʩʥʽʡ ʧʣʦʱʠʥʽ, ʢʨʽʤ ʧʦʯʘʪʢʫ ʢʦʦʨʜʠʥʘʪ ʽ ʥʝʩʢʽʥʯʝʥʥʦ ʚʽʜʜʘʣʝʥʦʾ ʪʦʯ-

ʢʠ, ʘ ʪʘʢʦʞ ʪʦʯʢʠ 1=z , ʝʢʚʽʚʘʣʝʥʪʥʝ ʨʽʚʥʷʥʥʶ ʃʘʛʝʨʘ 
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ʈʦʟʚ'ʷʟʢʦʤ ʮʴʦʛʦ ʨʽʚʥʷʥʥʷ, ʱʦ ʥʝ ʤʘʻ ʣʦʛʘʨʠʬʤʽʯʥʠʭ ʦʩʦʙʣʠʚʦʩʪʝʡ, ʙʫʜʝ ʬʫʥʢʮʽʷ ʃʘ-

ʛʝʨʘ ʧʝʨʰʦʛʦ ʨʦʜʫ ( , )L zl  ʪʦʙʪʦ ʜʨʫʛʠʤ ʣʽʥʽʡʥʦ ʥʝʟʘʣʝʞʥʠʡ ʨʦʟʚ'ʷʟʢʦʤ ʨʽʚʥʷʥʥʷ ʃʘ-

ʛʝʨʘ - ʬʫʥʢʮʽʻʶ ʃʘʛʝʨʘ ʜʨʫʛʦʛʦ ʨʦʜʫ - ʙʫʜʝ 

( , ) ln( ) ( , ) ( )l z z L z zl l b= +  . 

ɰʾ ʧʽʜʩʪʘʥʦʚʢʘ ʫ ʜʨʫʛʝ ʨʽʚʥʷʥʥʷ ʥʘʜʘʻ ʡʦʤʫ ʙʽʣʴʰ ʢʦʥʢʨʝʪʥʦʛʦ ʚʠʛʣʷʜʫ 
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ʅʝ ʚʜʘʶʯʠʩʴ ʫ ʜʝʪʘʣʽ ʨʦʟʚ'ʷʟʘʥʥʷ ʥʝʦʜʥʦʨʽʜʥʠʭ ʟʚʠʯʘʡʥʠʭ ʜʠʬʝʨʝʥʮʽʡʥʠʭ ʨʽʚ-

ʥʷʥʴ, ʧʨʦ ʮʝ ʙʫʜʝ ʤʦʚʘ ʫ ʥʘʩʪʫʧʥʠʭ ʛʣʘʚʘʭ, ʥʘʚʝʜʝʤʦ ʦʩʪʘʪʦʯʥʠʡ ʨʝʟʫʣʴʪʘʪ ʜʣʷ 

m
m
=l . ɺʽʥ ʤʘʻ ʥʘʩʪʫʧʥʠʡ ʚʠʛʣʷʜ 

2
2(1 3 )

( ) (1 2 ) ...
4

m

m m
z m z zb

+ -
= + + + . 

ɿʚʽʜʩʠ ʚʠʜʥʦ, ʱʦ ʨʦʟʚ'ʷʟʦʢ ʜʽʡʩʥʦ ʨʦʟʙʽʛʘʻʪʴʩʷ ʚ ʦʢʦʣʽ ʧʦʯʘʪʢʫ ʢʦʦʨʜʠʥʘʪ ʪʘ ʥʝ-

ʩʢʽʥʯʝʥʥʦ ʚʽʜʜʘʣʝʥʦʾ ʪʦʯʢʠ ʽ ʤʘʻ ʪʘʤ ʣʦʛʘʨʠʬʤʽʯʥʽ ʦʩʦʙʣʠʚʽ ʪʦʯʢʠ. ʆʪʞʝ, ʟʘʛʘʣʴʥʠʡ 

ʨʦʟʚ'ʷʟʦʢ ʨʽʚʥʷʥʥʷ ʨʽʚʥʷʥʥʷ ʃʘʛʝʨʘ, ʤʘʪʠʤʝ ʚʠʛʣʷʜ 

( ) ( ) ( )
m m m

f z aL z bl z= +  . 

 ɺʘʞʣʠʚʦʶ ʨʠʩʦʶ ʬʫʥʢʮʽʾ ʃʘʛʝʨʘ ʜʨʫʛʦʛʦ ʨʦʜʫ ʻ ʪʝ, ʱʦ ʚʦʥʘ ʤʘʻ ʣʦʛʘʨʠʬʤʽʯʥʫ 

ʦʩʦʙʣʠʚʽʩʪʴ ʫ ʥʫʣʽ ʽ ʻ ʥʝʩʢʽʥʯʝʥʥʦ ʟʥʘʯʥʦʶ ʘʥʘʣʽʪʠʯʥʦʶ ʬʫʥʢʮʽʻʶ ʢʦʤʧʣʝʢʩʥʦʛʦ ʘʨʛʫ-

ʤʝʥʪʫ. ʇʨʠ ʥʘʷʚʥʦʩʪʽ ʟʘʟʥʘʯʝʥʦʾ ʪʦʯʢʠ ʨʦʟʛʘʣʫʞʝʥʥʷ, ʦʜʥʦʟʥʘʯʥʫ ʬʫʥʢʮʽʶ ʤʦʞʥʘ ʦʜʝ-

ʨʞʘʪʠ ʪʽʣʴʢʠ ʟʘʙʦʨʦʥʠʚʰʠ ʦʙʭʽʜ ʧʦʯʘʪʢʫ ʢʦʦʨʜʠʥʘʪ ʟʘ ʟʘʤʢʥʝʥʠʤ ʢʦʣʦʤ. ɼʣʷ ʮʴʦʛʦ 

ʜʦʩʪʘʪʥʴʦ ʚʠʢʦʥʘʪʠ ʨʦʟʨʽʟ ʫ ʢʦʤʧʣʝʢʩʥʽʡ ʧʣʦʱʠʥʽ ʚʟʜʦʚʞ ʜʦʚʽʣʴʥʦʾ ʧʨʷʤʦʾ, ʱʦ ʚʠʭʦ-

ʜʠʪʴ ʟ ʧʦʯʘʪʢʫ ʢʦʦʨʜʠʥʘʪ. ɼʦʮʽʣʴʥʦ ʚ ʷʢʦʩʪʽ ʪʘʢʦʾ ʧʨʷʤʦʾ ʦʙʨʘʪʠ ʜʽʡʩʥʫ ʚʽʜ'ʻʤʥʫ ʧʽʚ-

ʚʽʩʴ. 

 ʇʦʨʷʜ ʟ ʧʦʣʽʥʦʤʘʤʠ ʃʘʛʝʨʘ, ʜʫʞʝ ʯʘʩʪʦ ʚʠʢʦʨʠʩʪʦʚʫʶʪʴʩʷ  ʫʟʘʛʘʣʴʥʝʥʽ ʧʦʣʽʥʦ-

ʤʠ ʃʘʛʝʨʘ. ɺʦʥʠ ʟʘʜʦʚʦʣʴʥʷʶʪʴ ʥʘʩʪʫʧʥʦʤʫ ʜʠʬʝʨʝʥʮʽʡʥʦʤʫ ʨʽʚʥʷʥʥ  ʁ
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ʽ ʻ ʡʦʛʦ ʻʜʠʥʠʤʠ ʩʢʽʥʯʝʥʠʤʠ ʽ ʥʝʧʝʨʝʨʚʥʠʤʠ ʨʦʟʚôʷʟʢʘʤʠ. ɰʭ ʤʦʞʥʘ, ʘʥʘʣʦʛʽʯʥʦ ʧʦʧʝ-

ʨʝʜʥʴʦʤʫ, ʧʨʝʜʩʪʘʚʠʪʠ ʥʘʩʪʫʧʥʠʤ ʩʪʝʧʝʥʝʚʠʤ ʨʷʜʦʤ: 
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ʇʝʨʰʽ ʜʝʢʽʣʴʢʘ ʫʟʘʛʘʣʴʥʝʥʠʭ ʧʦʣʽʥʦʤʽʚ ʃʘʛʝʨʘ ʤʘʶʪʴ ʚʠʛʣʷʜ: 
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ɺʣʘʩʥʠʤʠ ʯʠʩʣʘ ʟʘʜʘʯʽ ʜʣʷ ʧʦʣʽʥʦʤʽʚ ʃʘʛʝʨʘ ʻ ʥʘʩʪʫʧʥʽ ʯʠʩʣʘ 

n+(s+1)/2
n
c=  . 

 

1.7.ʌʫʥʢʮʽʾ ʪʘ ʧʦʣʽʥʦʤʠ ʃʝʞʘʥʜʨʘ 
 

ʈʽʚʥʷʥʥʷ ʃʝʞʘʥʜʨʘ ʤʘʻ ʚʠʛʣʷʜ: 
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 ɺʦʥʦ ʤʘʻ ʜʚʽ ʦʩʦʙʣʠʚʽ ʪʦʯʢʠ ʫ ʢʦʤʧʣʝʢʩʥʽʡ ʧʣʦʱʠʥʽ: 1
1
-=z , 1

2
=z , ʱʦ ʻ 

ʧʦʣʶʩʘʤʠ ʧʝʨʰʦʛʦ ʧʦʨʷʜʢʫ. ʅʘʷʚʥʽʩʪʴ ʪʘʢʠʭ ʦʩʦʙʣʠʚʠʭ ʪʦʯʦʢ ʚʞʝ ʥʝ ʜʦʟʚʦʣʷʻ ʧʨʝʜ-

ʩʪʘʚʠʪʠ ʚʩʽ ʨʦʟʚ'ʷʟʢʠ ʨʽʚʥʷʥʥʷ ʫ ʚʠʛʣʷʜʽ ʦʜʥʦʛʦ ʩʪʝʧʝʥʝʚʦʛʦ ʨʷʜʫ ʫ ʚʩʽʡ ʢʦʤʧʣʝʢʩʥʽʡ 

ʧʣʦʱʠʥʽ. ɿʘʟʥʘʯʝʥʽ ʦʩʦʙʣʠʚʽ ʪʦʯʢʠ ʻ ʤʝʞʦʚʠʤʠ ʫ ʧʨʷʤʦʤʫ ʩʝʥʩʽ ʮʴʦʛʦ ʩʣʦʚʘ, ʦʩʢʽʣʴʢʠ 

ʜʽʣʷʪʴ ʢʦʤʧʣʝʢʩʥʫ ʧʣʦʱʫ ʥʘ ʜʚʽ ʦʙʣʘʩʪʽ. ʆʜʥʘ ʟ ʥʠʭ ʻ ʚʥʫʪʨʽʰʥʴʦʶ ʯʘʩʪʠʥʦʶ ʢʨʫʛʘ 

ʦʜʠʥʠʯʥʦʛʦ ʨʘʜʽʫʩʘ ʟ ʮʝʥʪʨʦʤ ʫ ʧʦʯʘʪʢʫ ʢʦʦʨʜʠʥʘʪ. ɼʨʫʛʘ - ʟʦʚʥʽʰʥʴʦʶ ʯʘʩʪʠʥʦʶ ʮʴʦ-

ʛʦ ʢʨʫʛʘ. ʎʝ ʪʝʞ ʢʨʫʛ, ʘʣʝ ʟ ʮʝʥʪʨʦʤ ʫ ʥʝʩʢʽʥʯʝʥʥʦ ʚʽʜʜʘʣʝʥʽʡ ʪʦʯʮʽ. ʋ ʚʠʩʣʽʜʽ ʟʙʽʞʥʠʭ 

ʩʪʝʧʝʥʝʚʠʭ ʨʷʜʽʚ ʤʘʻ ʙʫʪʠ ʜʚʘ: ʧʦ ʦʜʥʦʤʫ ʜʣʷ ʢʦʞʥʦʾ ʦʙʣʘʩʪʽ. ʇʝʨʰʠʡ ʤʘʻ ʙʫʪʠ ʟʙʽʞ-

ʥʠʤ ʫ ʚʩʽʭ ʚʥʫʪʨʽʰʥʽʭ ʪʦʯʢʘʭ ʢʨʫʛʘ ʦʜʠʥʠʯʥʦʛʦ ʨʘʜʽʫʩʘ ʟ ʮʝʥʪʨʦʤ ʫ ʧʦʯʘʪʢʫ ʢʦʦʨʜʠʥʘʪ 

ʽ ʨʦʟʙʽʞʥʠʤ ʫ ʚʩʽʭ ʟʦʚʥʽʰʥʽʭ ʪʦʯʢʘʭ ʱʦʜʦ ʮʽʻʾ ʦʙʣʘʩʪʽ, ʚʢʣʶʯʘʶʯʠ ʽ ʥʝʩʢʽʥʯʝʥʥʦ ʚʽʜʜʘ-

ʣʝʥʫ ʪʦʯʢʫ. ɼʨʫʛʠʡ ʨʷʜ ʤʘʻ ʙʫʪʠ ʟʙʽʞʥʠʤ ʚ ʫʩʽʭ ʪʦʯʢʘʭ, ʟʦʚʥʽʰʥʽʭ ʱʦʜʦ ʢʨʫʛʘ ʦʜʠʥʠʯ-

ʥʦʛʦ ʨʘʜʽʫʩʘ, ʽ ʨʦʟʙʽʞʥʠʤ ʫ ʚʩʽʭ ʚʥʫʪʨʽʰʥʽʭ ʪʦʯʢʘʭ ʮʴʦʛʦ ʢʦʣʘ, ʚʢʣʶʯʘʶʯʠ ʽ ʧʦʯʘʪʦʢ 

ʢʦʦʨʜʠʥʘʪ. ʈʦʟʛʣʷʥʝʤʦ ʟʥʘʭʦʜʞʝʥʥʷ ʮʠʭ ʜʚʦʭ ʩʪʝʧʝʥʝʚʠʭ ʨʷʜʽʚ ʷʢ ʜʚʽ ʦʢʨʝʤʽ ʟʘʜʘʯʽ. 

ʇʦʯʥʝʤʦ ʟ ʙʽʣʴʰ ʧʨʦʩʪʦʾ, ʪʦʙʪʦ ʧʦʰʫʢʫ ʟʙʽʞʥʦʛʦ ʩʪʝʧʝʥʝʚʦʛʦ ʨʷʜʫ ʚ ʦʢʦʣʽ ʧʦʯʘʪʢʫ ʢʦ-

ʦʨʜʠʥʘʪ. ʆʩʢʽʣʴʢʠ ʧʦʯʘʪʦʢ ʢʦʦʨʜʠʥʘʪ ʻ ʟʚʠʯʘʡʥʦʶ ʪʦʯʢʦʶ ʨʽʚʥʷʥʥʷ, ʪʦ  ʨʦʟʚ'ʷʟʦʢ ʚ 

ʦʢʦʣʽ ʟʘʟʥʘʯʝʥʦʾ ʪʦʯʢʠ ʙʫʜʝʤʦ ʰʫʢʘʪʠ ʫ ʚʠʛʣʷʜʽ ʨʷʜʫ ʊʝʡʣʦʨʘ 
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ʎʝʡ ʞʝ ʨʷʜ ʤʦʞʥʘ ʨʦʟʛʣʷʜʘʪʠ ʽ ʷʢ ʨʷʜ ʃʦʨʘʥʘ, ʧʦʙʫʜʦʚʘʥʠʡ ʚ ʦʢʦʣʽ ʥʝʩʢʽʥʯʝʥʥʦ 

ʚʽʜʜʘʣʝʥʦʾ ʪʦʯʢʠ. ɺ ʦʩʪʘʥʥʴʦʤʫ ʚʠʧʘʜʢʫ ʚʥʫʪʨʽʰʥʽʡ ʨʘʜʽʫʩ ʢʽʣʴʮʷ ʜʦʨʽʚʥʶʻ ʚʽʜʩʪʘʥʽ ʚʽʜ 

ʥʝʩʢʽʥʯʝʥʥʦ ʚʽʜʜʘʣʝʥʦʾ ʪʦʯʢʠ ʜʦ ʢʦʣʘ ʦʜʠʥʠʯʥʦʛʦ ʨʘʜʽʫʩʘ ʟ ʮʝʥʪʨʦʤ ʫ ʧʦʯʘʪʢʫ ʢʦʦʨʜʠ-

ʥʘʪ. ʇʦʯʥʝʤʦ ʟ ʚʠʧʘʜʢʫ, ʢʦʣʠ ʥʝʩʢʽʥʯʝʥʥʦ ʚʽʜʜʘʣʝʥʘ ʪʦʯʢʘ ʻ ʩʫʪʪʻʚʦ ʦʩʦʙʣʠʚʦʶ. ʇʽʩʣʷ 

ʧʽʜʩʪʘʥʦʚʢʠ ʦʩʪʘʥʥʴʦʛʦ ʩʧʽʚʚʽʜʥʦʰʝʥʥʷ ʚ ʨʽʚʥʷʥʥʷ ʃʝʞʘʥʜʨʘ, ʦʜʝʨʞʠʤʦ 
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ʇʽʩʣʷ ʦʙ'ʻʜʥʘʥʥʷ ʚʩʽʭ ʩʫʤ ʚ ʦʜʥʫ, ʨʽʚʥʷʥʥʷ ʥʘʙʝʨʝ ʚʠʛʣʷʜʫ 
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ɿʚʽʜʢʠ ʚʠʥʠʢʘʻ ʥʘʩʪʫʧʥʘ ʩʠʩʪʝʤʘ ʣʽʥʽʡʥʠʭ ʘʣʛʝʙʨʘʾʯʥʠʭ ʨʽʚʥʷʥʴ ʜʣʷ ʢʦʝʬʽʮʽʻʥʪʽʚ ʨʷʜʫ: 
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 ɿ ʭʘʨʘʢʪʝʨʫ ʮʽʻʾ ʩʠʩʪʝʤʠ ʚʠʧʣʠʚʘʻ, ʱʦ ʚʩʽ ʢʦʝʬʽʮʽʻʥʪʠ ʨʷʜʫ ʚʠʟʥʘʯʘʶʪʴʩʷ ʣʠʰʝ 

ʯʝʨʝʟ ʜʚʘ ʢʦʝʬʽʮʽʻʥʪʠ 
0

c  ʽ  
1

c . ʇʨʠ ʮʴʦʤʫ, ʚʩʽ ʧʘʨʥʽ ʢʦʝʬʮ̔ʽʻʥʪʠ ʚʠʟʥʘʯʘʶʪʴʩʷ ʯʝʨʝʟ 

ʢʦʝʬʽʮʽʻʥʪ 
0

c , ʚʩʽ ʥʝʧʘʨʥʽ ʢʦʝʬʽʮʽʻʥʪʠ - ʯʝʨʝʟ ʢʦʝʬʽʮʽʻʥʪ 
1

c . ʆʪʞʝ, ʫ ʚʠʧʘʜʢʫ, ʢʦʣʠ 
ʥʝʩʢʽʥʯʝʥʥʦ ʚʽʜʜʘʣʝʥʘ ʪʦʯʢʘ ʻ ʩʫʪʪʻʚʦ ʦʩʦʙʣʠʚʦʶ, ʨʦʟʚ'ʷʟʦʢ ʨʽʚʥʷʥʥʷ, ʽ ʦʜʥʦʯʘʩʥʦ ʡʦʛʦ 

ʟʘʛʘʣʴʥʠʡ ʨʦʟʚ'ʷʟʦʢ ʫ ʚʥʫʪʨʽʰʥʽʡ ʯʘʩʪʠʥʠ ʢʨʫʛʘ ʦʜʠʥʠʯʥʦʛʦ ʨʘʜʽʫʩʘ, ʤʘʻ ʚʠʛʣʷʜ 
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- ʧʘʨʥʘ ʪʘ ʥʝʧʘʨʥʘ ʬʫʥʢʮʽʾ ʃʝʞʘʥʜʨʘ ʚʽʜʧʦʚʽʜʥʦ. ʉʧʝʢʪʨ ʚʣʘʩʥʠʭ ʯʠʩʝʣ ʫ ʨʦʟʛʣʷʥʫʪʦʤʫ 

ʚʠʧʘʜʢʫ ʻ ʥʝʧʝʨʝʨʚʥʠʤ. ɺʣʘʩʥʠʤʠ ʯʠʩʣʘʤʠ l ʨʽʚʥʷʥʥʷ  ʻ ʜʦʚʽʣʴʥʽ ʜʽʡʩʥʽ ʯʠʩʣʘ.  

ɼʣʷ )1( += mm
m
l  ʭʘʨʘʢʪʝʨ ʨʦʟʚôʷʟʢʫ ʟʤʽʥʶʻʪʴʩʷ. ʇʨʠ ʮʴʦʤʫ, ʷʢ ʙʫʜʝ ʧʦ-

ʢʘʟʘʥʦ ʜʘʣʽ, ʪʨʘʥʩʮʝʥʜʝʥʪʥʽ ʬʫʥʢʮʽʾ ʃʝʞʘʥʜʨʘ ʩʪʘʶʪʴ ʧʦʣʽʥʦʤʘʤʠ ʃʝʞʘʥʜʨʘ. ʊʘʢʽ ʚʣʘ-

ʩʥʽ ʯʠʩʣʘ ʚʽʜʧʦʚʽʜʘʶʪʴ ʧʨʠʧʫʱʝʥʥʶ, ʱʦ ʥʝʩʢʽʥʯʝʥʥʦ ʚʽʜʜʘʣʝʥʘ ʪʦʯʢʘ ʻ ʧʦʣʶʩʦʤ ʧʦ-

ʨʷʜʢʫ m. ʊʦʜʽ ʨʷʜ ʃʦʨʘʥʘ ʤʘʻ ʚʠʛʣʷʜ 

ä
=

=
m

n

n
nzczf

0

)(  

ʽ ʤʠ ʦʜʝʨʞʠʤʦ ʥʘʩʪʫʧʥʫ ʩʢʽʥʯʝʥʫ ʩʠʩʪʝʤʫ ʣʽʥʽʡʥʠʭ ʘʣʛʝʙʨʘʾʯʥʠʭ ʨʽʚʥʷʥʴ ʱʦʜʦ ʢʦʝʬʽ-

ʮʽʻʥʪʽʚ ʨʷʜʫ ʃʦʨʘʥʘ: 

02
02
=+ cc l , 

0)2(32
13
=-+Ö cc l , 

éééééééééééééééééé. , 

0))1(()2)(1(
2

=+-+++
+ nn

cnncnn l , 

éééééééééééééééééé. , 

0))1(( =+-
m

cmml  . 
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ʄʘʣʶʥʦʢ 15. ʇʘʨʥʽ ʬʫʥʢʮʽʾ ʃʝʞʘʥʜʨʘ ʜʣʷ  ʟʥʘʯʝʥʴ 
m
l  , ʙʣʠʟʢɹʠʭ ʜʦ 4 ʪʘ ʧʦʣʽʥʦʤ 

ʃʝʞʘʥʜʨʘ ʯʝʪʚʝʨʪʦʛʦ ʩʪʝʧʝʥʶ 

ʅʝʥʫʣʴʦʚʠʡ ʨʦʟʚ'ʷʟʦʢ ʮʽʻʾ ʩʠʩʪʝʤʠ ʤʦʞʣʠʚʠʡ ʣʠʰʝ ʫ ʨʘʟʽ, ʢʦʣʠ ʚʩʽ ʡʦʛʦ ʢʦʝʬʽʮʽ-

ʻʥʪʠ, ʚʢʣʶʯʘʶʯʠ 
m

c , ʚʽʜʤʽʥʥʽ ʚʽʜ ʥʫʣʷ. ʋ ʚʠʩʣʽʜʽ ʟ ʦʩʪʘʥʥʴʦʛʦ ʨʽʚʥʷʥʥʷ ʦʜʝʨʞʠʤʦ ʪʘ-

ʢʠʡ ʩʧʝʢʪʨ ʚʣʘʩʥʠʭ ʟʥʘʯʝʥʴ ʨʽʚʥʷʥʥʷ ʃʝʞʘʥʜʨʘ, ʧʦʨʦʜʞʝʥʠʡ ʚʩʽʻʶ ʩʫʢʫʧʥʽʩʪʶ ʤʝʞʦ-

ʚʠʭ ʫʤʦʚ ʜʘʥʦʛʦ ʪʠʧʫ 

( 1)
m

m ml= + . 

ʎʝʡ ʩʧʝʢʪʨ ʻ ʜʽʡʩʥʠʤ, ʜʠʩʢʨʝʪʥʠʤ ʪʘ ʜʦʜʘʪʥʠʤ. ʈʦʟʚ'ʷʟʦʢ ʨʽʚʥʷʥʥʷ ʃʝʞʘʥʜʨʘ ʜʣʷ ʧʘʨ-

ʥʦʛʦ m ʤʘʻ ʚʠʛʣʷʜ 

)()(
0

zPczf
mm

= , 

ʜʝ, ʜʣʷ 0>m  , 

[ ]2

2
10

(-1) 2
( ) (2 1)-(2 -1)( -1)

(2 )!

n n nm
n

m
kn

P z z m m k k
n ==

= +Ôä  

- ʧʦʣʽʥʦʤʠ ʃʝʞʘʥʜʨʘ ʧʘʨʥʦʛʦ ʩʪʝʧʝʥʶ.  

ʂʦʞʥʠʡ ʟ ʥʠʭ ʚʠʟʥʘʯʝʥʠʡ ʟ ʪʦʯʥʽʩʪʶ ʜʦ ʜʦʚʽʣʴʥʦʛʦ ʩʪʘʣʦʛʦ ʤʥʦʞʥʠʢʘ. ɿʚʠʯʘʡʥʦ 

ʢʦʝʬʽʮʽʻʥʪʠ  ʧʦʣʽʥʦʤʽʚ ʃʝʞʘʥʜʨʘ ʚʠʙʠʨʘʶʪʴ ʪʘʢ, ʱʦʙ 1)1( =
m

P . 
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ʄʘʣʶʥʦʢ 16. ʅʝʧʘʨʥʽ ʬʫʥʢʮʽʾ ʃʝʞʘʥʜʨʘ ʜʣʷ  ʟʥʘʯʝʥʴ 
m
l  , ʙʣʠʟʢɹʠʭ ʜʦ 5 ʪʘ ʧʦʣʽʥʦʤ 

ʃʝʞʘʥʜʨʘ ʧôʷʪʦʛʦ ʩʪʝʧʝʥʶ 

ɼʣʷ ʥʝʧʘʨʥʦʛʦ m 

)()(
1

zPczf
mm

= , 

ʜʝ, ʜʣʷ 1>m , 

2 1

2 1
0 1

(-1) 2
( ) (2 1)- (2 -1)

(2 1)!

nn nm
n

m
n k

P z z m m k k
n

+ è ø
ê ú+

= =

= +
+

ä Ô  

-ʧʦʣʽʥʦʤʠ ʃʝʞʘʥʜʨʘ ʥʝʧʘʨʥʦʛʦ ʩʪʝʧʝʥʶ. ɼʣʷ 1=m  

zczf
11

)( = . 

ʆʪʞʝ, 

zzP =)(
1

. 

 ʅʝʭʘʡ ʪʝʧʝʨ ʥʝʩʢʽʥʯʝʥʥʦ ʚʽʜʜʘʣʝʥʘ ʪʦʯʢʘ ʻ ʟʚʠʯʘʡʥʦʶ ʪʦʯʢʦʶ ʨʽʚʥʥ̫ʥʷ, ʪʦʜʽ 

0=m  ʽ ʤʠ ʤʘʻʤʦ ʦʜʥʝ ʨʽʚʥʷʥʥʷ 

0
0
=cl , 

ʟʚʽʜʢʠ ʚʣʘʩʥʝ ʯʠʩʣʦ 0=l , ʘ ʚʣʘʩʥʘ ʬʫʥʢʮʽʷ 
00

)( czf = , ʪʦʙʪʦ  

1)(
0
=zP . 

ʅʘʩʪʫʧʥʽ ʜʝʢʽʣʴʢʘ ʧʦʣʽʥʦʤʽʚ ʃʝʞʘʥʜʨʘ ʤʘʶʪʴ ʚʠʛʣʷʜ: 

)13(
2

1
)( 2

2
-= zzP ,             )35(

2

1
)( 3

3
zzzP -= , 
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)33035(
8

1
)( 24

4
+-= zzzP ,        )157063(

8

1
)( 35

5
zzzzP +-= , 

)5105315231(
16

1
)( 246

6
-+-= zzzzP . 

ʄʦʞʣʠʚʝ ʽ  ʽʥʰʝ ʧʨʝʜʩʪʘʚʣʝʥʥʷ ʧʦʣʽʥʦʤʽʚ ʃʝʞʘʥʜʨʘ: 

21
( ) (1- )

2 !

m
m

m m m

d
P z z

m dz
= . 

 ʇʨʦʩʪʘ ʤʝʞʦʚʘ ʫʤʦʚʘ ʫ ʥʝʩʢʽʥʯʝʥʥʦ ʚʽʜʜʘʣʝʥʽʡ ʪʦʯʮʽ ʪʠʧʫ ʧʦʣʶʩʫ ʜʘʻ ʥʘʤ ʣʠʰʝ 

ʦʜʠʥ ʟ ʜʚʦʭ ʣʽʥʽʡʥʦ ʥʝʟʘʣʝʞʥʠʭ ʨʦʟʚ'ʷʟʢʽʚ ʨʽʚʥʷʥʥʷ ʃʝʞʘʥʜʨʘ. ɼʣʷ ʦʪʨʠʤʘʥʥʷ ʜʨʫʛʦʛʦ 

ʣʽʥʽʡʥʦ ʥʝʟʘʣʝʞʥʦʛʦ ʨʦʟʚ'ʷʟʢʫ ʨʽʚʥʷʥʥʷ ʜʣʷ ʮʴʦʛʦ ʞ ʚʣʘʩʥʦʛʦ ʯʠʩʣʘ, ʥʝʦʙʭʽʜʥʦ ʟʥʦʚʫ 

ʧʦʚʝʨʥʫʪʠʩʴ ʜʦ ʟʘʛʘʣʴʥʦʛʦ ʨʦʟʚ'ʷʟʢʫ ʨʽʚʥʷʥʥʷ ʃʝʞʘʥʜʨʘ ʜʣʷ ʜʦʚʽʣʴʥʠʭ l. ʗʢ ʪʽʣʴʢʠ 
l ʩʪʘʻ ʨʽʚʥʠʤ ʦʜʥʦʤʫ ʟ ʟʘʟʥʘʯʝʥʠʭ  ʚʣʘʩʥʠʭ ʯʠʩʝʣ ʨʽʚʥʷʥʥʷ ʃʝʞʘʥʜʨʘ, ʦʜʥʘ ʟ ʬʫʥʢʮʽʡ 

ʃʝʞʘʥʜʨʘ ʧʝʨʝʪʚʦʨʶʻʪʴʩʷ ʫ ʧʦʣʽʥʦʤ ʃʝʞʘʥʜʨʘ, ʘ ʜʨʫʛʘ ʟʘʣʠʰʘʻʪʴʩʷ  ʪʨʘʥʩʮʝʥʜʝʥʪʥʦʶ 

ʬʫʥʢʮʽʻʶ ʽ ʜʣʷ ʪʘʢʠʭ 
m
l . ɯʥʰʽ ʚʘʨʽʘʥʪʠ ʤʝʞʦʚʠʭ ʫʤʦʚ ʥʝ ʜʘʶʪʴ ʥʦʚʠʭ ʨʦʟʚ'ʷʟʢʽʚ ʚ 

ʦʢʦʣʽ ʧʦʯʘʪʢʫ ʢʦʦʨʜʠʥʘʪ. 

ʆʪʞʝ, ʫ ʢʨʫʟʽ  1<z  ʟʘʛʘʣʴʥʠʡ ʨʦʟʚ'ʷʟʦʢ ʤʘʪʠʤʝ ʚʠʛʣʷʜ 

( ) ( ) ( )
m m m

f z aP z bQ z= + . 

ʗʢʱʦ ʧʦʣʽʥʦʤʦʤ ʃʝʞʘʥʜʨʘ ʩʪʘʻ ʧʘʨʥʘ ʬʫʥʢʮʽʷ ʃʝʞʘʥʜʨʘ, ʪʦ  

]),1([)( zmmQozQ
m

+= . 

ʗʢʱʦ ʧʦʣʽʥʦʤʦʤ ʃʝʞʘʥʜʨʘ ʩʪʘʻ ʥʝʧʘʨʥʘ ʬʫʥʢʮʽʷ, ʪʦ  

]),1([)( zmmQezQ
m

+= . 

ʊʫʪ )(zQ
m

 - ʬʫʥʢʮʽʷ ʃʝʞʘʥʜʨʫ. ʎʷ ʬʫʥʢʮʽʷ, ʷʢ ʽ ʩʣʽʜ ʙʫʣʦ ʦʯʽʢʫʚʘʪʠ, ʥʝ ʤʘʻ ʦʩʦʙʣʠ-

ʚʦʩʪʝʡ ʫ ʚʥʫʪʨʽʰʥʽʡ ʯʘʩʪʠʥʽ ʢʦʣʘ ʦʜʠʥʠʯʥʦʛʦ ʨʘʜʽʫʩʘ. ɰʾ ʜʝʪʘʣʴʥʝ ʜʦʩʣʽʜʞʝʥʥʷ ʧʦʢʘʟʫʻ, 

ʱʦ ʫ ʪʦʯʢʘʭ 1°=z  ʚʦʥʘ ʤʘʻ ʣʦʛʘʨʠʬʤʽʯʥʽ ʨʦʟʙʽʞʥʦʩʪʽ, ʘ ʜʘʣʽ ʨʷʜ, ʱʦ ʾʾ ʧʨʝʜʩʪʘʚʣʷʻ, 

ʨʦʟʙʽʛʘʻʪʴʩʷ ʫ ʚʩʽʭ ʪʦʯʢʘʭ ʧʦʟʘ ʮʠʤ ʢʦʣʦʤ. ʇʨʠ ʮʴʦʤʫ, ʦʯʝʚʠʜʥʦ, ʧʦʣʽʥʦʤʠ ʃʝʞʘʥʜʨʘ 

ʤʘʶʪʴ ʩʢʽʥʯʝʥʥʽ ʟʥʘʯʝʥʥʷ ʷʢ ʚʩʝʨʝʜʠʥʽ ʟʘʟʥʘʯʝʥʦʛʦ ʢʦʣʘ, ʪʘʢ ʽ ʥʘ ʩʘʤʦʤʫ ʢʦʣʽ, ʘ ʪʘʢʦʞ ʽ 

ʫ ʚʩʽʭ ʽʥʰʠʭ ʪʦʯʢʘʭ ʢʦʤʧʣʝʢʩʥʦʾ ʧʣʦʱʠʥʠ, ʢʨʽʤ ʥʝʩʢʽʥʯʝʥʥʦ ʚʽʜʜʘʣʝʥʦʾ.  
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ʄʘʣʶʥʦʢ 17. ʇʦʣʽʥʦʤʠ ʃʝʞʘʥʜʨʘ ʯʝʪʚʝʨʪʦʛʦ ʪʘ ʧ'ʷʪʦʛʦ ʩʪʝʧʝʥʽʚ 

 

ʆʪʞʝ, ʦʜʠʥ ʟ ʜʚʦʭ ʣʽʥʽʡʥʦ ʥʝʟʘʣʝʞʥʠʭ ʨʦʟʚ'ʷʟʢʽʚ, ʩʢʽʥʯʝʥʠʡ ʫ ʚʩʽʭ ʪʦʯʢʘʭ ʢʦʤ-

ʧʣʝʢʩʥʦʾ ʧʣʦʱʠʥʠ, ʟʘ ʚʠʢʣʶʯʝʥʥʷʤ ʥʝʩʢʽʥʯʝʥʥʦ ʚʽʜʜʘʣʝʥʦʾ ʪʦʯʢʠ, ʤʠ ʟʥʘʡʰʣʠ - ʮʝ ʧʦ-

ʣʽʥʦʤʠ ʃʝʞʘʥʜʨʘ. ɼʨʫʛʠʡ ʣʽʥʽʡʥʦ ʥʝʟʘʣʝʞʥʠʡ ʨʦʟʚ'ʷʟʦʢ, ʟʥʘʡʜʝʥʠʡ ʥʘʤʠ, ʤʠ ʧʨʝʜʩʪʘ-

ʚʠʣʠ ʩʪʝʧʝʥʝʚʠʤ ʨʷʜʦʤ, ʟʙʽʞʥʠʤ ʣʠʰʝ ʚʩʝʨʝʜʠʥʽ  ʢʦʣʘ ʦʜʠʥʠʯʥʦʛʦ ʨʘʜʽʫʩʘ. 

 ʉʧʨʦʙʫʻʤʦ ʪʝʧʝʨ ʟʥʘʡʪʠ ʩʪʝʧʝʥʝʚʠʡ ʨʷʜ, ʟʙʽʞʥʠʡ ʧʦʟʘ ʢʦʣʦʤ ʦʜʠʥʠʯʥʦʛʦ ʨʘʜʽʫ-

ʩʘ, ʪʦʙʪʦ ʚ ʢʦʣʽ ʟ ʮʝʥʪʨʦʤ ʫ ʥʝʩʢʽʥʯʝʥʥʦ ʚʽʜʜʘʣʝʥʽʡ ʪʦʯʮʽ.  ɺʽʟʴʤʝʤʦ, ʥʘʧʨʠʢʣʘʜ, ʪʘʢʠʡ 

ʚʘʨʽʘʥʪ ʤʝʞʦʚʠʭ ʫʤʦʚ, ʢʦʣʠ ʥʝʩʢʽʥʯʝʥʥʦ ʚʽʜʜʘʣʝʥʘ ʪʦʯʢʘ ʻ ʧʦʣʶʩʦʤ ʧʦʨʷʜʢʫ m. ʊʦʜʽ 

ʨʷʜ ʃʦʨʘʥʘ ʚ ʦʢʦʣʽ ʥʝʩʢʽʥʯʝʥʥʦ ʚʽʜʜʘʣʝʥʦʾ ʪʦʯʢʠ ʤʘʪʠʤʝ ʚʠʛʣʷʜ 

( )
m

n
n

n

f z c z

=-¤

=ä . 

ʂʦʝʬʽʮʽʻʥʪʠ ʮʴʦʛʦ ʨʷʜʫ ʤʦʞʥʘ ʦʜʝʨʞʘʪʠ ʘʥʘʣʦʛʽʯʥʦ ʧʦʧʝʨʝʜʥʽʤ ʚʠʧʘʜʢʘʭ ʟ ʚʽʜ-

ʧʦʚʽʜʥʦʾ ʩʠʩʪʝʤʠ ʣʽʥʽʡʥʠʭ ʘʣʛʝʙʨʘʾʯʥʠʭ ʨʽʚʥʷʥʴ. ʎʝʡ ʨʷʜ ʙʫʜʝ ʟʙʽʞʥʠʤ ʩʢʨʽʟʴ ʧʦʟʘ ʢʦ-

ʣʦʤ ʦʜʠʥʠʯʥʦʛʦ ʨʘʜʽʫʩʘ ʪʘ ʥʝʩʢʽʥʯʝʥʥʦ ʚʽʜʜʘʣʝʥʦʾ ʪʦʯʢʠ. ʅʘ ʩʘʤʦʤʫ ʢʦʣʽ ʚʽʥ ʙʫʜʝ ʤʘʪʠ 

ʣʦʛʘʨʠʬʤʽʯʥʽ ʦʩʦʙʣʠʚʦʩʪʽ ʫ ʪʦʯʢʘʭ 1°=z . ʉʫʤʘ ʮʴʦʛʦ ʨʘʜʽʫʩʘ ʻ ʟʥʦʚʫ, ʚʞʝ ʦʙʛʦʚʦ-

ʨʶʚʘʥʘ ʚʠʱʝ, ʬʫʥʢʮʽʷ ʃʝʞʘʥʜʨʘ. ʄʠ ʥʝ ʥʘʚʦʜʠʤʦ ʮʝʡ ʨʷʜ, ʪʦʤʫ ʱʦ, ʥʘʩʢʽʣʴʢʠ ʥʘʤ ʚʽ-

ʜʦʤʦ, ʚʽʥ ʥʝ ʟʥʘʡʰʦʚ ʰʠʨʦʢʦʛʦ ʚʠʢʦʨʠʩʪʘʥʥʷ.  

ɼʨʫʛʠʡ ʣʽʥʽʡʥʦ ʥʝʟʘʣʝʞʥʠʡ ʨʦʟʚ'ʷʟʦʢ ʜʦʮʽʣʴʥʦ ʟʥʘʡʪʠ ʫ ʚʠʛʣʷʜʽ, ʧʨʠʜʘʪʥʦʤʫ 

ʜʣʷ ʚʠʢʦʨʠʩʪʘʥʥʷ ʫ ʚʩʽʡ ʢʦʤʧʣʝʢʩʥʽʡ ʧʣʦʱʠʥʽ. ɼʣʷ ʮʴʦʛʦ ʧʨʝʜʩʪʘʚʠʤʦ ʨʦʟʚ'ʷʟʦʢ ʨʽʚ-

ʥʷʥʥʷ ʃʝʞʘʥʜʨʘ ʩʪʝʧʝʥʝʚʠʤ ʨʷʜʦʤ ʚ ʦʢʦʣʽ ʪʦʯʢʠ 1°=z . ɸʥʘʣʦʛʽʯʥʦ ʚʠʧʘʜʢʫ ʨʽʚ-

ʥʷʥʥʷ ʃʘʛʝʨʘ, ʧʝʨʝʢʦʥʘʻʤʦʩʷ, ʱʦ ʫ ʚʠʧʘʜʢʫ,  ʢʦʣʠ ʥʝʩʢʽʥʯʝʥʥʦ ʚʽʜʜʘʣʝʥʘ ʪʦʯʢʘ ʻ ʧʦ-

ʣʶʩʦʤ ʩʢʽʥʯʝʥʦʛʦ ʧʦʨʷʜʢʫ, ʦʩʦʙʣʠʚʽ ʪʦʯʢʠ ʨʽʚʥʷʥʥʷ 1°=z  ʥʝ ʤʦʞʫʪʴ ʙʫʪʠ ʧʦʣʶʩʘ-

ʤʠ ʘʙʦ ʪʦʯʢʘʤʠ ʨʦʟʛʘʣʫʞʝʥʥʷ ʩʢʽʥʯʝʥʦʛʦ ʧʦʨʷʜʢʫ. ʅʝʥʫʣʴʦʚʠʡ ʨʦʟʚ'ʷʟʦʢ ʽʩʥʫʻ ʣʠʰʝ 

ʪʦʜʽ, ʢʦʣʠ ʮʽ ʪʦʯʢʠ ʻ ʡʦʛʦ ʣʦʛʘʨʠʬʤʽʯʥʠʤʠ ʦʩʦʙʣʠʚʠʤʠ ʪʦʯʢʘʤʠ.  

ʇʦʜʽʙʥʦ ʜʦ ʚʠʧʘʜʢʫ ʨʽʚʥʷʥʥʷ ʃʘʛʝʨʘ, ʜʨʫʛʠʡ ʣʽʥʽʡʥʦ ʥʝʟʘʣʝʞʥʠʡ ʨʦʟʚ'ʷʟʦʢ ʨʽʚ-

ʥʷʥʥʷ ʃʝʞʘʥʜʨʘ ʤʦʞʥʘ ʰʫʢʘʪʠ ʫ ʚʠʛʣʷʜʽ  
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zb  - ʜʚʽ ʥʦʚʽ ʥʝʚʽʜʦʤʽ ʬʫʥʢʮʽʾ, ʱʦ ʥʝ ʤʽʩʪʷʪʴ ʦʩʦʙʣʠʚʦʩʪʝʡ ʫ ʪʦʯ-

ʢʘʭ 1°=z . ʇʨʠ ʮʴʦʤʫ ʟʘʡʚʫ ʥʝʚʽʜʦʤʫ ʬʫʥʢʮʽʶ ( )
m

zb  ʟʥʦʚʫ ʤʦʞʥʘ ʧʽʜʽʙʨʘʪʠ ʪʘ-
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za  ʙʫʣʦ ʤʘʢʩʠʤʘʣʴʥʦ ʧʨʦʩʪʠʤ, ʥʘʧʨʠʢʣʘʜ, 

ʩʧʽʚʧʘʜʘʣʦ ʟ ʨʽʚʥʷʥʥʷʤ ʃʝʞʘʥʜʨʘ. ɺʠʢʦʥʘ̒ ʤʦ ʟʘʧʨʦʧʦʥʦʚʘʥʫ ʧʽʜʩʪʘʥʦʚʢʫ. ʊʦʜʽ ʚʠʭʽʜʥʝ 
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ʷʢʝ ʫ ʚʩʽʡ ʢʦʤʧʣʝʢʩʥʽʡ ʧʣʦʱʠʥʠ, ʢʨʽʤ ʧʦʯʘʪʢʫ ʢʦʦʨʜʠʥʘʪ ʽ ʥʝʩʢʽʥʯʝʥʥʦ ʚʽʜʜʘʣʝʥʦʾ ʪʦʯ-

ʢʠ, ʘ ʪʘʢʦʞ ʪʦʯʦʢ 1°=z , ʝʢʚʽʚʘʣʝʥʪʥʝ ʨʽʚʥʷʥʥʶ ʃʝʞʘʥʜʨʘ 
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ʈʦʟʚ'ʷʟʢʦʤ ʮʴʦʛʦ ʨʽʚʥʷʥʥʷ, ʱʦ ʥʝ ʤʘʻ ʣʦʛʘʨʠʬʤʽʯʥʠʭ ʦʩʦʙʣʠʚʦʩʪʝʡ, ʙʫʜʝ ʧʦʣʽʥʦʤ ʃʝ-
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, ʪʦʙʪʦ ʜʨʫʛʠʤ ʣʽʥʽʡʥʦ ʥʝʟʘʣʝʞʥʠʤ ʨʦʟʚ'ʷʟʢʦʤ ʨʽʚʥʷʥʥʷ ʃʝʞʘʥʜʨʘ  - 
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ʆʩʪʘʥʥʽʡ ʚʠʨʘʟ ʚʽʜʨʽʟʥʷʻʪʴʩʷ ʚʽʜ ʧʦʧʝʨʝʜʥʴʦʛʦ ʣʠʰʝ ʤʥʦʞʥʠʢʦʤ 4/1 , 

4/)()( zzq
mm
b=  . ɺʽʥ ʚʠʟʥʘʯʝʥʠʡ ʫ ʚʩʽʡ ʢʦʤʧʣʝʢʩʥʽʡ ʧʣʦʱʠʥʽ, ʢʨʽʤ ʥʝʩʢʽʥ-

ʯʝʥʥʦ ʚʽʜʜʘʣʝʥʦʾ ʪʦʯʢʠ, ʜʝ ʤʘʻ ʧʦʣʶʩ ʧʦʨʷʜʢʫ m, ʪʘ ʪʦʯʦʢ 1°=z , ʫ ʷʢʠʭ ʤʘʻ ʣʦʛʘ-

ʨʠʬʤʽʯʥʽ ʦʩʦʙʣʠʚʦʩʪʽ.  

ɼʨʫʛʝ ʨʽʚʥʷʥʥʷ ʩʠʩʪʝʤʠ ʤʘʪʠʤʝ ʚʠʛʣʷʜ  
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ʈʦʟʚ'ʷʟʫʶʯʠ ʮʝ ʥʝʦʜʥʦʨʽʜʥʝ ʜʠʬʝʨʝʥʮʽʡʥʝ ʨʽʚʥʷʥʥʷ ʃʝʞʘʥʜʨʘ, ʦʜʝʨʞʫʻʤʦ 
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 ʑʝ ʨʘʟ ʟʘʟʥʘʯʠʤʦ, ʱʦ ʷʢʱʦ ʨʦʟʚʠʥʫʪʠ ʮʝʡ ʚʠʨʘʟ ʚ ʦʢʦʣʽ ʧʦʯʘʪʢʫ ʢʦʦʨʜʠʥʘʪ ʫ 

ʨʷʜ ʊʝʡʣʦʨʘ, ʪʦ ʚʽʥ ʟʙʽʛʘʪʠʤʝʪʴʩʷ ʟ ʚʞʝ ʦʪʨʠʤʘʥʠʤ ʥʘʤʠ ʨʷʜʦʤ ʜʣʷ ʬʫʥʢʮʽʡ ʃʝʞʘʥʜʨʘ. 

ʇʝʨʰʽ ʜʝʢʽʣʴʢʘ ʬʫʥʢʮʽʡ ʃʝʞʘʥʜʨʘ ʪʘʢʽ: 
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ɿʘʟʥʘʯʠʤʦ, ʱʦ ʬʫʥʢʮʽʷ ʃʝʞʘʥʜʨʘ  ʤʘʻ ʣʦʛʘʨʠʬʤʽʯʥʽ ʦʩʦʙʣʠʚʦʩʪʽ ʫ ʪʦʯʢʘʭ 

1°=z  ʜʣʷ ʜʦʚʽʣʴʥʠʭ ʟʥʘʯʝʥʴ l. ɿʘʛʘʣʴʥʠʡ ʨʦʟʚ'ʷʟʦʢ ʧʨʠ ʥʘʷʚʥʦʩʪʽ ʮʠʭ ʦʩʦʙʣʠʚʠʭ 

ʪʦʯʦʢ ʨʦʟʛʘʣʫʞʝʥʥʷ ʙʫʜʝ ʦʜʥʦʟʥʘʯʥʦʶ ʬʫʥʢʮʽʻʶ ʪʽʣʴʢʠ ʧʨʠ ʥʝʤʦʞʣʠʚʦʩʪʽ ʾʭ ʦʙʭʦʜʫ ʟʘ 

ʟʘʤʢʥʝʥʠʤ ʢʦʣʦʤ. ɿʚʠʯʘʡʥʦ ʜʣʷ ʮʴʦʛʦ ʫ ʢʦʤʧʣʝʢʩʥʽʡ ʧʣʦʱʠʥʽ ʨʦʙʣʷʪʴ ʨʦʟʨʽʟ, ʱʦ 

ʟôʻʜʥʫʻ  0 ʽ ʪʦʯʢʠ 1°=z . ɿʥʘʯʝʥʥʷ ʧʦʣʽʥʦʤʽʚ ʃʝʞʘʥʜʨʘ, ʚ ʩʠʣʫ ʾʭ ʦʜʥʦʟʥʘʯʥʦʩʪʽ, ʙʫ-

ʜʫʪʴ ʟʙʽʛʘʪʠʩʴ ʥʘ ʚʝʨʭʥʽʡ ʽ ʥʠʞʥʽʡ ʩʪʦʨʦʥʘʭ ʨʦʟʨʽʟʫ. ɿʥʘʯʝʥʥʷ ʬʫʥʢʮʽʡ ʃʝʞʘʥʜʨʘ, ʚ ʩʠ-

ʣʫ ʙʘʛʘʪʦʟʥʘʯʥʦʩʪʽ ʣʦʛʘʨʠʬʤʘ, ʙʫʜʫʪʴ ʚʽʜʨʽʟʥʷʪʠʩʴ. ʇʨʠ ʮʴʦʤʫ 
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 ʉʪʝʧʽʥʴ ʧʦʣʽʥʦʤʘ ʃʝʞʘʥʜʨʘ ʤʦʞʥʘ ʨʦʟʛʣʷʜʘʪʠ ʥʝ ʪʽʣʴʢʠ ʷʢ ʮʽʣʝ, ʘʣʝ ʽ ʷʢ ʜʦʚʽʣʴ-

ʥʝ ʢʦʤʧʣʝʢʩʥʝ ʯʠʩʣʦ. ɺ ʦʩʪʘʥʥʴʦʤʫ ʚʠʧʘʜʢʫ ʧʦʣʽʥʦʤ ʃʝʞʘʥʜʨʘ ʥʘʟʠʚʘʶʪʴ ʬʫʥʢʮʽʻʶ 

ʃʝʞʘʥʜʨʘ ʧʝʨʰʦʛʦ ʨʦʜʫ, ʘ ʬʫʥʢʮʽʶ ʃʝʞʘʥʜʨʘ ï ʬʫʥʢʮʽʻʶ ʃʝʞʘʥʜʨʘ ʜʨʫʛʦʛʦ ʨʦʜʫ. 
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 ʂʨʽʤ ʬʫʥʢʮʽʡ ʃʝʞʘʥʜʨʘ, ʰʠʨʦʢʝ ʟʘʩʪʦʩʫʚʘʥʥʷ ʤʘʶʪʴ ʧʨʠʻʜʥʘʥʽ ʬʫʥʢʮʽʾ ʃʝʞʘʥ-

ʜʨʘ. ɺʦʥʠ ʻ ʨʦʟʚ'ʷʟʢʘʤʠ ʜʠʬʝʨʝʥʮʽʡʥʦʛʦ ʨʽʚʥʷʥʥʷ  
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- ʧʨʠʻʜʥʘʥʽ ʧʦʣʽʥʦʤʠ ʃʝʞʘʥʜʨʘ,  
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- ʧʨʠʻʜʥʘʥʽ ʬʫʥʢʮʽʾ ʃʝʞʘʥʜʨʘ. ʄʽʞ ʧʦʣʽʥʦʤʘʤʠ ʃʝʞʘʥʜʨʫ ʪʘ ʧʨʠʻʜʥʘʥʠʤʠ ʬʫʥʢʮʽʷ-

ʤʠ ʃʝʞʘʥʜʨʘ ʽʩʥʫʻ ʥʘʩʪʫʧʥʠʡ ʟʚ'ʷʟʦʢ: 
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ʷʢʠʡ ʩʚʽʜʯʠʪʴ, ʱʦ ʧʨʠʻʜʥʘʥʽ ʬʫʥʢʮʽʾ ʃʝʞʘʥʜʨʘ ʤʘʶʪʴ ʣʦʛʘʨʠʬʤʽʯʥʽ ʦʩʦʙʣʠʚʦʩʪʽ ʫ ʪʦʯ-

ʢʘʭ 1°=z . ɼʣʷ 0=m  ʧʨʠʻʜʥʘʥʽ ʧʦʣʽʥʦʤʠ ʃʝʞʘʥʜʨʘ ʟʙʽʛʘʶʪʴʩʷ ʟ ʧʦʣʽʥʦʤʘʤʠ ʃʝ-

ʞʘʥʜʨʘ, ʘ ʧʨʠʻʜʥʘʥʽ ʬʫʥʢʮʽʾ ʃʝʞʘʥʜʨʘ - ʟ ʬʫʥʢʮʽʷʤʠ ʃʝʞʘʥʜʨʘ. ʇʝʨʰʽ ʜʝʢʽʣʴʢʘ ʧʨʠʻʜ-

ʥʘʥʠʭ ʬʫʥʢʮʽʡ ʃʝʞʘʥʜʨʘ ʪʘʢʽ: 
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 ɼʣʷ ʜʦʚʽʣʴʥʠʭ ʟʥʘʯʝʥʴ  l, 2n  ʣʽʥʽʡʥʦ ʥʝʟʘʣʝʞʥʠʤʠ ʨʦʟʚ'ʷʟʢʘʤʠ ʙʫʜʫʪʴ 

ʣʠʰʝ ʧʨʠʻʜʥʘʥʽ ʬʫʥʢʮʽʾ ʃʝʞʘʥʜʨʘ. 

 ɿʘʛʘʣʴʥʠʡ ʨʦʟʚ'ʷʟʦʢ ʨʽʚʥʷʥʥʷ ʃʝʞʘʥʜʨʘ ʤʦʞʝ ʙʫʪʠ ʧʨʝʜʩʪʘʚʣʝʥʠʤ ʫ ʚʠʛʣʷʜʽ ʣʽ-

ʥʽʡʥʦʾ ʢʦʤʙʽʥʘʮʽʾ ʧʨʠʻʜʥʘʥʠʭ ʧʦʣʽʥʦʤʽʚ ʪʘ ʬʫʥʢʮʽʡ ʃʝʞʘʥʜʨʘ ʥʝ ʣʠʰʝ ʥʘ ʧʨʦʤʽʞʢʫ 

]1,1[- , ʜʝ ʧʨʠʻʜʥʘʥʽ ʧʦʣʽʥʦʤʠ ʃʝʞʘʥʜʨʘ ʻ ʦʨʪʦʛʦʥʘʣʴʥʠʤʠ, ʘʣʝ ʡ ʥʘ ʜʦʚʽʣʴʥʦʤʫ ʧʨʦ-

ʤʽʞʢʫ ʜʽʡʩʥʦʾ ʦʩʽ, ʘʙʦ ʜʦʚʽʣʴʥʽʡ ʦʙʣʘʩʪʽ ʢʦʤʧʣʝʢʩʥʦʾ ʧʣʦʱʠʥʠ. ʋ ʮʴʦʤʫ ʚʠʧʘʜʢʫ ʧʨʠʻ-

ʜʥʘʥʽ ʧʦʣʽʥʦʤʠ ʃʝʞʘʥʜʨʘ ʚʞʝ ʥʝ ʙʫʜʫʪʴ ʦʨʪʦʛʦʥʘʣʴʥʠʤʠ. 
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 1.8.ʌʫʥʢʮʽʾ ɹʝʩʝʣʷ 
 

 ʈʽʚʥʷʥʥʷ ɹʝʩʝʣʷ ʤʘʻ ʚʠʛʣʷʜ 

2
2 2 2+

2

d f(z) df(z)
z z +( z -n )f(z)=0

dzdz
l  . 

ɺʦʥʦ ʤʽʩʪʠʪʴ ʚʽʜʨʘʟʫ ʜʚʘ ʧʘʨʘʤʝʪʨʠ l ʽ  2n, ʱʦ ʟʘʙʝʟʧʝʯʫʶʪʴ ʽʩʥʫʚʘʥʥʷ ʥʝʥʫʣʴʦʚʠʭ 

ʨʦʟʚ'ʷʟʢʽʚ ʨʽʚʥʷʥʥʷ ʧʨʠ ʪʠʭ, ʯʠ ʽʥʰʠʭ ʤʝʞʦʚʠʭ ʫʤʦʚʘʭ. ʊʦʙʪʦ, ʧʝʚʥʽ ʟʥʘʯʝʥʥʷ ʮʠʭ ʧʘ-

ʨʘʤʝʪʨʽʚ ʧʦʨʦʜʞʫʶʪʴ ʜʚʦʧʘʨʘʤʝʪʨʠʯʥʠʡ ʩʧʝʢʪʨ ʚʣʘʩʥʠʭ ʯʠʩʝʣ ʨʽʚʥʷʥʥʷ ɹʝʩʝʣʷ.  

 ʗʢʱʦ 0̧l , ʪʦ ʧʝʨʝʡʰʦʚʰʠ ʜʦ ʥʦʚʦʾ ʟʤʽʥʥʦʾ  zl, ʥʘʜʘʣʽ ʤʠ ʙʫʜʝʤʦ ʧʦʟʥʘ-

ʯʘʪʠ ʾʾ ʪʦʶ ʩʘʤʦʶ ʣʽʪʝʨʦʶ z, ʨʽʚʥʷʥʥʷ ʤʦʞʥʘ ʜʝʱʦ ʩʧʨʦʩʪʠʪʠ, ʥʘʜʘʚh ʠ ʡʦʤʫ ʚʠʛʣʷʜʫ 

2
2 2 2+

2

d f(z) df(z)
z z +(z -n )f(z)=0

dzdz
 . 

ɿ ʜʚʦʭ ʢʦʝʬʽʮʽʻʥʪʽʚ ʨʽʚʥʷʥʥʷ, ʱʦ ʚʽʜʽʛʨʘʶʪʴ ʫ ʧʦʜʘʣʴʰʦʤʫ ʨʦʣʴ ʡʦʛʦ ʚʣʘʩʥʠʭ ʯʠʩʝʣ, 

ʯʫʪʣʠʚʠʤ ʜʦ ʧʦʚʝʜʽʥʢʠ ʨʦʟʚôʷʟʢʫ ʫ ʥʝʩʢʽʥʯʝʥʥʦ ʚʽʜʜʘʣʝʥʽʡ ʪʦʯʮʽ ʙʫʜʝ ʣʠʰʝ ʢʦʝʬʽʮʽʻʥʪ 

2n . 

ʈʽʚʥʷʥʥʷ ɹʝʩʝʣʷ ʤʘʻ ʻʜʠʥʫ ʦʩʦʙʣʠʚʫ ʪʦʯʢʫ ʫ ʧʦʯʘʪʢʫ ʢʦʦʨʜʠʥʘʪ. ʗʢ ʽ ʨʘʥʽʰʝ, 

ʛʨʘʥʠʯʥʦʶ ʪʦʯʢʦʶ ʦʙʣʘʩʪʽ, ʫ ʷʢʽʡ ʰʫʢʘʻʪʴʩʷ ʨʦʟʚ'ʷʟʦʢ ʨʽʚʥʷʥʥʷ ɹʝʩʝʣʷ, ʙʫʜʝ ʥʝʩʢʽʥ-

ʯʝʥʥʦ ʚʽʜʜʘʣʝʥʘ ʪʦʯʢʘ. ɺ ʷʢʦʩʪʽ ʜʨʫʛʦʾ ʤʝʞʦʚʦʾ ʪʦʯʢʠ ʤʦʞʥʘ ʚʟʷʪʠ ʧʦʯʘʪʦʢ ʢʦʦʨʜʠʥʘʪ. 

ɹʫʜʝʤʦ ʰʫʢʘʪʠ ʨʦʟʚ'ʷʟʦʢ ʮʴʦʛʦ ʨʽʚʥʷʥʥʷ ʘʙʦ ʫ ʚʠʛʣʷʜʽ ʨʷʜʫ ʃʦʨʘʥʘ, ʘʙʦ ʫ ʚʠʛʣʷ-

ʜʽ ʨʷʜʫ ʇʶʽʟʴʦ. ʊʘʢʠʡ ʧʽʜʭʽʜ ʜʦʟʚʦʣʠʪʴ ʨʦʟʛʣʷʥʫʪʠ ʫ ʥʝʩʢʽʥʯʝʥʥʦ ʚʽʜʜʘʣʝʥʽʡ ʪʦʯʮʽ, ʪʘ ʫ 

ʧʦʯʘʪʢʫ ʢʦʦʨʜʠʥʘʪ, ʚʝʩʴ ʩʧʝʢʪʨ ʤʦʞʣʠʚʠʭ ʤʝʞʦʚʠʭ ʫʤʦʚ, ʘ ʩʘʤʝ ʚʠʧʘʜʢʠ, ʢʦʣʠ  ʟʘʟʥʘ-

ʯʝʥʽ ʪʦʯʢʠ ʻ ʟʚʠʯʘʡʥʠʤʠ ʪʦʯʢʘʤʠ, ʧʦʣʶʩʘʤʠ ʩʢʽʥʯʝʥʦʛʦ ʧʦʨʷʜʢʫ, ʩʫʪʪʻʚʦ ʦʩʦʙʣʠʚʠʤʠ,  

ʘʣʛʝʙʨʘʾʯʥʠʤʠ ʪʘ ʪʨʘʥʩʮʝʥʜʝʥʪʥʠʤʠ ʪʦʯʢʘʤʠ ʨʦʟʛʘʣʫʞʝʥʥʷ.  

ʇʦʯʥʝʤʦ ʨʦʟʛʣʷʜ ʟ ʧʝʨʰʦʾ ʟ ʟʘʟʥʘʯʝʥʠʭ ʜʚʦʭ ʤʦʞʣʠʚʦʩʪʝʡ, ʷʢʘ ʚʽʜʧʦʚʽʜʘʻ ʩʫʪʪʻ-

ʚʦ ʦʩʦʙʣʠʚʠʤ ʪʦʯʢʘʤ ʫ ʧʦʯʘʪʢʫ ʢʦʦʨʜʠʥʘʪ ʽ ʫ ʥʝʩʢʽʥʯʝʥʥʦʩʪʽ. ʇʽʩʣʷ ʧʽʜʩʪʘʥʦʚʢʠ  ʨʷʜʫ ʫ 

ʨʽʚʥʷʥʥʷ ɹʝʩʝʣʷ, ʦʜʝʨʞʠʤʦ 

0)1( 22 =-+- ää+ä ä
¤
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-¤=
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n zczcznczcnn n  . 

ʆʙ'ʻʜʥʫʶʯʠ ʚʩʽ ʩʫʤʠ, ʤʘʻʤʦ: 

0])[( 2
22 =+-ä

¤

-¤=

-

n

n
nn zccn n  . 

ɿʚʽʜʢʠ ʰʫʢʘʥʘ ʩʠʩʪʝʤʘ ʣʽʥʽʡʥʠʭ ʘʣʛʝʙʨʘʾʯʥʠʭ ʨʽʚʥʷʥʴ ʱʦʜʦ ʢʦʝʬʽʮʽʻʥʪʽʚ ʨʷʜʫ 

ʃʦʨʘʥʘ ʤʘʻ ʚʠʛʣʷʜ: 

ééééééééééééé , 

0)22(
2
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ééééééééééééé. , 

0)22(
2
=+-

-nn
ccn n , 

ééééééééééééé..  . 

ʊʫʪ, ʜʣʷ ʟʨʫʯʥʦʩʪʽ, ʤʠ ʧʝʨʝʡʰʣʠ ʜʦ ʥʝʚʽʜ'ʻʤʥʠʭ ʮʽʣʠʭ ʟʥʘʯʝʥʴ n. ʎʷ ʩʠʩʪʝʤʘ ʨʽʚʥʷʥʴ 

ʩʢʣʘʜʘʻʪʴʩʷ ʟ ʜʚʦʭ ʣʘʥʮʶʞʢʽʚ ʨʽʚʥʷʥʴ: ʦʢʨʝʤʦ ʜʣʷ ʢʦʝʬʽʮʽʻʥʪʽʚ ʟ ʧʘʨʥʠʤʠ ʥʦʤʝʨʘʤʠ ʽ 

ʦʢʨʝʤʦ ʜʣʷ ʢʦʝʬʽʮʽʻʥʪʽʚ ʟ ʥʝʧʘʨʥʠʤʠ ʥʦʤʝʨʘʤʠ. ɺʦʥʘ ʤʘʻ ʪʫ ʦʩʦʙʣʠʚʽʩʪʴ, ʱʦ ʷʢʱʦ 

ʦʜʠʥ ʟ ʢʦʝʬʽʮʽʻʥʪʽʚ 0=
k

c , ʪʦ ʚʩʽ ʢʦʝʬʽʮʽʻʥʪʠ ʚʽʜʧʦʚʽʜʥʦʛʦ ʣʘʥʮʶʞʢʘ ʨʽʚʥʷʥʴ, ʜʣʷ 

ʷʢʠʭ kn< ,  ʪʝʞ ʜʦʨʽʚʥʶʶʪʴ ʥʫʣʶ. ʉʪʨʫʢʪʫʨʘ ʜʨʫʛʦʛʦ ʣʘʥʮʶʞʢʘ ʨʽʚʥʷʥʴ ʟʘʣʠʰʘʻʪʴ-

ʩʷ ʧʨʠ ʮʴʦʤʫ ʥʝʟʤʽʥʥʦʶ. ʇʦʢʘʞʝʤʦ, ʱʦ ʢʦʝʬʽʮʽʻʥʪʠ ʜʨʫʛʦʛʦ ʣʘʥʮʶʞʢʘ ʧʨʦʩʪʦ ʜʦʨʽʚ-

ʥʶʶʪʴ ʥʫʣʶ. ɼʣʷ ʮʴʦʛʦ ʨʦʟʛʣʷʥʝʤʦ ʜʦʚʽʣʴʥʝ ʨʽʚʥʷʥʥʷ ʣʘʥʮʶʞʢʘ 

0)22(
2
=+-

--- nn
ccn n  . 

ɿʚʽʜʩʠ ʚʠʜʥʦ, ʱʦ ʟʘʚʞʜʠ ʽʩʥʫʻ ʪʘʢʠʡ ʥʦʤʝʨ n, ʧʦʯʠʥʘʶʯʠ ʟ ʷʢʦʛʦ ʢʦʞʥʠʡ ʥʘʩʪʫʧʥʠʡ 
ʢʦʝʬʽʮʽʻʥʪ 

2--n
c  ʙʫʜʝ ʙʽʣʴʰʠʤ ʟʘ ʧʦʧʝʨʝʜʥʽʡ ʢʦʝʬʽʮʽʻʥʪ 

n
c
-
, ʘ ʦʪʞʝ, ʨʷʜ ʙʫʜʝ ʨʦʟ-

ʙʽʞʥʠʤ ʫ ʢʦʞʥʽʡ ʪʦʯʮʽ ʢʦʤʧʣʝʢʩʥʦʾ ʧʣʦʱʠʥʠ. ʎʝ ʧʨʦʪʠʨʽʯʠʪʴ ʥʘʷʚʥʦʩʪʽ ʫ ʨʦʟʚ'ʷʟʢʘ 

ʣʠʰʝ ʜʚʦʭ ʦʩʦʙʣʠʚʠʭ ʪʦʯʦʢ ʫ ʧʦʯʘʪʢʫ ʢʦʦʨʜʠʥʘʪ ʪʘ ʫ ʥʝʩʢʽʥʯʝʥʥʦʩʪʽ. 

 ʅʘ ʦʩʥʦʚʽ ʚʠʱʝ ʩʢʘʟʘʥʦʛʦ, ʤʦʞʥʘ ʟʨʦʙʠʪʠ ʽ ʙʽʣʴʰ ʟʘʛʘʣʴʥʠʡ ʚʠʩʥʦʚʦʢ ʧʨʦ ʪʝ, ʱʦ 

ʷʢʱʦ ʞʦʜʥʠʡ ʟ ʜʚʦʭ ʣʘʥʮʶʞʢʽʚ ʨʽʚʥʷʥʴ ʥʽʜʝ ʥʝ ʧʝʨʝʨʠʚʘ̒ ʪʴʩʷ, ʪʦ ʥʝʩʢʽʥʯʝʥʥʘ ʩʠʩʪʝʤʘ 

ʣʽʥʽʡʥʠʭ ʘʣʛʝʙʨʘʾʯʥʠʭ ʨʽʚʥʷʥʴ ʽ, ʚʽʜʧʦʚʽʜʥʦ,  ʨʽʚʥʷʥʥʷ ɹʝʩʝʣʷ ʤʘʶʪʴ ʣʠʰʝ ʥʫʣʴʦʚʠʡ 

ʨʦʟʚ'ʷʟʦʢ. 

 ɺʠʢʣʘʜʝʥʘ ʚʠʱʝ ʩʠʪʫʘʮʽʷ ʨʝʘʣʽʟʫʻʪʴʩʷ  ʷʢʨʘʟ ʫ ʚʠʧʘʜʢʫ, ʢʦʣʠ m°=n  ʻ ʮʽʣʠʤ 

ʯʠʩʣʦʤ, ʘ ʥʝʩʢʽʥʯʝʥʥʦ ʚʽʜʜʘʣʝʥʘ ʪʦʯʢʘ, ʪʘ ʧʦʯʘʪʦʢ ʢʦʦʨʜʠʥʘʪ, ʻ ʩʫʪʪʻʚʦ ʦʩʦʙʣʠʚʠʤʠ. 

ʊʦʜʽ ʚʩʽ ʧʘʨʥʽ ʢʦʝʬʽʮʽʻʥʪʠ ʨʷʜʫ ʃʦʨʘʥʘ, ʷʢʱʦ mʻ ʧʘʨʥʠʤ, ʽ ʥʝʧʘʨʥʽ, ʷʢʱʦ mʻ ʥʝʧʘʨ-

ʥʠʤ,  ʟ ʥʦʤʝʨʘʤʠ mn<  ʙʫʜʫʪʴ ʜʦʨʽʚʥʶʚʘʪʠ ʥʫʣʶ, ʦʩʢʽʣʴʢʠ ʫ ʮʴʦʤʫ ʚʠʧʘʜʢʫ ʦʜʥʝ ʟ 

ʨʽʚʥʷʥʴ ʩʠʩʪʝʤʠ ʤʘʻ ʚʠʛʣʷʜ 0
2
=

-m
c . ʈʝʰʪʘ ʢʦʝʬʽʮʽʻʥʪʽʚ, ʱʦ ʚʭʦʜʠʪʴ ʜʦ ʮʴʦʛʦ ʞ 

ʣʘʥʮʶʞʢʘ ʨʽʚʥʷʥʴ, ʙʫʜʫʪʴ ʚʽʜʤʽʥʥʠʤʠ ʚʽʜ ʥʫʣʷ. ʇʨʠ ʮʴʦʤʫ ʩʠʩʪʝʤʫ ʨʽʚʥʷʥʴ ʤʦʞʥʘ ʟʘ-

ʧʠʩʘʪʠ ʫ ʚʠʛʣʷʜʽ:   
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0]22[
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=+-
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ccmn , 

ééééééééééééééé..  . 

 ɼʣʷ ʜʦʚʽʣʴʥʦʛʦ m ʨʦʟʚ'ʷʟʦʢ ʨʽʚʥʷʥʥʷ ɹʝʩʝʣʷ ʘʙʦ ʤʘʻ ʚʠʛʣʷʜ 
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)()( ,zJczf
mmm ---

= . 

ʗʢʙʠ ʧʦʯʘʪʦʢ ʢʦʦʨʜʠʥʘʪ ʙʫʚ ʟʚʠʯʘʡʥʦʶ ʪʦʯʢʦʶ, ʪʦ ʤʘʚ ʙʠ ʤʽʩʮʝ ʣʠʰʝ ʧʝʨʰʠʡ  ʨʦʟʚ'ʷ-

ʟʦʢ. ʋ ʚʠʧʘʜʢʫ, ʷʢʙʠ ʧʦʯʘʪʦʢ ʢʦʦʨʜʠʥʘʪ ʙʫʚ ʩʫʪʪʻʚʦ ʦʩʦʙʣʠʚʦʶ ʪʦʯʢʦʶ, ʘ ʥʝʩʢʽʥʯʝʥʥʦ 

ʚʽʜʜʘʣʝʥʘ ʪʦʯʢʘ ʟʚʠʯʘʡʥʦʶ ʪʦʯʢʦʶ, ʪʦ ʤʠ ʦʪʨʠʤʘʣʠ ʙ ʣʠʰʝ ʜʨʫʛʠʡ ʨʦʟʚ'ʷʟʦʢ. ʅʘʩʧʨʘʚ-

ʜʽ ʮʽ ʨʦʟʚ'ʷʟʢʠ ʦʜʥʘʢʦʚʽ, ʦʩʢʣ̔ʴʢʠ ʜʣʷ ʮʽʣʠʭ m, 

m
-m m

J (z)=(-1) J (z) . 
ʊʫʪ 

n
n 2nm

2 2m
n =1 k=1

1
J (z)= z 1+ (-1) z

(m+2n) -m

¤è ø
é ù
é ùê ú
ä Ô  , 

- ʬʫʥʢʮʽʷ ɹʝʩʝʣʷ ʟ ʮʽʣʦʛʦ ʧʦʨʷʜʢʫ m, ʷʢʘ, ʦʯʝʚʠʜʥʦ, ʻ ʪʨʘʥʩʮʝʥʜʝʥʪʥʦʶ.  

 ʊʘʢʠʤ ʯʠʥʦʤ, ʩʧʝʢʪʨ ʚʣʘʩʥʠʭ ʯʠʩʝʣ n ʫ ʚʠʧʘʜʢʫ, ʢʦʣʠ ʥʝʩʢʽʥʯʝʥʥʦ ʚʽʜʜʘʣʝʥʘ 

ʪʦʯʢʘ ʽ ʧʦʯʘʪʦʢ ʢʦʦʨʜʠʥʘʪ ʻ ʩʫʪʪʻʚʦ ʦʩʦʙʣʠʚʠʤʠ, ʻ ʜʠʩʢʨʝʪʥʠʤ. ɺʽʥ ʩʢʣʘʜʘʻʪʴʩʷ ʟ ʥʫʣʷ 

ʽ ʚʩʽʭ ʥʘʪʫʨʘʣʴʥʠʭ ʯʠʩʝʣ. ɺʽʜ'ʻʤʥʽ ʯʠʩʣʘ ʥʝ ʧʨʠʟʚʦʜʷʪʴ ʜʦ ʥʦʚʠʭ ʣʽʥʽʡʥʦ ʥʝʟʘʣʝʞʥʠʭ 

ʨʦʟʚ'ʷʟʢʽʚ. ʇʦʚʝʨʪʘʶʯʠʩʴ ʜʦ ʩʪʘʨʦʾ ʟʤʽʥʥʦʾ, ʦʜʝʨʞʫʻʤʦ 

)(),( zJczf
mmm
ll =  . 

ʂʨʽʤ ʟʘʟʥʘʯʝʥʦʾ ʚʠʱʝ ʫʤʦʚʠ 0̧l  , ʥʝʤʘʻ ʞʦʜʥʠʭ ʽʥʰʠʭ ʦʙʤʝʞʝʥʴ ʥʘ ʚʣʘʩʥʽ 

ʯʠʩʣʘ l ʨʽʚʥʷʥʥʷ ɹʝʩʝʣʷ. ɺʠʧʘʜʦʢ  0=l  ʚʠʤʘʛʘʻ ʦʢʨʝʤʦʛʦ ʨʦʟʛʣʷʜʫ. ɼʣʷ ʥʴʦʛʦ ʟ 

ʥʝʩʢʽʥʯʝʥʥʦʾ ʩʠʩʪʝʤʠ ʣʽʥʽʡʥʠʭ ʘʣʛʝʙʨʘʾʯʥʠʭ ʨʽʚʥʷʥʴ ʚʽʜʤʽʥʥʠʤ ʚʽʜ ʥʫʣʷ ʙʫʜʝ ʣʠʰʝ ʦʜ-

ʥʝ ʨʽʚʥʷʥʥʷ, ʘ ʩʘʤʝ 

0)22( =-
n

cmn . 

ʎʝ ʨʽʚʥʷʥʥʷ ʤʘʪʠʤʝ ʥʝʥʫʣʴʦʚʠʡ ʨʦʟʚ'ʷʟʦʢ ʣʠʰʝ ʫ ʚʠʧʘʜʢʫ, ʢʦʣʠ 022 =-mn , ʪʦʙʪʦ 

mn °=  ʽ ʨʽʚʥʷʥʥʷ ɹʝʩʝʣʷ ʤʘʻ ʨʦʟʚ'ʷʟʢʠ ʫ ʚʠʛʣʷʜʽ ʩʪʝʧʝʥʝʚʠʭ ʬʫʥʢʮʽʡ 

m
mm

zczf =)( ,     0̧n , 

ʪʘ ʣʦʛʘʨʠʬʤʽʯʥʦʾ ʬʫʥʢʮʽʾ  

)ln()(
0

zzf = ,     0=n . 

ʎʝ ʨʽʚʥʷʥʥʷ ʜʦʢʣʘʜʥʦ ʨʦʟʛʣʷʥʫʪʝ ʚʠʱʝ. ʆʪʞʝ, ʩʧʝʢʪʨ ʚʣʘʩʥʠʭ ʯʠʩʝʣ  ʻ ʥʝʧʝʨʝʨʚʥʠʤ. 

ʆʯʝʚʠʜʥʦ, ʱʦ ʟʥʘʡʜʝʥʠʡ ʥʘʤʠ ʨʦʟʚ'ʷʟʦʢ ʨʽʚʥʷʥʥʷ ɹʝʩʝʣʷ ʫ ʚʠʛʣʷʜʽ ʬʫʥʢʮʽʾ ɹʝ-

ʩʝʣʷ ʧʦʨʷʜʢʫ m ʤʘʻ ʫ ʧʦʯʘʪʢʫ ʢʦʦʨʜʠʥʘʪ ʥʫʣʴ ʪʦʛʦ ʞ ʧʦʨʷʜʢʫ m. ɼʣʷ ʙʫʜʴ-ʷʢʠʭ ʽʥ-

ʰʠʭ ʟʥʘʯʝʥʴ ʽʥʜʝʢʩʫ ʬʫʥʢʮʽʾ (ʤʘʶʪʴʩʷ ʥʘ ʫʚʘʟʽ ʨʘʮʽʦʥʘʣʴʥʽ ʜʨʦʙʠ) )(zJ
m

 ʽ  

)(zJ
m-

 ʚʞʝ ʙʫʜʫʪʴ ʣʽʥʽʡʥʦ ʥʝʟʘʣʝʞʥʠʤʠ. 

 ʗʢʱʦ ʥʝʩʢʽʥʯʝʥʥʦ ʚʽʜʜʘʣʝʥʘ ʪʦʯʢʘ ʻ ʧʦʣʶʩʦʤ ʧʦʨʷʜʢʫ k, ʪʦ ʢʦʝʬʮ̔ʽʻʥʪʠ ʨʷʜʫ 

ʃʦʨʘʥʘ ʟ ʥʦʤʝʨʘʤʠ kn>  ʙʫʜʫʪʴ ʜʦʨʽʚʥʶʚʘʪʠ ʥʫʣʶ. ɸʣʝ ʜʣʷ ʮʽʣʦʛʦ 2m  ʢʦʝʬʽʮʽʻʥʪʠ 

ʨʷʜʫ ʃʦʨʘʥʘ ʟ ʥʦʤʝʨʘʤʠ mn<  ʪʝʞ ʙʫʜʫʪʴ ʜʦʨʽʚʥʶʚʘʪʠ ʥʫʣʶ. ʆʜʥʦʯʘʩʥʝ ʚʠʢʦʥʘʥʥʷ 

ʮʠʭ ʜʚʦʭ ʫʤʦʚ ʤʦʞʣʠʚʝ  ʣʠʰʝ ʪʦʜʽ,  ʢʦʣʠ ʚʩʽ ʢʦʝʬʽʮʽʻʥʪʠ, ʱʦ ʚʭʦʜʷʪʴ ʫ ʜʘʥʠʡ ʣʘʥʮʶ-

ʞʦʢ ʨʽʚʥʷʥʴ, ʙʫʜʫʪʴ ʜʦʨʽʚʥʶʚʘʪʠ ʥʫʣʶ. ʆʪʞʝ, ʜʣʷ ʪʘʢʦʾ ʤʝʞʦʚʦʾ ʫʤʦʚʠ ʽʩʥʫʻ ʣʠʰʝ ʥʫ-

ʣʴʦʚʠʡ ʨʦʟʚ'ʷʟʦʢ. ʊʘʢʠʤ ʯʠʥʦʤ, ʜʣʷ ʮʽʣʠʭ ʟʥʘʯʝʥʴ 2m  ʽ 0̧l  ʨʽʚʥʷʥʥʷ ɹʝʩʝʣʷ ʤʘʻ 

ʨʦʟʚ'ʷʟʢʠ ʣʠʰʝ ʫ ʚʠʛʣʷʜʽ ʪʨʘʥʩʮʝʥʜʝʥʪʥʠʭ ʬʫʥʢʮʽʡ.  



 

 

51 

 ʊʘʢ ʩʘʤʦ ʨʽʚʥʷʥʥʷ ɹʝʩʝʣʷ ʤʘʻ ʥʫʣʴʦʚʠʡ ʨʦʟʚ'ʷʟʦʢ ʽ ʫ ʚʠʧʘʜʢʫ, ʢʦʣʠ ʥʝʩʢʽʥʯʝʥʥʦ 

ʚʽʜʜʘʣʝʥʘ ʪʦʯʢʘ ʻ ʟʚʠʯʘʡʥʦʶ ʪʦʯʢʦʶ ʨʦʟʚ'ʷʟʢʫ.  

 ʇʨʠ ʨʦʟʚ'ʷʟʘʥʥʽ ʨʽʚʥʷʥʥʷ ɹʝʩʝʣʷ ʤʠ ʟʥʦʚʫ ʟ ʜʚʦʭ ʣʽʥʽʡʥʦ ʥʝʟʘʣʝʞʥʠʭ ʨʦʟʚ'ʷʟʢʽʚ 

ʟʥʘʡʰʣʠ ʣʠʰʝ ʦʜʠʥ. ɼʨʫʛʠʡ ʣʽʥʽʡʥʦ ʥʝʟʘʣʝʞʥʠʡ ʨʦʟʚ'ʷʟʦʢ ʨʽʚʥʷʥʥʷ ɹʝʩʝʣʷ (ʬʫʥʢʮʽʷ 

ɹʝʩʝʣʷ ʜʨʫʛʦʛʦ ʧʦʨʷʜʢʫ ʘʙʦ ʬʫʥʢʮʽʷ ʅʝʡʤʘʥʘ), ʬʘʢʪʠʯʥʦ, ʰʫʢʘʻʪʴʩʷ ʘʥʘʣʦʛʽʯʥʦ ʧʦʰʫ-

ʢʫ ʜʨʫʛʦʛʦ ʣʽʥʽʡʥʦ ʥʝʟʘʣʝʞʥʦʛʦ ʨʦʟʚ'ʷʟʢʫ ʜʣʷ ʨʚ̔ʥʷʥʥʷ ʃʘʛʝʨʘ ʽ ʤʘʻ  ʚʠʛʣʷʜ 

J (z)cos( ) J (z)
N (z)=

sin( )
n n

n

np

np
--  

(ʪʫʪ ʧʨʘʚʘ ʯʘʩʪʠʥʘ ʟʘʤʽʥʶʻʪʴʩʷ ʾʾ ʤʝʞʦʚʠʤ ʟʥʘʯʝʥʥʷʤ, ʷʢʱʦ ʽʥʜʝʢʩ ʬʫʥʢʮʽʾ ʅʝʡʤʘʥʘ ʻ 

ʮʽʣʠʤ ʯʠʩʣʦʤ). ʊʦʙʪʦ ʜʨʫʛʠʡ ʣʽʥʽʡʥʦ ʥʝʟʘʣʝʞʥʠʡ ʨʦʟʚ'ʷʟʦʢ ʨʽʚʥʷʥʥʷ ɹʝʩʝʣʷ ʚʽʜʧʦʚʽʜʘʻ 

ʚʠʧʘʜʢʫ, ʢʦʣʠ ʥʝʩʢʽʥʯʝʥʥʦ ʚʽʜʜʘʣʝʥʘ ʪʦʯʢʘ ʻ ʩʫʪʪʻʚʦ ʦʩʦʙʣʠʚʦʶ ʽ, ʦʜʥʦʯʘʩʥʦ, ʪʦʯʢʦʶ 

ʨʦʟʛʘʣʫʞʝʥʥʷ ʥʝʩʢʽʥʯʝʥʦʛʦ ʧʦʨʷʜʢʫ, ʪʦʙʪʦ ʣʦʛʘʨʠʬʤʽʯʥʦʶ ʦʩʦʙʣʠʚʦʶ ʪʦʯʢʦʶ. ʆʪʞʝ, 

ʟʘʛʘʣʴʥʠʡ ʨʦʟʚ'ʷʟʦʢ ʨʽʚʥʷʥʥʷ ɹʝʩʝʣʷ ʜʣʷ ʮʽʣʦʯʠʩʝʣʴʥʦʛʦ 2m   ̒

)()(),( zNbzJazf
mmmmm
lll += . 

 ɿʘʛʘʣʴʥʠʡ ʨʦʟʚ'ʷʟʦʢ ʨʽʚʥʷʥʥʷ ɹʝʩʝʣʷ ʤʦʞʥʘ ʟʘʧʠʩʘʪʠ ʽ  ʟʘ ʜʦʧʦʤʦʛʦʶ ʬʫʥʢʮʽʡ 

ɻʘʥʢʝʣʷ, ʘʙʦ ʬʫʥʢʮʽʡ ɹʝʩʝʣʷ ʪʨʝʪʴʦʛʦ ʨʦʜʫ: 

)()(),( )2()1( zbHzaHzf
mmm
lll += , 

ʜʝ ʬʫʥʢʮʽʾ ɻʘʥʢʝʣʷ ʪʘʢ ʧʦʚ'ʷʟʘʥʽ ʟ ʬʫʥʢʮʽʷʤʠ ɹʝʩʝʣʷ ʽ ʅʦʡʤʘʥʘ: 

(1)
m m m

H (z)=J (z)+iN (z) , 
 

(2)
m m m

H (z)=J (z)-iN (z) . 
 ɼʣʷ ʨʽʚʥʷʥʥʷ ɹʝʩʝʣʷ ʩʪʘʥʦʚʠʪʴ ʧʨʘʢʪʠʯʥʠʡ ʽʥʪʝʨʝʩ ʱʝ ʦʜʠʥ ʪʠʧ ʤʝʞʦʚʠʭ ʫʤʦʚ ʫ 

ʥʝʩʢʽʥʯʝʥʥʦ ʚʽʜʜʘʣʝʥʽʡ ʪʦʯʮʽ. ʎʝ ʚʠʧʘʜʦʢ, ʢʦʣʠ ʮʷ ʪʦʯʢʘ ʻ ʪʨʘʥʩʮʝʥʜʝʥʪʥʦʶ ʦʩʦʙʣʠ-

ʚʦʶ ʪʦʯʢʦʶ. ʊʦʜʽ ʨʦʟʚ'ʷʟʦʢ ʨʽʚʥʷʥʥʷ ɹʝʩʝʣʷ ʩʣʽʜ ʰʫʢʘʪʠ ʫ ʚʠʛʣʷʜʽ ʨʷʜʫ ʇʶʽʟʴʦ. 

ɼʣʷ ʧʨʦʩʪʦʪʠ ʢʦʥʢʨʝʪʠʟʫʻʤʦ ʩʠʪʫʘʮʽʶ. ʅʝʭʘʡ, ʥʘʧʨʠʢʣʘʜ, ʥʝʩʢʽʥʯʝʥʥʦ ʚʽʜʜʘʣʝ-

ʥʘ ʪʦʯʢʘ ʙʫʜʝ ʩʫʪʪʻʚʦ ʦʩʦʙʣʠʚʦʶ ʽ, ʦʜʥʦʯʘʩʥʦ, ʪʦʯʢʦʶ ʨʦʟʛʘʣʫʞʝʥʥʷ ʜʨʫʛʦʛʦ ʧʦʨʷʜʢʫ. 

ʎʝ ʤʦʞʣʠʚʦ ʣʠʰʝ ʫ ʚʠʧʘʜʢʫ ʟʥʘʯʝʥʴ ʽʥʜʝʢʩʫ ʩʫʤʫʚʘʥʥʷ, ʢʨʘʪʥʦʛʦ 2/1 , ʪʦʙʪʦ  ʽʥʜʝʢʩ 

ʧʨʠʡʤʘʻ ʪʘʢʽ ʟʥʘʯʝʥʥʷ - ,...2/,...,2/1 n°°  (ʪʫʪ n  - ʮʽʣʝ). ʊʦʜʽ ʩʠʩʪʝʤʫ ʨʽʚʥʷʥʴ 

ʤʦʞʥʘ ʦʜʝʨʞʘʪʠ ʟ ʧʦʧʝʨʝʜʥʴʦʾ ʩʠʩʪʝʤʠ ʟʘʤʽʥʦʶ n  ʥʘ 2/n . ʈʦʟʨʠʚ ʣʘʥʮʶʞʢʘ ʨʽʚʥʷʥʴ 

ʚʽʜʙʫʚʘʻʪʴʩʷ ʟʘ ʩʭʝʤʦʶ, ʘʥʘʣʦʛʽʯʥʦʶ  ʚʠʧʘʜʢʫ ʮʽʣʦʯʠʩʝʣʴʥʦʛʦ  ʽʥʜʝʢʩʫ ʩʫʤʫʚʘʥʥʷ. 

ʊʦʙʪʦ ,...2/,...,2/1 km °°= . ʊʦʜʽ ʚʠʨʘʟ ʜʣʷ ʬʫʥʢʮʽʾ ɹʝʩʝʣʷ ʟ ʥʘʧʽʚʮʽʣʠʤ ʽʥʜʝʢ-

ʩʦʤ ʩʪʨʫʢʪʫʨʥʦ ʟʙʽʛʘʻʪʴʩʷ ʟ ʚʠʨʘʟʦʤ, ʦʪʨʠʤʘʥʠʤ ʚʠʱʝ ʜʣʷ ʬʫʥʢʮʽʾ ɹʝʩʝʣʷ ʟ ʮʽʣʦʯʠʩʝ-

ʣʴʥʠʤ ʽʥʜʝʢʩʦʤ. ʌʫʥʢʮʽʾ ɹʝʩʝʣʷ ʥʘʧʽʚʮʽʣʦʛʦ ʧʦʨʷʜʢʫ ʙʝʟʧʦʩʝʨʝʜʥʴʦ ʧʦʚ'ʷʟʘʥʽ ʟ  ʪʨʠʛʦ-

ʥʦʤʝʪʨʠʯʥʠʤʠ ʬʫʥʢʮʽʷʤʠ: 

1/ 2

2
J (z)= sin(z)

pz
,          

-1/ 2

2
J (z)= cos(z)

pz
, 
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1/ 2

2
N (z)= - cos(z)

pz
,     

-1/ 2

2
N (z)= sin(z)

pz
, 

 ɺʠʢʦʨʠʩʪʘʥʥʷ ʬʫʥʢʮʽʡ ɹʝʩʝʣʷ ʥʘʧʽʚʮʽʣʦʛʦ ʧʦʨʷʜʢʫ ʜʦʟʚʦʣʷʻ ʧʨʝʜʩʪʘʚʠʪʠ ʟʘʛʘ-

ʣʴʥʠʡ ʨʦʟʚ'ʷʟʦʢ ʨʽʚʥʷʥʥʷ ɹʝʩʝʣʷ ʪʘʢ (ʚʩʽ ʧʦʧʝʨʝʜʥʽ ʚʘʨʽʘʥʪʠ ʧʨʝʜʩʪʘʚʣʝʥʥʷ, ʟʨʦʟʫʤʽʣʦ, 

ʟʘʣʠʰʘʶʪʴʩʷ ʚʽʨʥʠʤʠ): 

)()(),()(),( ,
2/2/2/2/2/

zJbzJazf
mmmmm
lllll

-
+= . 

 ɸʥʘʣʦʛʽʯʥʠʤ ʯʠʥʦʤ ʤʦʞʥʘ ʨʦʟʛʣʷʥʫʪʠ  ʬʫʥʢʮʽʾ ɹʝʩʝʣʷ ʽ ʅʦʡʤʘʥʘ ʟ  ʧʦʢʘʟʥʠʢʘ-

ʤʠ, ʱʦ ʚʠʟʥʘʯʘʶʪʴʩʷ ʨʘʮʽʦʥʘʣʴʥʠʤʠ  ʜʨʦʙʘʤʠ. ɼʣʷ ʚʩʽʭ, ʨʦʟʛʣʷʥʫʪʠʭ ʥʘʤʠ ʬʫʥʢʮʽʡ ɹʝ-

ʩʝʣʷ, ʤʦʞʥʘ ʚʠʢʦʨʠʩʪʘʪʠ ʪʘʢʠʡ ʩʧʽʣʴʥʠʡ ʚʠʨʘʟ 

m 2 n

m
n = 0

z (-z / 4)
J (z)=

2 n! (m+n+1)

¤å õ
æ ö Gç ÷
ä  . 

ɼʣʷ ʬʫʥʢʮʽʡ ʅʦʡʤʘʥʘ ʮʽʣʦʛʦ ʽʥʜʝʢʩʫ ʪʝʞ ʽʩʥʫʻ ʧʦʜʽʙʥʝ ʧʨʝʜʩʪʘʚʣʝʥʥʷ: 

2n

20 0
0

z (n+1) z2 2
N (z)= ln J (z)- -

2 2n!p pn

¤ å õ
æ ö
æ öæ ö
ç ÷=

Yå õ
æ ö
ç ÷

ä  ,  0=m , 

+ö
÷

õ
æ
ç

å--
ö
÷

õ
æ
ç

å
-= ä

-

=

nm

n

m

m

z

n

nm

z
zN

21

0 2!

)!1(21
)(
p

 

n

n

m

m

z

nmn

nmnz
zJ

z
2

0 2)!(!

)1()1(

2

1
)(

2
ln

2
ö
ö
ö

÷

õ

æ
æ
æ

ç

å¤

=

-
+

++Y++Y
ö
÷

õ
æ
ç

å
-ö

÷

õ
æ
ç

å
+ ä

pp
. 

0>m  . 

 

ɿʦʢʨʝʤʘ, ʜʣʷ ʤʘʣʠʭ ʟʥʘʯʝʥʴ ʘʨʛʫʤʝʥʪʫ, 

0

0 2 4 6 8 10
0.5
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ʄʘʣʶʥʦʢ 18. ʌʫʥʢʮʽʡ ɹʝʩʝʣʷ ʮʽʣʦʛʦ ʧʦʨʷʜʢʫ 
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-ʧʩʽ - ʬʫʥʢʮʽʷ. 

ɺʘʞʣʠʚʦʶ ʦʩʦʙʣʠʚʽʩʪʶ ʬʫʥʢʮʽʾ ʅʦʡʤʘʥʘ ʻ ʪʝ, ʱʦ ʚʦʥʘ ʤʘʻ ʣʦʛʘʨʠʬʤʽʯʥʫ ʦʩʦʙ-

ʣʠʚʽʩʪʴ ʫ ʥʫʣʽ ʽ ʻ ʥʝʩʢʽʥʯʝʥʥʦ ʟʥʘʯʥʦʶ ʘʥʘʣʽʪʠʯʥʦʶ ʬʫʥʢʮʽʻʶ. ɿʘʛʘʣʴʥʠʡ ʨʦʟʚ'ʷʟʦʢ ʧʨʠ 

ʥʘʷʚʥʦʩʪʽ ʟʘʟʥʘʯʝʥʦʾ ʪʦʯʢʠ ʨʦʟʛʘʣʫʞʝʥʥʷ ʙʫʜʝ ʦʜʥʦʟʥʘʯʥʦʶ ʬʫʥʢʮʽʻʶ ʪʽʣʴʢʠ ʧʨʠ ʥʝ-

ʤʦʞʣʠʚʦʩʪʽ ʦʙʭʦʜʫ ʧʦʯʘʪʢʫ ʢʦʦʨʜʠʥʘʪ ʟʘ ʟʘʤʢʥʝʥʠʤ ʢʦʣʦʤ. ɼʣʷ ʮʴʦʛʦ ʜʦʩʪʘʪʥʴʦ ʚʠʢʦ-

ʥʘʪʠ ʨʦʟʨʽʟ ʫ ʢʦʤʧʣʝʢʩʥʽʡ ʧʣʦʱʠʥʽ ʚʟʜʦʚʞ ʜʦʚʽʣʴʥʦʾ ʧʨʷʤʦʾ, ʱʦ ʚʠʭʦʜʠʪʴ ʟ ʧʦʯʘʪʢʫ 

ʢʦʦʨʜʠʥʘʪ. ʎʝʡ ʨʦʟʨʽʟ ʟʨʫʯʥʦ ʚʠʢʦʥʘʪʠ ʚʟʜʦʚʞ ʜʽʡʩʥʦʾ ʚʽʜ'ʻʤʥʦʾ ʧʽʚʦʩʽ.  ɯʥʰʽ ʤʝ-

ʞʦʚʽ ʫʤʦʚʠ ʥʝ ʜʘʁ ʪʴ ʥʝʥʫʣʴʦʚʠʭ ʨʦʟʚ'ʷʟʢʽʚ. 

 ɯʩʥʫʻ ʧʝʚʥʘ ʘʥʘʣʦʛʽʷ ʤʽʞ ʪʨʠʛʦʥʦʤʝʪʨʠʯʥʠʤʠ ʬʫʥʢʮʽʷʤʠ ʽ ʬʫʥʢʮʽʷʤʠ ɹʝʩʝʣʷ 

(ʅʝʡʤʘʥʘ, ɻʘʥʢʝʣʷ). ʆʙʠʜʚʘ ʢʣʘʩʠ ʩʢʣʘʜʘʶʪʴʩʷ ʟ ʦʩʮʠʣʶʶʯʠʭ ʬʫʥʢʮʽʡ ʽ ʜʣʷ ʜʽʡʩʥʠʭ 

ʟʥʘʯʝʥʴ ʘʨʛʫʤʝʥʪʽʚ ʻ ʦʙʤʝʞʝʥʠʤʠ, ʟʦʢʨʝʤʘ: 

1)( ¢xJn ,    0²n ,             2/1)( ¢xJn ,    1²n . 
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ʄʘʣʶʥʦʢ 19. ɻʨʘʬʽʢʠ ʬʫʥʢʮʽʡ ʅʦʡʤʘʥʘ ʮʽʣʦʛʦ ʧʦʨʷʜʢʫ 

ɸʣʝ ʻ ʽ ʙʘʛʘʪʦ ʨʦʟʙʽʞʥʦʩʪʝʡ. ʊʨʠʛʦʥʦʤʝʪʨʠʯʥʽ ʩʠʥʫʩ ʽ ʢʦʩʠʥʫʩ ʦʧʠʩʫʶʪʴ ʢʦʣʠʚʘʥʥʷ ʟ 

ʩʪʘʣʦʶ ʘʤʧʣʽʪʫʜʦʶ, ʘ  ʬʫʥʢʮʽʾ ɹʝʩʝʣʷ - ʟʘʪʫʭʘʶʯʽ ʢʦʣʠʚʘʥʥʷ. ʂʨʽʤ ʪʦʛʦ ʬʫʥʢʮʽʡ ɹʝʩʝʣʷ 

ʽʩʥʫʻ ʥʝʩʢʽʥʯʝʥʥʦ ʙʘʛʘʪʦ.  

 

1.9.ɻʽʧʝʨʛʝʦʤʝʪʨʠʯʥʽ ʬʫʥʢʮʽʾ 
 

ɻʽʧʝʨʛʝʦʤʝʪʨʠʯʥʝ ʨʽʚʥʷʥʥʷ ʤʘʻ ʚʠʛʣʷʜ 
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2

2

d f(z) df(z)
z(1-z) [ ( 1)z] f(z) 0

dzdz
g a b ab+ + + + - = . 

ɺʦʥʦ ʤʘʻ ʜʚʽ ʦʩʦʙʣʠʚʽ ʪʦʯʢʠ ʫ ʩʢʽʥʯʝʥʽʡ ʯʘʩʪʠʥʽ ʢʦʤʧʣʝʢʩʥʦʾ ʧʣʦʱʠʥʠ 0=z  ʪʘ 

1=z . gba ,,  - ʜʦʚʽʣʴʥʽ ʩʪʘʣʽ, ʱʦ, ʫ ʟʘʛʘʣʴʥʦʤʫ ʚʠʧʘʜʢʫ, ʤʦʞʫʪʴ ʧʨʠʡʤʘʪʠ ʜʦʚʽ-

ʣʴʥʽ ʢʦʤʧʣʝʢʩʥʽ ʟʥʘʯʝʥʥʷ. ɰʭ ʢʦʥʢʨʝʪʥʽ ʟʥʘʯʝʥʥʷ ʚʠʟʥʘʯʘʶʪʴʩʷ ʪʠʧʦʤ ʤʝʞʦʚʠʭ ʫʤʦʚ. 

ɼʣʷ ʜʝʷʢʠʭ ʟ ʥʠʭ ʥʝʥʫʣʴʦʚʽ ʨʦʟʚ'ʷʟʢʠ ʨʽʚʥʷʥʥʷ ʽʩʥʫʁ ʪʴ ʣʠʰʝ ʜʣʷ ʧʝʚʥʠʭ ʟʥʘʯʝʥʴ ʮʠʭ 

ʩʪʘʣʠʭ. ʈʦʟʚ'ʷʟʦʢ ʨʽʚʥʷʥʥʷ ʜʦʮʽʣʴʥʦ ʰʫʢʘʪʠ ʫ ʚʠʛʣʷʜʽ ʜʚʦʭ ʩʪʝʧʝʥʝʚʠʭ ʨʷʜʽʚ, ʧʦʙʫʜʦ-

ʚʘʥʠʭ ʚ ʦʢʦʣʽ ʧʦʯʘʪʢʫ ʢʦʦʨʜʠʥʘʪ ʪʘ ʥʝʩʢʽʥʯʝʥʥʦ ʚʽʜʜʘʣʝʥʦʾ ʪʦʯʢʠ. ʇʦʯʥʝʤʦ ʟ ʢʦʣʘ ʦʜʠ-

ʥʠʯʥʦʛʦ ʨʘʜʽʫʩʘ ʟ ʮʝʥʪʨʦʤ ʫ ʧʦʯʘʪʢʫ ʢʦʦʨʜʠʥʘʪ. ʇʝʨʝʚʽʨʠʤʦ ʟ ʧʦʯʘʪʢʫ, ʯʠ ʽʩʥʫʻ ʨʦʟʚ'ʷ-

ʟʦʢ ʨʽʚʥʷʥʥʷ, ʜʣʷ ʷʢʦʛʦ ʧʦʯʘʪʦʢ ʢʦʦʨʜʠʥʘʪ ʥʝ ʻ ʦʩʦʙʣʠʚʦʶ ʪʦʯʢʦʶ, ʪʦʙʪʦ ʙʫʜʝʤʦ ʰʫ-

ʢʘʪʠ ʨʦʟʚ'ʷʟʦʢ ʫ ʚʠʛʣʷʜʽ ʨʷʜʫ ʊʝʡʣʦʨʘ 

ä
¤

=

=
0

)(
n

n
nzczf . 

ʊʘʢʦʤʫ ʨʷʜʫ ʚʽʜʧʦʚʽʜʘʻ ʫʤʦʚʘ ʫ ʧʦʯʘʪʢʫ ʢʦʦʨʜʠʥʘʪ, ʱʦ ʚʠʟʥʘʯʘʻ ʮʶ ʪʦʯʢʫ ʷʢ ʟʚʠʯʘʡʥʫ 

ʪʦʯʢʫ ʨʦʟʚ'ʷʟʢʫ, ʪʘ ʫ ʤʦʚʘ ʫ ʥʝʩʢʽʥʯʝʥʥʦ ʚʽʜʜʘʣʝʥʽʡ ʪʦʯʮʽ, ʱʦ ʚʠʟʥʘʯʘʻ ʮʶ ʪʦʯʢʫ ʷʢ 

ʩʫʪʪʻʚʦ ʦʩʦʙʣʠʚʫ. 

ʗʢʱʦ ʪʘʢʠʡ ʨʦʟʚ'ʷʟʦʢ ʥʝ ʟʥʘʡʜʝʪʴʩʷ, ʪʦ ʥʘʩʪʫʧʥʠʤ ʧʨʠʧʫʱʝʥʥʷʤ ʙʫʜʝ ʪʝ, ʱʦ 

ʧʦʯʘʪʦʢ ʢʦʦʨʜʠʥʘʪ ʻ ʧʦʣʶʩʦʤ ʩʢʽʥʯʝʥʦʛʦ ʘʙʦ ʥʝʩʢʽʥʯʝʥʦʛʦ ʧʦʨʷʜʢʫ ʨʦʟʚ'ʷʟʢʫ, ʪʦʙʪʦ 

ʰʫʢʘʪʠʤʝʤʦ ʨʦʟʚ'ʷʟʦʢ ʫ ʚʠʛʣʷʜʽ ʨʷʜʫ ʃʦʨʘʥʘ ʽ ʪ.ʧ.  

 ʇʽʩʣʷ ʧʽʜʩʪʘʥʦʚʢʠ ʨʷʜʫ ʊʝʡʣʦʨʘ ʫ ʛʽʧʝʨʛʝʦʤʝʪʨʠʯʥʝ ʨʽʚʥʷʥʥʷ ʚʦʥʦ ʥʘʙʝʨʝ ʚʠ-

ʛʣʷʜʫ 
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0=- ä
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ʎʝ ʨʽʚʥʷʥʥʷ ʟʨʫʯʥʦ, ʧʽʩʣʷ ʟʘʥʝʩʝʥʥʷ ʤʥʦʞʥʠʢʽʚ ʧʽʜ ʟʥʘʢʠ ʩʫʤʠ ʽ ʚʽʜʧʦʚʽʜʥʦʾ ʟʘʤʽʥʠ ʽʥ-

ʜʝʢʩʽʚ ʩʫʤʫʚʘʥʥʷ, ʟʘʧʠʩʘʪʠ ʫ ʥʘʩʪʫʧʥʦʤʫ ʚʠʛʣʷʜʽ 

{ } 0])1()1([))(1(
0

1 =++++--++ä
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+
n

n

nn zcnnncnn abbag  

ʘʙʦ 

0]))(())(1[(
0

1 =++-++ä
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+
n

n

nn zcnncnn bag . 

ʆʩʢʽʣʴʢʠ ʩʪʝʧʝʥʝʚʽ ʬʫʥʢʮʽʾ ʣʽʥʽʡʥʦ ʥʝʟʘʣʝʞʥʽ, ʪʦ ʾʭ ʣʽʥʽʡʥʘ ʢʦʤʙʽʥʘʮʽʷ ʜʦʨʚ̔ʥʶʻ ʥʫʣʶ 

ʣʠʰʝ ʫ ʚʠʧʘʜʢʫ, ʢʦʣʠ ʚʩʽ ʢʦʝʬʽʮʽʻʥʪʠ ʮʽʻʾ ʣʽʥʽʡʥʦʾ ʢʦʤʙʽʥʘʮʽʾ ʜʦʨʽʚʥʶʶʪʴ ʥʫʣʶ, ʪʦʙʪʦ 

0))(())(1(
1

=++-++
+ nn

cnncnn bag           ,...2,1,0=n     . 

ʋ ʚʠʩʣʽʜʽ ʤʠ ʦʪʨʠʤʘʣʠ ʥʝʩʢʽʥʯʝʥʥʫ ʩʠʩʪʝʤʫ ʣʽʥʽʡʥʠʭ ʘʣʛʝʙʨʘʾʯʥʠʭ ʨʽʚʥʷʥʴ. ʋ ʨʦʟʛʦʨ-

ʥʫʪʦʤʫ ʚʠʛʣʷʜʽ ʚʦʥʘ ʙʫʜʝ ʪʘʢʦʶ: 

0
01
=- cc abg  , 
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0)1)(1()1(2
12
=++-+ cc bag  , 

0)2)(2()2(3
23
=++-+ cc bag  , 

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  , 

0))(())(1(
1

=++-++
+ nn

cnncnn bag  , 

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .   . 

ʂʦʞʥʝ ʨʽʚʥʷʥʥʷ ʮʽʻʾ ʩʠʩʪʝʤʠ ʧʦʚ'ʷʟʫʻ ʤʽʞ ʩʦʙʦʶ ʣʠʰʝ ʜʚʘ ʢʦʝʬʽʮʽʻʥʪʠ ʨʜ̫ʫ ʊʝʡʣʦʨʘ, 

ʽʥʜʝʢʩʠ ʷʢʠʭ ʚʽʜʨʽʟʥʷʶʪʴʩʷ ʤʽʞ ʩʦʙʦʶ ʥʘ 1. ʆʪʞʝ, ʚʩʽ ʢʦʝʬʽʮʽʻʥʪʠ ʤʦʞʫʪʴ ʙʫʪʠ ʚʠʨʘ-

ʞʝʥʠʤʠ ʯʝʨʝʟ ʢʦʝʬʽʮʽʻʥʪ 
0

c  ʥʘʩʪʫʧʥʠʤ ʯʠʥʦʤ 

)1)...(1(

)1)...(1()1)...(1(

!0
-++

-++-++
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n

nn

n
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n
ggg

bbbaaag
 . 

ʆʩʪʘʥʥʽʡ ʚʠʨʘʟ ʤʦʞʥʘ ʟʘʧʠʩʘʪʠ ʙʽʣʴʰ ʢʦʤʧʘʢʪʥʦ, ʷʢʱʦ ʚʠʢʦʨʠʩʪʘʪʠ ʥʘʩʪʫʧʥʫ ʚʣʘʩʪʠ-

ʚʽʩʪʴ ʛʘʤʘ - ʬʫʥʢʮʽʾ 

)1)...(1()()( -++G=+G nn aaaaa  . 
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n  . 

ʎʷ ʚʣʘʩʪʠʚʽʩʪʴ ʛʘʤʘ-ʬʫʥʢʮʽʾ ʚʠʧʣʠʚʘʻ ʟ ʾʾ ʦʟʥʘʯʝʥʥʷ. ɼʽʡʩʥʦ, ʦʩʢʣ̔ʴʢʠ 

1

0

( ) t exp(- t)dtaa

¤

-G =ñ  , 

ʪʦ ʽʥʪʝʛʨʫʶʯʠ ʮʝʡ ʚʠʨʘʟ ʯʘʩʪʠʥʘʤʠ, ʦʜʝʨʞʫʻʤʦ 

)1(
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)exp(
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t  . 

ʇʨʦʜʦʚʞʫʶʯʠ ʽʥʪʝʛʨʫʚʘʥʥʷ ʯʘʩʪʠʥʘʤʠ n , ʤʠ ʽ ʦʜʝʨʞʠʤʦ ʥʘʚʝʜʝʥʝ ʚʠʱʝ ʩʧʽʚʚʽʜʥʦ-

ʰʝʥʥʷ ʤʽʞ ʨʽʟʥʠʤʠ ʛʘʤʘ - ʬʫʥʢʮʽʷʤʠ. 

 ʊʘʢʠʤ ʯʠʥʦʤ, ʢʦʝʬʽʮʽʻʥʪʠ ʨʷʜʫ ʊʝʡʣʦʨʘ ʤʦʞʥʘ ʟʘʧʠʩʘʪʠ ʫ ʚʠʛʣʷʜʽ 
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 ɿʥʘʡʜʝʥʠʡ ʥʘʤʠ ʨʦʟʚ'ʷʟʦʢ ʪʝʧʝʨ ʤʘʪʠʤʝ ʚʠʛʣʷʜ 
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 ʆʪʨʠʤʘʥʠʡ ʥʘʤʠ ʚʠʨʘʟ ʙʫʜʝ ʩʢʽʥʯʝʥʠʤ, ʚʠʭʦʜʷʯʠ ʟ ʚʣʘʩʪʠʚʦʩʪʝʡ ʛʘʤʘ - ʬʫʥʢʮʽʾ, 

ʣʠʰʝ ʫ ʚʠʧʘʜʢʫ, ʢʦʣʠ ,...2,1,0 --ģ  ɿ ʩʠʩʪʝʤʠ ʣʽʥʽʡʥʠʭ ʘʣʛʝʙʨʘʾʯʥʠʭ ʨʽʚʥʷʥʴ ʚʽʜ-

ʥʦʩʥʦ ʢʦʝʬʽʮʽʻʥʪʽʚ ʨʷʜʫ ʌʫʨ'ʻ ʚʠʜʥʦ, ʱʦ ʜʣʷ 0=g ʢʦʝʬʽʮʽʻʥʪ ʨʷʜʫ 0
0
=c  , ʘ ʢʦʝʬʽ-
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ʮʽʻʥʪ 0
1
¸c  ʽ ʚʩʽ ʢʦʝʬʽʮʽʻʥʪʠ ʨʷʜʫ ʊʝʡʣʦʨʘ ʤʦʞʫʪʴ ʙʫʪʠ ʚʠʨʘʞʝʥʠʤʠ ʯʝʨʝʟ ʢʦʝʬʽʮʽ-

ʻʥʪ 
1

c . ʊʦʙʪʦ ʧʦʯʘʪʦʢ ʢʦʦʨʜʠʥʘʪ ʙʫʜʝ ʥʫʣʝʤ ʧʝʨʰʦʛʦ ʧʦʨʷʜʢʫ ʨʦʟʚ'ʷʟʢʫ. ɸʥʘʣʦʛʽʯʥʦ, 

ʷʢʱʦ 1-=g , ʪʦ ʧʦʯʘʪʦʢ ʢʦʦʨʜʠʥʘʪ ʙʫʜʝ ʥʫʣʝʤ ʜʨʫʛʦʛʦ ʧʦʨʷʜʢʫ ʨʦʟʚ'ʷʟʢʫ ʽ ʪ.ʧ. ʉʘʤʽ 

ʨʦʟʚ'ʷʟʢʠ ʤʦʞʫʪʴ ʙʫʪʠ ʟʥʘʡʜʝʥʽ ʫ ʮʠʭ ʚʠʧʘʜʢʘʭ ʘʥʘʣʦʛʽʯʥʦ ʧʦʧʝʨʝʜʥʴʦʤʫ. ʦʪʞʝ ʤʝʞʦʚʘ 

ʫʤʦʚʘ, ʱʦ ʧʦʣʷʛʘʻ ʚ ʪʦʤʫ, ʱʦ ʧʦʯʘʪʦʢ ʢʦʦʨʜʠʥʘʪ ʻ ʥʫʣʝʤ ʩʢʽʥʯʝʥʦʛʦ ʧʦʨʷʜʢʫ ʪʘʢʦʞ ʜʘʻ 

ʥʝʥʫʣʴʦʚʠʡ ʨʦʟʚ'ʷʟʦʢ ʛʽʧʝʨʛʝʦʤʝʪʨʠʯʥʦʛʦ ʨʽʚʥʷʥʥʷ.  

 ɿʥʘʡʜʝʥʠʡ ʥʘʤʠ ʨʦʟʚ'ʷʟʦʢ ʛʽʧʝʨʛʝʦʤʝʪʨʠʯʥʦʛʦ ʨʽʚʥʷʥʥʷ ʟ ʪʦʯʥʽʩʪʶ ʜʦ ʜʦʚʽʣʴʥʦʾ 

ʩʪʘʣʦʾ ʟʙʽʛʘʻʪʴʩʷ ʟ ʛʽʧʝʨʛʝʦʤʝʪʨʠʯʥʦʶ ʬʫʥʢʮʽʻʶ ʧʝʨʰʦʛʦ ʨʦʜʫ 
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ʉʪʝʧʝʥʝʚʠʡ ʨʷʜ ʜʣʷ ʛʽʧʝʨʛʝʦʤʝʪʨʠʯʥʦʾ ʬʫʥʢʮʽʾ ʟʙʽʛʘʻʪʴʩʷ ʘʙʩʦʣʶʪʥʦ ʽ ʨʽʚʥʦʤʽʨʥʦ ʫ 

ʢʨʫʟʽ ʦʜʠʥʠʯʥʦʛʦ ʨʘʜʽʫʩʘ ʟ ʮʝʥʪʨʦʤ ʫ ʧʦʯʘʪʢʫ ʢʦʦʨʜʠʥʘʪ. ɯʩʥʫʻ ʘʥʘʣʽʪʠʯʥʝ ʧʨʦʜʦʚʞʝʥ-

ʥʷ ʛʽʧʝʨʛʝʦʤʝʪʨʠʯʥʦʾ ʬʫʥʢʮʽʾ ʽ ʫ ʟʦʚʥʽʰʥʽʡ ʯʘʩʪʠʥʽ ʢʦʣʘ ʦʜʠʥʠʯʥʦʛʦ ʨʘʜʽʫʩʘ ʟ ʮʝʥʪʨʦʤ 

ʫ ʧʦʯʘʪʢʫ ʢʦʦʨʜʠʥʘʪ ʟ ʨʦʟʨʽʟʦʤ ʚʟʜʦʚʞ ʚʽʜʨʽʟʢʫ ʜʽʡʩʥʦʾ ʦʩʽ ),1( ¤ .  

 ʅʝʥʫʣʴʦʚʠʡ ʨʦʟʚ'ʷʟʦʢ ʤʦʞʣʠʚʠʡ ʽ ʫ ʪʦʤʫ ʚʠʧʘʜʢʫ, ʢʦʣʠ ʥʝʩʢʽʥʯʝʥʥʦ ʚʽʜʜʘʣʝʥʘ 

ʪʦʯʢʘ ʻ ʧʦʣʶʩʦʤ ʩʢʽʥʯʝʥʦʛʦ ʧʦʨʷʜʢʫ ʨʦʟʚ'ʷʟʢʫ. ʋ ʮʴʦʤʫ ʚʠʧʘʜʢʫ ʥʝʩʢʽʥʯʝʥʘ ʩʠʩʪʝʤʘ 

ʣʽʥʽʡʥʠʭ ʘʣʛʝʙʨʘʾʯʥʠʭ ʨʽʚʥʷʥʴ ʚʽʜʥʦʩʥʦ ʢʦʝʬʽʮʽʻʥʪʽʚ ʨʷʜʫ ʊʝʡʣʦʨʘ ʩʪʘʻ ʩʢʽʥʯʝʥʦʶ ʽ ʨʦ-

ʟʚ'ʷʟʢʦʤ, ʟʘʤʽʩʪʴ ʪʨʘʥʩʮʝʥʜʝʥʪʥʦʾ ʬʫʥʢʮʽʾ, ʙʫʜʝ ʧʦʣʽʥʦʤ ʚʽʜʧʦʚʽʜʥʦʛʦ ʧʦʨʷʜʢʫ. ʊʘʢʘ 

ʤʝʞʦʚʘ ʫʤʦʚʘ ʩʫʤʽʩʥʘ ʣʠʰʝ ʟ ʥʘʩʪʫʧʥʠʤʠ ʟʥʘʯʝʥʥʷʤʠ ʩʪʘʣʠʭ ba, : 

,...2,1,0 --=a  ʘʙʦ ,...2,1,0 --=b  

ʐʽʩʪʴ ʬʫʥʢʮʽʡ: ),,,1( zF gba° , ),,1,( zF gba ° , 

),1,,( zF °gba  - ʥʘʟʠʚʘʶʪʴʩʷ ʩʫʤʽʞʥʠʤʠ ʟ ʬʫʥʢʮʽʻʶ ),,,( zF gba . ʄʽʞ 

ʥʠʤʠ ʽʩʥʫʶʪʴ ʥʘʩʪʫʧʥʽ ʟʘʣʝʞʥʦʩʪʽ: 

F( , 1, ,z) ( )zF( , , 1,z) F( 1, , ,z)g a b g a b a b g g a b g- = - + = -  . 

ɯʩʥʫʻ ʥʘʩʪʫʧʥʘ ʬʦʨʤʫʣʘ ʜʠʬʝʨʝʥʮʽʶʚʘʥʥʷ ʛʽʧʝʨʛʝʦʤʝʪʨʠʯʥʦʾ ʬʫʥʢʮʽʾ 
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 ʗʢ ʽ ʙʘʛʘʪʴʦʭ ʽʥʰʠʭ ʚʠʧʘʜʢʘʭ, ʥʘʡʩʢʣʘʜʥʽʰʫ ʧʨʦʙʣʝʤʫ ʩʪʘʥʦʚʠʪʴ ʧʦʰʫʢ ʜʨʫʛʦʛʦ 

ʣʽʥʽʡʥʦ ʥʝʟʘʣʝʞʥʦʛʦ ʨʦʟʚ'ʷʟʢʫ ʛʽʧʝʨʛʝʦʤʝʪʨʠʯʥʦʛʦ ʨʽʚʥʷʥʥʷ. ʆʯʝʚʠʜʥʦ ʜʣʷ ʥʴʦʛʦ ʧʦʯʘ-

ʪʦʢ ʢʦʦʨʜʠʥʘʪ ʧʦʚʠʥʝʥ ʙʫʪʠ ʦʩʦʙʣʠʚʦʶ ʪʦʯʢʦʶ, ʦʩʢʽʣʴʢʠ ʦʩʦʙʣʠʚʘ ʪʦʯʢʘ ʨʽʚʥʷʥʥʷ ʧʦ-

ʚʠʥʥʘ ʙʫʪʠ ʦʩʦʙʣʠʚʦʶ ʪʦʯʢʦʶ ʭʦʯʘ ʙ ʦʜʥʦʛʦ ʟ ʡʦʛʦ ʨʦʟʚ'ʷʟʢʽʚ. ʆʜʥʠʤ ʟ ʩʧʦʩʦʙʽʚ ʨʦʟʚ'ʷ-

ʟʘʥʥʷ ʮʽʻʾ ʟʘʜʘʯʽ ʻ ʚʠʢʦʨʠʩʪʘʥʥʷ ʨʷʜʫ ʇʶʽʟʴʦ. ɯʥʰʠʤ - ʧʦʰʫʢ ʨʦʟʚ'ʷʟʢʫ ʫ ʥʘʩʪʫʧʥʦʤʫ 

ʚʠʛʣʷʜʽ 

)()1()( zzzzf jor -= , 

ʜʝ ʨʦʟʚ'ʷʟʦʢ ʨʽʚʥʷʥʥʷ ʜʣʷ ʬʫʥʢʮʽʾ )(zj  ʚʞʝ ʥʝ ʙʫʜʝ ʤʽʩʪʠʪʠ ʦʩʦʙʣʠʚʦʩʪʽ ʫ ʧʦʯʘʪʢʫ 

ʢʦʦʨʜʠʥʘʪ. ʇʨʠ ʮʴʦʤʫ ʚʠʷʚʣʷʻʪʴʩʷ, ʱʦ 
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),',','()( zFz gbaj =  . 

ʊʫʪ ʩʪʘʣʽ srgba ,,',','  - ʣʽʥʽʡʥʠʤ ʯʠʥʦʤ ʧʦʚ'ʷʟʘʥʽ ʟ ʩʪʘʣʠʤʠ gba ,, . ɺʩʴʦʛʦ 

ʽʩʥʫʻ 24 ʨʦʟʚ'ʷʟʢʠ, ʱʦ ʚʽʜʧʦʚʽʜʘʶʪʴ ʨʽʟʥʠʤ ʟʘʟʥʘʯʝʥʠʤ ʣʽʥʽʡʥʠʤ ʢʦʤʙʽʥʘʮʽʷʤ. ʆʜʠʥ ʟ 

ʥʠʭ ʙʫʜʝ ʪʘʢʠʤ 
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ʎʷ ʬʫʥʢʮʽʷ ʥʘʟʠʚʘʻʪʴʩʷ ʛʽʧʝʨʛʝʦʤʝʪʨʠʯʥʦʶ ʬʫʥʢʮʽʻʶ ʜʨʫʛʦʛʦ ʨʦʜʫ ʽ ʤʘʻ ʫ ʧʦʯʘʪʢʫ ʢʦ-

ʦʨʜʠʥʘʪ ʪʦʯʢʫ ʨʦʟʛʘʣʫʞʝʥʥʷ k - ʛʦ ʧʦʨʷʜʢʫ, ʷʢʘ ʤʦʞʝ ʦʜʥʦʯʘʩʥʦ ʙʫʪʠ ʽ ʧʦʣʶʩʦʤ m  - 

ʛʦ ʧʦʨʷʜʢʫ, ʷʢʱʦ km /=g  . 

 ɺʩʽ ʝʣʝʤʝʥʪʘʨʥʽ, ʪʘ ʙʘʛʘʪʦ ʩʧʝʮʽʘʣʴʥʠʭ ʬʫʥʢʮʽʡ ʙʝʟʧʦʩʝʨʝʜʥʴʦ ʚʠʨʘʞʘʶʪʴʩʷ ʯʝ-

ʨʝʟ ʛʽʧʝʨʛʝʦʤʝʪʨʠʯʥʫ ʬʫʥʢʮʽʶ, ʘ ʩʘʤʝ: 
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ɻʣʘʚʘ 2.ɿʘʜʘʯʘ ʐʪʫʨʤʘ ï ʃʽʫʚʽʣʷ 
 

 ʄʝʞʦʚʽ ʫʤʦʚʘ ʫ ʥʝʩʢʽʥʯʝʥʥʦ ʚʽʜʜʘʣʝʥʽʡ ʪʦʯʮʽ ʪʘ ʽʥʰʠʭ ʦʩʦʙʣʠʚʠʭ 

ʪʦʯʢʘʭ ʜʠʬʝʨʝʥʮʽʡʥʦʛʦ ʨʽʚʥʷʥʥʷ ʻ ʧʨʠʨʦʜʥʠʤʠ ʽ ʟʨʫʯʥʠʤʠ ʫ ʚʠʧʘʜʢʫ, ʢʦʣʠ 

ʤʠ ʰʫʢʘʻʤʦ ʨʦʟʚôʷʟʦʢ ʨʽʚʥʷʥʥʷ ʥʘ ʚʩʽʡ ʢʦʤʧʣʝʢʩʥʽʡ ʧʣʦʱʠʥʽ. ʉʘʤʝ ʮʽ ʤʝ-

ʞʦʚʽ ʫʤʦʚʠ ʜʦʟʚʦʣʷʶʪʴ ʟʥʘʡʪʠ ʽ ʟʘʛʘʣʴʥʠʡ ʨʦʟʚôʷʟʦʢ ʚʽʜʧʦʚʽʜʥʦʛʦ ʨʽʚʥʷʥ-

ʥʷ. ʆʩʪʘʥʥʽʡ ʤʽʩʪʠʪʴ ʽʥʬʦʨʤʘʮʽʶ ʣʠʰʝ ʧʨʦ ʜʠʬʝʨʝʥʮʽʡʥʝ ʨʽʚʥʷʥʥʷ. ʅʝ 

ʤʝʥʰ ʚʘʞʣʠʚʠʤ ʻ ʚʠʧʘʜʦʢ, ʢʦʣʠ ʥʘʩ ʮʽʢʘʚʠʪʴ ʨʦʟʚôʷʟʦʢ ʨʽʚʥʷʥʥʷ ʥʘ  ʚʽʜʨʽ-

ʟʢʫ ʜʽʡʩʥʦʾ ʦʩʽ. ʊʫʪ ʤʠ ʟʤʫʰʝʥʽ ʟʘʜʘʚʘʪʠ ʤʝʞʦʚʽ ʫʤʦʚʠ ʚʞʝ ʥʘ ʤʝʞʘʭ ʚʽʜʨʽ-

ʟʢʫ. ʋ ʪʘʢʽʡ ʩʠʪʫʘʮʽʾ ʤʠ ʤʦʞʝʤʦ ʚʠʢʦʨʠʩʪʘʪʠ ʟʥʘʡʜʝʥʠʡ ʟʘʛʘʣʴʥʠʡ ʨʦʟʚ'ʷ-

ʟʦʢ ʨʽʚʥʷʥʥʷ ʨʘʟʦʤ ʟ ʟʘʟʥʘʯʝʥʠʤʠ ʤʝʞʦʚʠʤʠ ʫʤʦʚʘʤʠ. ɸʥʘʣʦʛʽʯʥʠʡ ʧʽʜʭʽʜ 

ʤʦʞʣʠʚʠʡ ʽ ʜʦ ʙʘʛʘʪʦʚʠʤʽʨʥʦʾ ʤʝʞʦʚʦʾ ʟʘʜʘʯʽ. 

 ɺʝʣʠʢʘ ʢʽʣʴʢʽʩʪʴ ʤʝʞʦʚʠʭ ʟʘʜʘʯ ʤʘʪʝʤʘʪʠʯʥʦʾ ʬʽʟʠʢʠ ʤʘʻ ʬʫʥʜʘʤʝʥ-

ʪʘʣʴʥʫ ʩʧʦʨʽʜʥʝʥʽʩʪʴ. ʎʷ ʩʧʦʨʽʜʥʝʥʽʩʪʴ ʜʦʟʚʦʣʷʻ ʨʦʟʛʣʷʜʘʪʠ ʾʭ ʷʢ ʯʘʩʪʠʥʥʽ 

ʚʠʧʘʜʢʠ ʙʽʣʴʰ ʟʘʛʘʣʴʥʠʭ ʤʝʞʦʚʠʭ ʟʘʜʘʯ. ʈʦʟʛʣʷʜ  ʦʩʪʘʥʥʽʭ ʜʦʟʚʦʣʷʻ ʜʦʩʣʽ-

ʜʠʪʠ ʚʣʘʩʪʠʚʦʩʪʽ ʨʦʟʚ'ʷʟʢʽʚ ʮʽʣʦʛʦ ʢʣʘʩʫ ʩʧʦʨʽʜʥʝʥʠʭ ʨʽʚʥʷʥʴ ʙʝʟ ʾʭ ʢʦʥʢ-

ʨʝʪʥʦʛʦ ʨʦʟʚ'ʷʟʢʫ. ʆʜʥʽʻʶ ʟ ʥʘʡʙʽʣʴʰ ʧʨʦʩʪʠʭ ʽ, ʦʜʥʦʯʘʩʥʦ, ʥʘʡʙʽʣʴʰ ʫʥʽ-

ʚʝʨʩʘʣʴʥʠʭ ʽ  ʚʘʞʣʠʚʠʭ ʻ ʟʘʜʘʯʘ ʐʪʫʨʤʘ -ʃʽʫʚʽʣʷ.  
 

2.1.ʆʜʥʦʚʠʤʽʨʥʘ ʢʣʘʩʠʯʥʘ ʟʘʜʘʯʘ ʐʪʫʨʤʘ-ʃʽʫʚʽʣʷ 
 

 ʆʩʦʙʣʠʚʠʡ ʽʥʪʝʨʝʩ ʩʪʘʥʦʚʠʪʴ ʚʠʧʘʜʦʢ, ʢʦʣʠ ʩʧʝʢʪʨ ʚʣʘʩʥʠʭ ʯʠʩʝʣ 

ʜʠʬʝʨʝʥʮʽʡʥʠʭ ʨʽʚʥʷʥʴ ʩʪʘʻ ʜʠʩʢʨʝʪʥʠʤ ʽ ʥʝʩʢʽʥʯʝʥʥʠʤ. ʉʘʤʝ ʤʝʞʦʚʽ 

ʫʤʦʚʠ ʥʘ ʢʽʥʮʷʭ ʩʢʽʥʯʝʥʦʛʦ ʚʽʜʨʽʟʢʫ ʧʝʨʝʪʚʦʨʶʶʪʴ ʥʝʧʝʨʝʨʚʥʠʡ ʩʧʝʢʪʨ 

ʚʣʘʩʥʠʭ ʯʠʩʝʣ ʫ ʜʠʩʢʨʝʪʥʠʡ. ʊʠʧʦʚʦʶ ʟʘʜʘʯʝʶ, ʱʦ ʨʦʟʛʣʷʜʘʻ ʩʘʤʝ ʦʙʛʦʚʦ-

ʨʶʚʘʥʫ ʚʠʱʝ ʩʠʪʫʘʮʽʶ, ʻ ʢʣʘʩʠʯʥʘ ʟʘʜʘʯʘ ʐʪʫʨʤʘ -ʃʽʫʚʽʣʷ. ɺʦʥʘ ʟʚʦʜʠʪʴ-

ʩʷ ʜʦ ʨʦʟʚ'ʷʟʘʥʥʷ ʥʘʩʪʫʧʥʦʛʦ ʟʚʠʯʘʡʥʦʛʦ ʣʽʥʽʡʥʦʛʦ ʦʜʥʦʨʽʜʥʦʛʦ ʜʠʬʝʨʝʥ-

ʮʽʡʥʦʛʦ ʨʽʚʥʷʥʥʷ ʜʨʫʛʦʛʦ ʧʦʨʷʜʢʫ 

Lf(x) (x)f(x) 0lr
Ø

+ = , 

ʜʝ ʣʽʥʽʡʥʠʡ ʦʧʝʨʘʪʦʨ 

Ø

L  ʤʘʻ ʚʠʛʣʷʜ: 

dd
L= k(x) -q(x)

dxdx

Ø è ø
é ù
é ù
ê ú

. 

ʊʫʪ  )(xk , )(xq , )(xr  - ʬʫʥʢʮʽʾ, ʥʝʧʝʨʝʨʚʥʽ ʥʘ ʧʨʦʤʽʞʢʫ [ ]ba, , ʜʝ ʰʫʢʘ-

ʻʪʴʩʷ ʨʦʟʚ'ʷʟʦʢ. ʂʨʽʤ ʪʦʛʦ, 0)( >xk , 0)( ²xq , 0)( >xr . ʅʝʧʝʨʝʨʚʥʽʩʪʴ 

ʬʫʥʢʮʽʾ ʨʘʟʦʤ ʟ ʾʾ ʧʝʨʰʦʶ ʪʘ ʜʨʫʛʦʶ ʧʦʭʽʜʥʠʤʠ ʚʠʤʘʛʘʻʪʴʩʷ  ʽ ʚʽʜ ʬʫʥʢʮʽʾ 

)(xf . ʆʩʪʘʥʥʻ ʦʟʥʘʯʘʻ, ʱʦ ʮʷ ʬʫʥʢʮʽʷ ʻ ʝʣʝʤʝʥʪʦʤ ʣʽʥʽʡʥʦʛʦ ʬʫʥʢʮʽʡʥʦ-

ʛʦ ʧʨʦʩʪʦʨʫ [ ]baC ,
2

. 
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 ɽʣʝʤʝʥʪʘʨʥʽ, ʪʘ ʙʘʛʘʪʦ ʩʧʝʮʽʘʣʴʥʠʭ ʬʫʥʢʮʽʡ ʻ ʨʦʟʚ'ʷʟʢʘʤʠ ʨʽʚʥʷʥʴ, 

ʱʦ ʥʘʣʝʞʘʪʴ ʩʘʤʝ ʜʦ ʪʘʢʦʛʦ ʪʠʧʫ. ʊʘʢ, ʜʣʷ 1)( =xk , 0)( =xq , 1)( =xr  

ʤʠ ʦʜʝʨʞʫʻʤʦ ʨʽʚʥʷʥʥʷ 

0)(
)(

2

2

=+ xf
dx

xfd
l , 

ʨʦʟʚ'ʷʟʢʘʤʠ ʷʢʦʛʦ ʻ ʪʨʠʛʦʥʦʤʝʪʨʠʯʥʽ, ʛʽʧʝʨʙʦʣʽʯʥʽ ʪʘ ʧʦʢʘʟʥʠʢʦʚʽ ʬʫʥʢʮʽʾ.  

ɼʣʷ xxk =)( , xxq /)( 2a= , xx =)(r  ʤʠ ʦʜʝʨʞʫʻʤʦ ʨʽʚʥʷʥʥʷ ɹʝ-

ʩʝʣʷ 

0)()(
)( 22 =-+
ù
ù

ú

ø

é
é

ê

è
xfx

dx
xdf

x
dx
dx al , 

ʘʙʦ 

0)()(
)()( 22

2

2
2 =-++ xfx

dx
xdf

x
dx

xfd
x al . 

ɼʣʷ 21)( xxk -= , 0)( =xq , 1)( =xr  ʤʠ ʦʜʝʨʞʫʻʤʦ ʨʽʚʥʷʥʥʷ ʃʝ-

ʞʘʥʜʨʘ 

0)(
)(

)1( 2 =+-
ù
ù

ú

ø

é
é

ê

è
xf

dx
xdf

x
dx
d l , 

ʘʙʦ 

0)(
)(

2
)(

)1(
2

2
2 =+- - xf

dx
xdf

x
dx

xfd
x l . 

ɼʣʷ 21)( xxk -= , )1/()( 22 xxq -=a , 1)( =xr  ʤʠ ʦʜʝʨʞʫʻʤʦ ʨʽ-

ʚʥʷʥʥʷ ʜʣʷ ʧʨʠʻʜʥʘʥʠʭ ʬʫʥʢʮʽʡ ʪʘ ʧʦʣʽʥʦʤʽʚ ʃʝʞʘʥʜʨʘ. 

0)(
1

)(
)1(

2

2

2 =
ö
ö

÷

õ

æ
æ

ç

å

-
-+-

ù
ù

ú

ø

é
é

ê

è
xf

xdx
xdf

x
dx
d a

l , 

ʘʙʦ 

0)(
1

)(
2

)(
)1(

2

2

2

2
2 =

ö
ö

÷

õ

æ
æ

ç

å

-
-+- - xf

xdx
xdf

x
dx

xfd
x

a
l . 

ɼʣʷ )exp()( 2xxk -= , 0)( =xq , )exp()( 2xx -=r  ʤʠ ʦʜʝʨʞʫʻ-

ʤʦ ʨʽʚʥʷʥʥʷ ɽʨʤʽʪʘ 

0)()exp(
)(

)exp( 22 =-+ù
ú

ø
é
ê

è
- xfx

dx

xdf
x

dx

d
l , 

ʘʙʦ 
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0)(
)(

2
)(

2

2

=+- xf
dx

xdf
x

dx

xfd
l  

ɼʣʷ )exp()( xxxk -= , 0)( =xq , )exp()( xx -=r  ʤʠ ʦʜʝʨʞʫʻʤʦ 

ʨʽʚʥʷʥʥʷ ʃʘʛʝʨʘ 

0)()exp(
)(

)exp( =-+ù
ú

ø
é
ê

è
- xfx

dx

xdf
xx

dx

d
l , 

ʘʙʦ 

0)(
)(

)1(
)(

2

2

=+-+ xf
dx

xdf
x

dx

xfd
x l  . 

 ɿʘʫʚʘʞʠʤʦ, ʱʦ ʜʘʣʝʢʦ ʥʝ ʚʩʽ ʚʽʜʦʤʽ ʨʽʚʥʷʥʥʷ ʥʘʣʝʞʘʪʴ ʜʦ ʪʠʧʫ ʨʽʚ-

ʥʷʥʥʷ ʐʪʫʨʤʘ-ʃʽʫʚʽʣʷ, ʅʘʧʨʠʢʣʘʜ,  ʨʽʚʥʷʥʥʷ ʏʝʙʠʰʝʚʘ, ʱʦ ʤʘʻ ʚʠʛʣʷʜ, 

ʙʣʠʟʢɹʠʡ ʜʦ ʚʠʛʣʷʜʫ ʨʽʚʥʷʥʥʷ ʃʝʞʘʥʜʨʘ 

0)(
)()(

)1(
2

2
2 =+- - xf

dx
xdf

x
dx

xfd
x l  ,  

ʘʙʦ ʨʽʚʥʷʥʥʷ ʜʣʷ ʫʟʘʛʘʣʴʥʝʥʠʭ ʬʫʥʢʮʽʡ ʪʘ ʧʦʣʽʥʦʤʽʚ ʃʘʛʝʨʘ 

0)()(
)(

)1(
)(

2

2

=-+-++ xf
dx

xdf
x

dx

xfd
ala . 

ʈʽʚʥʷʥʥʷ ʐʪʫʨʤʘ-ʃʽʫʚʽʣʷ ʜʦʟʚʦʣʷʻ ʜʦʩʣʽʜʞʝʥʥʷ ʚʣʘʩʪʠʚʦʩʪʝʡ ʡʦʛʦ 

ʨʦʟʚ'ʷʟʢʽʚ ʙʝʟ ʢʦʥʢʨʝʪʥʦʛʦ ʾʭ ʟʥʘʭʦʜʞʝʥʥʷ. ʆʯʝʚʠʜʥʦ, ʱʦ ʮʽ ʚʣʘʩʪʠʚʦʩʪʽ  

ʟʘʣʝʞʘʪʴ ʥʝ ʪʽʣʴʢʠ ʚʽʜ ʨʽʚʥʷʥʥʷ, ʘʣʝ ʽ ʚʽʜ ʤʝʞʦʚʠʭ ʫʤʦʚ ʥʘ ʢʽʥʮʷʭ ʚʽʜʨʽʟʢʫ, 

ʜʝ ʰʫʢʘʻʪʴʩʷ ʨʦʟʚ'ʷʟʦʢ. ʋ ʢʣʘʩʠʯʥʽʡ ʟʘʜʘʯʽ ʐʪʫʨʤʘ-ʃʽʫʚʽʣʷ ʚ ʷʢʦʩʪʽ ʪʘʢʠʭ 

ʫʤʦʚ ʙʝʨʫʪʴʩʷ ʦʜʥʦʨʽʜʥʽ ʤʝʞʦʚʽ ʫʤʦʚʠ ʪʨʝʪʴʦʛʦ ʨʦʜʫ, ʘ ʩʘʤʝ: 

0)(
)(

21
=+ af

dx
adf gg ,          0)(

)(
21

=+ bf
dx

bdf
gg , 

ʜʝ 
21

,gg  - ʜʦʚʽʣʴʥʽ ʩʪʘʣʽ. 

 ʅʘʛʘʜʘʻʤʦ, ʱʦ ʤʝʞʦʚʽ ʫʤʦʚʠ ʧʝʨʰʦʛʦ ʪʘ ʜʨʫʛʦʛʦ ʨʦʜʽʚ ʻ ʯʘʩʪʠʥʥʠʤʠ 

ʚʠʧʘʜʢʘʤʠ ʤʝʞʦʚʠʭ ʫʤʦʚ ʪʨʝʪʴʦʛʦ ʨʦʜʫ. ʇʝʨʰʽ ʤʘʶʪʴ ʚʠʛʣʷʜ 

0)( =af ,           0)( =bf . 

ɰʤ ʚʽʜʧʦʚʽʜʘʻ ʚʠʧʘʜʦʢ, ʢʦʣʠ 0
1
=g . ɼʨʫʛʽ ʤʘʶʪʴ ʚʠʛʣʷʜ 

0
)(
=

dx
adf

,          0
)(
=

dx
bdf

, 

ʾʤ ʚʽʜʧʦʚʽʜʘʻ ʚʠʧʘʜʦʢ, ʢʦʣʠ 0
2
=g  

 ʇʨʠ ʥʘʷʚʥʦʩʪʽ ʤʝʞʦʚʠʭ ʫʤʦʚ ʟʘʜʘʯʘ ʐʪʫʨʤʘ-ʃʽʫʚʽʣʷ ʤʘʪʠʤʝ ʥʝʥʫ-

ʣʴʦʚʽ ʨʦʟʚ'ʷʟʢʠ ʣʠʰʝ ʟʘ ʧʝʚʥʠʭ ʟʥʘʯʝʥʴ ʢʦʝʬʽʮʽʻʥʪʘ l ʨʽʚʥʷʥʥʷ ʐʪʫʨʤʘ- 

ʃʽʫʚʽʣʷ. ʊʘʢʽ ʟʥʘʯʝʥʥʷ ʮʴʦʛʦ ʢʦʝʬʽʮʽʻʥʪʘ ʥʘʟʠʚʘʶʪʴʩʷ ʚʣʘʩʥʠʤʠ ʯʠʩʣʘʤʠ 
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ʟʘʜʘʯʽ ʐʪʫʨʤʘ-ʃʽʫʚʽʣʷ, ʘ ʚʽʜʧʦʚʽʜʥʽ ʾʤ ʥʝʥʫʣʴʦʚʽ ʨʦʟʚ'ʷʟʢʠ - ʚʣʘʩʥʠʤʠ ʬʫ-

ʥʢʮʽʷʤʠ ʮʽʻʾ ʟʘʜʘʯʽ.  

 ɼʣʷ ʥʘʚʝʜʝʥʠʭ ʚʠʱʝ ʤʝʞʦʚʠʭ ʫʤʦʚ, ʪʘ ʫʤʦʚ, ʷʢʠʤ ʟʘʜʦʚʦʣʴʥʷʶʪʴ 

ʢʦʝʬʽʮʽʻʥʪʠ ʨʽʚʥʷʥʥʷ ʐʪʫʨʤʘïʃʽʫʚʽʣʷ, ʚʽʨʥʽ ʥʘʩʪʫʧʥʽ ʪʝʦʨʝʤʠ. 

 ʊʝʦʨʝʤʘ 1. ɯʩʥʫʻ ʥʝʩʢʽʥʯʝʥʥʘ (ʟʣʽʯʝʥʘ) ʤʥʦʞʠʥʘ ʚʣʘʩʥʠʭ ʯʠʩʝʣ 

{}nl , ,...2,1=n  ʪʘ ʚʣʘʩʥʠʭ ʬʫʥʢʮʽʡ {}nf  ʟʘʜʘʯʽ ʐʪʫʨʤʘ-ʃʽʫʚʽʣʷ. 

 ʊʝʦʨʝʤʘ 2 (ʪʝʦʨʝʤʘ ʧʨʦ ʨʦʟʢʣʘʜʥʽʩʪʴ). ɼʦʚʽʣʴʥʘ ʬʫʥʢʮʽʷ )(xF , ʥʝ-

ʧʝʨʝʨʚʥʘ ʥʘ ʧʨʦʤʽʞʢʫ [ ]ba,  ʨʘʟʦʤ ʟ ʩʚʦʻʶ ʧʝʨʰʦʶ ʧʦʭʽʜʥʦʶ, ʤʦʞʝ ʙʫʪʠ 

ʨʦʟʢʣʘʜʝʥʘ ʚ ʨʷʜ ʌʫʨ'ʻ ʟʘ ʚʣʘʩʥʠʤʠ ʬʫʥʢʮʽʷʤʠ ʟʘʜʘʯʽ ʐʪʫʨʤʘïʃʽʫʚʽʣʷ. 

ʎʝʡ ʨʷʜ ʟʙʽʛʘʻʪʴʩʷ ʘʙʩʦʣʶʪʥʦ ʽ ʨʽʚʥʦʤʽʨʥʦ ʥʘ [ ]ba, . 

 ʆʩʪʘʥʥʻ ʦʟʥʘʯʘʻ, ʱʦ ʚʣʘʩʥʽ ʬʫʥʢʮʽʾ ʟʘʜʘʯʽ ʐʪʫʨʤʘ-ʃʽʫʚʽʣʷ ʫʪʚʦʨʶ-

ʶʪʴ ʙʘʟʠʩ ʚʽʜʧʦʚʽʜʥʦʛʦ ʣʽʥʽʡʥʦʛʦ ʬʫʥʢʮʽʡʥʦʛʦ ʧʨʦʩʪʦʨʫ, ʽ 

n n

n =1

(x) c f (x)
¤

F =ä  ,  

ʜʝ ʢʦʝʬʽʮʽʻʥʪʠ ʌʫʨ'ʻ  

ñF=
b

a

n

n

n
dxxfxx

f
c )()()(

1
2

r  . 

ʊʫʪ ʜʣʷ ʢʚʘʜʨʘʪʫ ʥʦʨʤʠ ʝʣʝʤʝʥʪʽʚ ʙʘʟʠʩʫ ʚʠʢʦʨʠʩʪʘʥʝ ʧʦʟʥʘʯʝʥʥʷ 

ñ=
b

a

nn dxxfxf )()(
22

r  . 

 

2.2.ʉʘʤʦʩʧʨʷʞʝʥʽʩʪʴ ʦʜʥʦʚʠʤʽʨʥʦʾ ʟʘʜʘʯʽ ʐʪʫʨʤʘ ïʃʽʫʚʽʣʷ 
  

 ʇʝʨʰ ʟʘ ʚʩʝ, ʥʘʚʝʜʝʤʦ ʜʝʢʽʣʴʢʘ ʦʟʥʘʯʝʥʴ.  

ʉʧʨʷʞʝʥʽ ʦʧʝʨʘʪʦʨʠ. ʈʦʟʛʣʷʥʝʤʦ ʜʠʬʝʨʝʥʮʽʡʥʠʡ ʦʧʝʨʘʪʦʨ ʜʦʩʠʪʴ 

ʟʘʛʘʣʴʥʦʛʦ ʚʠʛʣʷʜʫ, ʯʘʩʪʠʥʥʠʤ ʚʠʧʘʜʢʦʤ ʷʢʦʛʦ ʻ ʦʧʝʨʘʪʦʨ ʟʘʜʘʯʽ ʐʪʫʨʤʘ-

ʃ̔ʫʚʽʣʷ 
n n2?

ij i

i j ii . j=1 i=1

u u
Lu a b cu

x x x

µ µ
= + +

µ µ µä ä . 

ʊʫʪ ʬʫʥʢʮʽʷ ),...,,(
21 n

xxxuu=  ʻ ʥʝʧʝʨʝʨʚʥʦʶ ʟʘ ʚʩʽʤʘ ʘʨʛʫʤʝʥʪʘʤʠ ʨʘ-

ʟʦʤ ʟ ʧʝʨʰʠʤʠ ʪʘ ʜʨʫʛʠʤʠ ʧʦʭʽʜʥʠʤʠ. ʋ ʟʘʛʘʣʴʥʦʤʫ ʚʠʧʘʜʢʫ ʚʦʥʘ ʢʦʤʧʣʝ-

ʢʩʥʘ. ʂʦʤʧʣʝʢʩʥʠʤʠ ʤʦʞʫʪʴ ʙʫʪʠ ʽ ʢʦʝʬʽʮʽʻʥʪʠ:   

),...,,(
21 n

xxxaa= ,    ),...,,(
21 n

xxxbb= ,      ),...,,(
21 n

xxxcc= . 

 ɿʘ ʦʟʥʘʯʝʥʥʷʤ, ʦʧʝʨʘʪʦʨ, ʩʧʨʷʞʝʥʠʡ ʜʦ ʥʘʚʝʜʝʥʦʛʦ, ʤʘʻ ʚʠʛʣʷʜ 
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2n n
ij+ i

i j ii . j=1 i=1

(a * ) (b * )
L c*

x x x

v v
v v

Ø µ µ
= - +

µ µ µä ä   . 

ɺʣʘʩʪʠʚʦʩʪʽ ʬʫʥʢʮʽʡ ),...,,(
21 n

xxxv  ʽ ),...,,(
21 n

xxxu ʘʥʘʣʦʛʽʯʥʽ. 

ɼʣʷ ʩʧʨʷʞʝʥʠʭ ʦʧʝʨʘʪʦʨʽʚ ʤʘʻ ʤʽʩʮʝ ʥʘʩʪʫʧʥʝ ʩʧʽʚʚʽʜʥʦʰʝʥʥʷ: 

ä
=

Ø
+

Ø

µ

µ
=-

n

i i

i

x

P
vLuuLv

1

*** . 

ʊʫʪ ʫ ʧʨʘʚʽʡ ʯʘʩʪʠʥʽ ʚʠʨʘʟʫ ʤʽʩʪʠʪʴʩʷ ʙʘʛʘʪʦʚʠʤʽʨʥʘ ʜʠʚʝʨʛʝʥʮʽʷ  ʬʫʥʢʮʽʾ 

*2
*)(

*

11

uvb
x

va
u

x

u
avP

i

n

j j

ij
n

j j

iji ää
==

+
µ

µ
-

µ

µ
= . 

 ɯʥʪʝʛʨʫʶʯʠ ʧʝʨʝʜʦʩʪʘʥʥʶ ʨʽʚʥʽʩʪʴ ʯʘʩʪʠʥʘʤʠ, ʤʠ ʦʜʝʨʞʠʤʦ ʥʘʡ-

ʙʽʣʴʰ ʟʘʛʘʣʴʥʠʡ ʚʘʨʽʘʥʪ ʬʦʨʤʫʣʠ ʆʩʪʨʦʛʨʘʜʩʴʢʦʛʦ
1
, ʱʦ ʧʦʚ'ʷʟʫʻ ʦʙ'ʻʤʥʠʡ 

ʪʘ ʧʦʚʝʨʭʥʝʚʠʡ ʽʥʪʝʛʨʘʣʠ: 

n
+

i i i

i =1V S

. .( *Lu-uL * *)dV . . P cos(e x )dS... ...v v
ØØ

= äñ ñ ñ ñ  . 

ʊʫʪ V  - ʦʙ'ʻʤ n  - ʚʠʤʽʨʥʦʾ ʦʙʣʘʩʪʽ, S - ʧʣʦʱʘ ʾʾ ʧʦʚʝʨʭʥʽ, 
i

e  ʢʦʤʧʦʥʝʥʪʘ 

ʚʝʢʪʦʨʘ ʚʥʫʪʨʽʰʥʴʦʾ ʥʦʨʤʘʣʽ ʜʦ ʝʣʝʤʝʥʪʘ ʧʦʚʝʨʭʥʽ dSʚʟʜʦʚʞ  i -ʾ ʦʩʽ. 

 ʉʧʨʷʞʝʥʽ ʤʝʞʦʚʽ ʫʤʦʚʠ. ʌʫʥʢʮʽʾ u  ʽ v  ʤʦʞʫʪʴ ʟʘʜʦʚʦʣʴʥʷʪʠ ʥʘ 

ʧʦʚʝʨʭʥʽ S, ʱʦ ʦʙʤʝʞʫʻ ʦʙʣʘʩʪʴ V, ʨʽʟʥʠʤ ʤʝʞʦʚʠʤ ʫʤʦʚʘʤ. ʎʽ ʫʤʦʚʠ 
ʥʘʟʠʚʘʶʪʴʩʷ ʩʧʨʷʞʝʥʠʤʠ, ʷʢʱʦ ʧʨʘʚʘ ʯʘʩʪʠʥʘ ʬʦʨʤʫʣʠ ʆʩʪʨʦʛʨʘʜʩʴʢʦʛʦ 

ʜʦʨ̔ʚʥʶʻ ʥʫʣʶ, ʪʦʙʪʦ  
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ññ dVvLuuLv
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 ʉʧʨʷʞʝʥʽ ʤʝʞʦʚʽ ʫʤʦʚʠ ʚʽʜʧʦʚʽʜʘʶʪʴ ʣʠʰʝ ʩʧʨʷʞʝʥʠʤ ʦʧʝʨʘʪʦʨʘʤ, 

ʦʩʢʽʣʴʢʠ ʪʽʣʴʢʠ ʜʣʷ ʦʩʪʘʥʥʽʭ ʽ ʤʘʻ ʤʽʩʮʝ ʬʦʨʤʫʣʘ ʆʩʪʨʦʛʨʘʜʩʴʢʦʛʦ. ɿʘʫʚʘ-

ʞʠʤʦ, ʱʦ ʩʧʨʷʞʝʥʽʩʪʴ ʦʧʝʨʘʪʦʨʽʚ ʻ ʥʝʦʙʭʽʜʥʦʶ ʘʣʝ ʥʝ ʜʦʩʪʘʪʥʴʦʶ ʫʤʦʚʦʶ 

ʩʧʨʷʞʝʥʦʩʪʽ ʤʝʞʦʚʠʭ ʫʤʦʚ. 

 ʉʧʨʷʞʝʥʽ ʤʝʞʦʚʽ ʟʘʜʘʯʽ. ʅʝʭʘʡ ʜʘʥʽ ʜʚʘ ʨʽʚʥʷʥʥʷ: 

fuL =
Ø

,      gvL =
Ø
+

 

                                                           
1
 ʆʩʪʨʦʛʨʘʜʩʴʢʠʡ ʄʠʭʘʡʣʦ ɺʘʩʠʣʴʦʚʠʯ (1801-1862) - ʛʝʥʽʘʣʴʥʠʡ ʫʢʨʘʾʥʩʴʢʠʡ ʤʘʪʝʤʘ-

ʪʠʢ, ʟʘʩʥʦʚʥʠʢ ʧʝʨʰʦʾ ʫ ʈʦʩʽʡʩʴʢʽʡ ʽʤʧʝʨʽʾ ʥʘʫʢʦʚʦʾ ʤʘʪʝʤʘʪʠʯʥʦʾ ʰʢʦʣʠ. 
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ʟ ʚʽʜʧʦʚʽʜʥʠʤʠ ʤʝʞʦʚʠʤʠ ʫʤʦʚʘʤʠ. ʗʢʱʦ ʜʠʬʝʨʝʥʮʽʡʥʽ ʦʧʝʨʘʪʦʨʠ ʫ ʣʚ̔ʠʭ 

ʯʘʩʪʠʥʘʭ ʮʠʭ ʨʽʚʥʷʥʴ ʽ  ʚʽʜʧʦʚʽʜʥʽ ʤʝʞʦʚʽ ʫʤʦʚʠ ʻ ʩʧʨʷʞʝʥʠʤʠ, ʪʦ ʪʘʢʽ ʤʝ-

ʞʦʚʽ ʟʘʜʘʯʽ ʪʝʞ ʥʘʟʠʚʘʶʪʴʩʷ ʩʧʨʷʞʝʥʠʤʠ. 

 ʉʘʤʦʩʧʨʷʞʝʥʽ ʦʧʝʨʘʪʦʨʠ. ɼʚʘ ʦʧʝʨʘʪʦʨʠ ʻ ʩʘʤʦʩʧʨʷʞʝʥʠʤʠ, ʷʢʱʦ 

Ø
+

Ø

=LL . 

ʃʝʛʢʦ ʩʬʦʨʤʫʣʶʚʘʪʠ ʜʝʷʢʽ ʜʦʩʪʘʪʥʽ ʫʤʦʚʠ ʩʘʤʦʩʧʨʷʞʝʥʦʩʪʽ ʦʧʝʨʘ-

ʪʦʨʽʚ. ʊʘʢ ʦʧʝʨʘʪʦʨʠ ʻ ʩʘʤʦʩʧʨʷʞʝʥʠʤʠ, ʷʢʱʦ:   ʢʦʝʬʽʮʽʻʥʪʠ a  ʽ b ʻ ʩʪʘ-

ʣʠʤʠ ʚʝʣʠʯʠʥʘʤʠ,  a  ʻ ʜʽʡʩʥʦʶ ʚʝʣʠʯʠʥʦʶ, b - ʫʷʚʥʦʶ ʚʝʣʠʯʠʥʦʶ, ʢʦʝ-

ʬʽʮʽʻʥʪ c  -  ʜʽʡʩʥʦʶ ʬʫʥʢʮʽʻʶ. ʆʩʪʘʥʥʷ ʫʤʦʚʘ ʻ ʪʘʢʦʞ ʽ ʥʝʦʙʭʽʜʥʦʶ. ʄʦ-

ʞʣʠʚʽ ʚ ʽʥʰʽ ʚʘʨʽʘʥʪʠ ʜʦʩʪʘʪʥʽʭ ʫʤʦʚ. 

 ɼʣʷ ʩʘʤʦʩʧʨʷʞʝʥʠʭ ʦʧʝʨʘʪʦʨʽʚ ʬʦʨʤʫʣʘ ʆʩʪʨʦʛʨʘʜʩʴʢʦʛʦ ʟʘʧʠʰʝʪʴ-
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 ʉʘʤʦʩʧʨʷʞʝʥʽ ʤʝʞʦʚʽ ʫʤʦʚʠ. ɼʣʷ ʩʘʤʦʩʧʨʷʞʝʥʠʭ ʤʝʞʦʚʠʭ ʫʤʦʚ 

ʬʦʨʤʫʣʘ ʆʩʪʨʦʛʨʘʜʩʴʢʦʛʦ ʤʘʻ ʚʠʛʣʷʜ 

0*)**(..... =-
ØØ

ññ dVvLuuLv

V

. 

 ʑʝ ʨʘʟ ʟʘʟʥʘʯʠʤʦ, ʱʦ ʩʘʤʦʩʧʨʷʞʝʥʽ ʤʝʞʦʚʽ ʫʤʦʚʠ ʤʦʞʫʪʴ ʚʽʜʧʦʚʽ-

ʜʘʪʠ ʣʠʰʝ ʩʘʤʦʩʧʨʷʞʝʥʠʤ ʦʧʝʨʘʪʦʨʘʤ, ʘʣʝ ʩʘʤʦʩʧʨʷʞʝʥʽʩʪʴ ʦʧʝʨʘʪʦʨʽʚ ʥʝ 

ʛʘʨʘʥʪʫʻ ʩʘʤʦʩʧʨʷʞʝʥʽʩʪʴ ʤʝʞʦʚʠʭ ʫʤʦʚ. 

 ʉʘʤʦʩʧʨʷʞʝʥʽ ʤʝʞʦʚʽ ʟʘʜʘʯʽ. ʉʘʤʦʩʧʨʷʞʝʥʽʩʪʴ ʦʧʝʨʘʪʦʨʽʚ ʽ ʤʝʞʦ-

ʚʠʭ ʫʤʦʚ ʧʨʠʟʚʦʜʠʪʴ ʽ ʜʦ ʩʘʤʦʩʧʨʷʞʝʥʦʩʪʽ ʚʽʜʧʦʚʽʜʥʠʭ ʤʝʞʦʚʠʭ ʟʘʜʘʯ. ɿ 

ʩʘʤʦʩʧʨʷʞʝʥʦʩʪʽ ʤʝʞʦʚʠʭ ʟʘʜʘʯ ʚʠʧʣʠʚʘʻ ʩʘʤʦʩʧʨʷʞʝʥʽʩʪʴ ʦʧʝʨʘʪʦʨʽʚ ʽ 

ʤʝʞʦʚʠʭ ʫʤʦʚ. ʊʘʢʠʤ ʯʠʥʦʤ, ʩʘʤʦʩʧʨʷʞʝʥʽʩʪʴ ʦʧʝʨʘʪʦʨʽʚ ʽ ʤʝʞʦʚʠʭ ʫʤʦʚ 

ʻ ʥʝʦʙʭʽʜʥʠʤʠ ʽ ʜʦʩʪʘʪʥʽʤʠ ʫʤʦʚʘʤʠ ʩʘʤʦʩʧʨʷʞʝʥʦʩʪʽ ʤʝʞʦʚʠʭ ʟʘʜʘʯ. 

 ɿʘʫʚʘʞʝʥʥʷ. ʄʘʶʯʠ ʧʦʚʥʠʡ ʦʨʪʦʥʦʨʤʦʚʘʥʠʡ ʥʘʙʽʨ ʬʫʥʢʮʽʡ {}nf , 

ʤʠ ʤʦʞʝʤʦ ʦʜʝʨʞʘʪʠ ʤʘʪʨʠʯʥʝ ʧʨʝʜʩʪʘʚʣʝʥʥʷ ʜʠʬʝʨʝʥʮʽʡʥʠʭ ʦʧʝʨʘʪʦʨʽʚ, 

ʱʦ ʚʽʜʧʦʚʽʜʘʻ ʜʘʥʦʤʫ ʥʘʙʦʨʫ ʬʫʥʢʮʽʡ. ʆʢʨʝʤʽ ʤʘʪʨʠʯʥʽ ʝʣʝʤʝʥʪʠ ʦʧʝʨʘ-

ʪʦʨʘ ʤʘʁ ʪʴ ʚʠʛʣʷʜ 



 

 

64 

ñ
Ø

=
b

a

mnnm
dxxfLxfL )()(*

. 

 ʄʦʚʦʶ ʤʘʪʨʠʮʴ, ʜʣʷ ʦʪʨʠʤʘʥʥʷ ʩʧʨʷʞʝʥʠʭ ʤʘʪʨʠʯʥʠʭ ʝʣʝʤʝʥʪʽʚ 

ʥʘʤ ʧʦʪʨʽʙʥʦ ʚʠʢʦʥʘʪʠ ʥʘʜ ʤʘʪʨʠʮʝʶ ʦʧʝʨʘʮʽʾ ʪʨʘʥʩʧʦʥʫʚʘʥʥʷ ʽ ʢʦʤʧʣʝʢ-

ʩʥʝ ʩʧʨʷʞʝʥʥʷ. ɿʘʟʥʘʯʝʥʽ ʤʘʪʨʠʯʥʽ ʝʣʝʤʝʥʪʠ ʙʫʜʫʪʴ ʪʘʢʠʤʠ 

ñ
Ø

=
b

a

nmmn
dxxfLxfL )(**)(*  . 

ʉʘʤʦʩʧʨʷʞʝʥʽʩʪʴ ʦʧʝʨʘʪʦʨʘ, ʧʨʝʜʩʪʘʚʣʝʥʦʛʦ ʫ ʤʘʪʨʠʯʥʽʡ ʬʦʨʤʽ, 

ʦʟʥʘʯʘʻ, ʱʦ ʚʽʜʧʦʚʽʜʥʘ ʡʦʤʫ ʤʘʪʨʠʮʷ ʥʝ ʟʤʽʥʶʻʪʴʩʷ ʫ ʚʠʩʣʽʜʽ ʚʠʢʦʥʘʥʥʷ 

ʜʚʦʭ ʟʘʟʥʘʯʝʥʠʭ ʦʧʝʨʘʮʽʡ: 

nm mn
*L = L  . 

 ɿʘʟʥʘʯʠʤʦ, ʱʦ, ʬʘʢʪʠʯʥʦ, ʚ ʦʩʪʘʥʥʴʦʤʫ ʚʠʧʘʜʢʫ ʤʦʚʘ ʡʜʝ ʧʨʦ ʩʘʤʦ-

ʩʧʨʷʞʝʥʽʩʪʴ ʽ ʚʽʜʧʦʚʽʜʥʦʾ ʤʝʞʦʚʦʾ ʟʘʜʘʯʽ, ʘ ʥʝ ʪʽʣʴʢʠ ʜʠʬʝʨʝʥʮʽʡʥʦʛʦ ʦʧʝ-

ʨʘʪʦʨʘ ʦʢʨʝʤʦ, ʦʩʢʽʣʴʢʠ ʪʫʪ ʚʠʢʦʨʠʩʪʦʚʫʶʪʴʩʷ ʽ ʚʣʘʩʪʠʚʦʩʪʽ ʦʧʝʨʘʪʦʨʘ, ʽ 

ʚʣʘʩʪʠʚʦʩʪʽ ʤʝʞʦʚʠʭ ʫʤʦʚ. ɸʣʝ, ʷʢ ʟʘʟʥʘʯʘʣʦʩʴ ʚʠʱʝ, ʟ ʦʩʪʘʥʥʴʦʾ ʨʽʚʥʦʩʪʽ 

ʚʠʧʣʠʚʘʻ ʽ ʫʤʦʚʘ ʩʘʤʦʩʧʨʷʞʝʥʦʩʪʽ ʦʧʝʨʘʪʦʨʘ.  

ʊʝʦʨʝʤʘ 3 (ʧʨʦ ʩʘʤʦʩʧʨʷʞʝʥʽʩʪʴ). ɿʘʜʘʯʘ ʐʪʫʨʤʘ-ʃʽʫʚʽʣʷ ʻ ʩʘʤʦʩʧ-

ʨʷʞʝʥʦʶ ʟʘʜʘʯʝʶ. 

ɼʦʚʝʜʝʥʥʷ. ʋ ʚʠʧʘʜʢʫ ʦʜʥʽʻʾ ʥʝʟʘʣʝʞʥʦʾ ʟʤʽʥʥʦʾ ʜʣʷ ʧʝʨʝʚʽʨʢʠ ʩʘ-

ʤʦʩʧʨʷʞʝʥʦʩʪʽ ʤʝʞʦʚʦʾ ʟʘʜʘʯʽ ʽʟ ʟʨʦʟʫʤʽʣʠʭ ʧʨʠʯʠʥ ʥʝ ʤʦʞʫ ʙʫʪʠ ʟʘʩʪʦʩʦ-

ʚʘʥʘ ʬʦʨʤʫʣʘ ʆʩʪʨʦʛʨʘʜʩʴʢʦʛʦ. ʊʫʪ ʧʝʨʝʚʽʨʢʘ ʟʜʽʡʩʥʶʻʪʴʩʷ ʙʝʟʧʦʩʝʨʝʜʥʽʤ 

ʦʙʯʠʩʣʝʥʥʷʤ ʚʽʜʧʦʚʽʜʥʠʭ ʽʥʪʝʛʨʘʣʽʚ. ʆʪʞʝ, ʦʙʯʠʩʣʠʤʦ ʥʘʩʪʫʧʥʽ ʜʚʘ ʩʢʘʣʷ-

ʨʥʽ ʜʦʙʫʪʢʠ (ʤʘʪʨʠʯʥʽ ʝʣʝʤʝʥʪʠ). ɼʣʷ ʧʨʦʩʪʦʪʠ ʚʽʟʴʤʝʤʦ ʜʽʡʩʥʽ ʬʫʥʢʮʽʾ, 

ʦʩʢʽʣʴʢʠ ʜʠʬʝʨʝʥʮʽʡʥʠʡ ʦʧʝʨʘʪʦʨ ʻ ʜʽʡʩʥʠʤ 

ñ ==ö
÷

õ
æ
ç

å
=

ØØ b

a

mnmnnm
dxxfLxffLfL )()(,  

ñ ñ =-
ùú

ø
éê

è
=

b

a

b

a

mn
m

n dxxfxfxqdx
dx

xdf
xk

dx

d
xf )()()(

)(
)()(

 

     ññ --
ùú

ø
éê

è
=

b

a

mn
b

a

m
n dx

dx

xdf

dx

xdf
xkdx

dx

xdf
xfxk

dx

d )()(
)(

)(
)()(  

ññ --=-
b

a

mn
b

a

mn dx
dx

xdf

dx

xdf
xkdxxfxfxq

)()(
)()()()(  



 

 

65 

dx

adf
afak

dx

bdf
bfbkdxxfxfxq m

n
m

n

b

a

mn

)(
)()(

)(
)()()()()( -+-ñ , 

ñ ==ö
÷

õ
æ
ç

å
=

ØØ b

a

nmnmmn
dxxfLxffLfL )()(,  

+--= ññ
b

a

mn

b

a

mn dxxfxfxqdx
dx

xdf

dx

xdf
xk )()()(

)()(
)(  

dx

adf
afak

dx

bdf
bfbk n

m
n

m

)(
)()(

)(
)()( -+ . 

ɺʦʥʠ ʚʽʜʨʽʟʥʷʶʪʴʩʷ ʣʠʰʝ ʦʩʪʘʥʥʽʤʠ ʜʚʦʤʘ ʜʦʜʘʥʢʘʤʠ. ɼʣʷ ʤʝʞʦʚʠʭ 

ʫʤʦʚ ʧʝʨʰʦʛʦ ʪʘ ʜʨʫʛʦʛʦ ʨʦʜʽʚ ʮʽ ʜʦʜʘʥʢʠ ʜʦʨʽʚʥʶʶʪʴ ʥʫʣʶ. ɼʣʷ ʤʝʞʦʚʠʭ 

ʫʤʦʚ ʪʨʝʪʴʦʛʦ ʨʦʜʫ ʮʝ ʥʝ ʪʘʢ, ʘʣʝ ʤʦʞʥʘ ʧʦʢʘʟʘʪʠ, ʱʦ ʪʫʪ ʚʽʜʧʦʚʽʜʥʽ ʜʦʜʘ-

ʥʢʠ  ʟʙʽʛʘʶʪʴʩʷ. ɼʽʡʩʥʦ, ʜʣʷ ʧʝʨʰʦʛʦ ʩʢʘʣʷʨʥʦʛʦ ʜʦʙʫʪʢʫ 
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 ʆʪʞʝ, ʜʣʷ ʤʝʞʦʚʠʭ ʫʤʦʚ ʧʝʨʰʦʛʦ, ʜʨʫʛʦʛʦ ʪʘ ʪʨʝʪʴʦʛʦ ʨʦʜʽʚ ʤʘ̒ ʤʦ 

nm mn
L =L  , 

ʱʦ ʻ ʫʤʦʚʦʶ ʩʘʤʦʩʧʨʷʞʝʥʦʩʪʽ ʟʘʜʘʯʽ ʐʪʫʨʤʘ-ʃʽʫʚʽʣʷ. ɼʣʷ ʽʥʰʠʭ ʪʠʧʽʚ 

ʤʝʞʦʚʠʭ ʫʤʦʚ ʟʘʜʘʯʘ ʤʦʞʝ ʥʝ ʙʫʪʠ ʩʘʤʦʩʧʨʷʞʝʥʦʶ. 

 ɿʘʫʚʘʞʝʥʥʷ. ɿ ʦʪʨʠʤʘʥʠʭ ʨʝʟʫʣʴʪʘʪʽʚ ʚʠʧʣʠʚʘʻ, ʱʦ  
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[ ] [ ]2
2

12 )()()()( afakdxxfxq n

b

a

n
g

g
--ñ , 

ʽ ʢʦʞʥʠʡ ʜʦʜʘʥʦʢ ʫ ʧʨʘʚʽʡ ʯʘʩʪʠʥʽ ʻ ʘʙʦ ʚʽʜ'ʻʤʥʠʤ, ʷʢʱʦ ʚʽʜʧʦʚʽʜʥʠʡ ʢʦʝ-

ʬʽʮʽʻʥʪ ʜʠʬʝʨʝʥʮʽʡʥʦʛʦ ʨʽʚʥʷʥʥʷ ʥʝ ʜʦʨʽʚʥʶʻ ʥʫʣʶ, ʘʙʦ ʥʫʣʴʦʚʠʤ ʫ ʧʨʦ-

ʪʠʣʝʞʥʦʤʫ ʚʠʧʘʜʢʫ.  

 ʇʨʠʢʣʘʜ 1. ɼʦʚʝʩʪʠ ʩʘʤʦʩʧʨʷʞʝʥʽʩʪʴ ʜʠʬʝʨʝʥʮʽʡʥʦʛʦ ʦʧʝʨʘʪʦʨʘ 

x
iP

x
µ

µ
=  ʪʘ ʤʝʞʦʚʦʾ ʟʘʜʘʯʽ ʜʣʷ ʮʴʦʛʦ. ʋ ʢʚʘʥʪʦʚʽʡ ʤʝʭʘʥʽʮʽ ʮʝʡ ʦʧʝʨʘʪʦʨ 

ʚʽʜʧʦʚʽʜʘʻ x  - ʢʦʤʧʦʥʝʥʪʽ ʽʤʧʫʣʴʩʫ. 

ʈʦʟʚ'ʷʟʘʥʥʷ. ɿʘʟʥʘʯʝʥʠʡ ʦʧʝʨʘʪʦʨ ʟʘʜʦʚʦʣʴʥʷʻ ʜʦʩʪʘʪʥʽʤ ʫʤʦʚʘʤ 

ʩʘʤʦʩʧʨʷʞʝʥʦʩʪʽ, ʘ ʦʪʞʝ ʻ ʩʘʤʦʩʧʨʷʞʝʥʠʤ.  

ɼʣʷ ʧʝʨʝʚʽʨʢʠ ʩʘʤʦʩʧʨʷʞʝʥʦʩʪʽ ʤʝʞʦʚʦʾ ʟʘʜʘʯʽ ʨʦʟʛʣʷʥʝʤʦ ʩʠʩʪʝʤʫ 

ʢʦʤʧʣʝʢʩʥʠʭ ʬʫʥʢʮʽʡ ʟ ʽʥʪʝʛʨʦʚʘʥʠʤ ʢʚʘʜʨʘʪʦʤ ʪʦʙʪʦ ʪʘʢʠʭ ʱʦ ʥʘʣʝʞʘʪʴ 

ʬʫʥʢʮʽʡʥʦʤʫ ʧʨʦʩʪʦʨʫ ),(
2

¤-¤L . ʆʯʝʚʠʜʥʦ, ʱʦ ʧʨʠ ʧʨʷʤʫʚʘʥʥʽ ʘʨʛʫ-

ʤʝʥʪʫ ʜʦ ʥʝʩʢʽʥʯʝʥʦʩʪʽ, ʮʽ ʬʫʥʢʮʽʾ ʧʨʷʤʫʶʪʴ ʜʦ ʥʫʣʷ. ʇʦʚʝʜʽʥʢʘ ʬʫʥʢʮʽʡ ʫ 

ʥʝʩʢʽʥʯʝʥʥʦʩʪʽ ʽ ʻ ʛʨʘʥʠʯʥʦʶ ʫʤʦʚʦʶ ʟʘʜʘʯʽ. ʆʙʯʠʩʣʠʤʦ ʥʘʩʪʫʧʥʽ ʤʘʪʨʠʯ-

ʥʽ ʝʣʝʤʝʥʪʠ: 

ñ
¤

¤-
µ

µ
=ö
÷

õ
æ
ç

å

µ

µ
dxxf

x
ixff

x
if mnmn )()(*,*

, 

ñ
¤

¤-

=
µ

µ
-=ö

÷

õ
æ
ç

å

µ

µ
- dxxf

x
ixff

x
if nmnm )(*))((*,  

ñ
¤

¤-

¤

¤-
µ

µ
+-= dxxf

x
ixfxfxif mnmn

)()(*)()(* . 

ʆʩʢʽʣʴʢʠ ʟʘʽʥʪʝʛʨʦʚʘʥʘ ʯʘʩʪʠʥʘ ʜʦʨʽʚʥʶʻ ʥʫʣʶ, ʪʦ ʥʘʚʝʜʝʥʽ ʤʘʪʨʠʯʥʽ ʝʣʝ-

ʤʝʥʪʠ ʟʙʽʛʘʶʪʴʩʷ, ʽ ʨʦʟʛʣʷʥʫʪʘ ʤʝʞʦʚʘ ʟʘʜʘʯʘ ʻ ʩʘʤʦʩʧʨʷʞʝʥʦʶ. 

ʇʨʠʢʣʘʜ 2. ɼʦʚʝʩʪʠ ʩʘʤʦʩʧʨʷʞʝʥʽʩʪʴ ʦʧʝʨʘʪʦʨʘ ʃʘʧʣʘʩʘ 

2

2

2

2

2

2

zyx µ

µ
+

µ

µ
+

µ

µ
=D  . 

 ʈʦʟʚ'ʷʟʘʥʥʷ. ʂʦʝʬʽʮʽʻʥʪʠ ʧʨʠ ʜʨʫʛʠʭ ʧʦʭʽʜʥʠʭ ʻ ʜʽʡʩʥʠʤʠ ʩʪʘʣʠʤʠ 

ʚʝʣʠʯʠʥʘʤʠ (ʜʦʨʽʚʥʶʶʪʴ ʦʜʠʥʠʮʽ). ʈʝʰʪʘ ʢʦʝʬʽʮʽʻʥʪʽʚ ʜʦʨʽʚʥʶʻ ʥʫʣʶ. 

ɼʦʩʪʘʪʥʽ ʫʤʦʚʠ ʩʘʤʦʩʧʨʷʞʝʥʦʩʪʽ  ʦʧʝʨʘʪʦʨʘ ʚʠʢʦʥʘʥʽ. 
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 ʇʨʠʢʣʘʜ 3. ɼʦʚʝʩʪʠ ʩʘʤʦʩʧʨʷʞʝʥʽʩʪʴ ʜʠʬʝʨʝʥʮʽʡʥʦʛʦ ʦʧʝʨʘʪʦʨʘ 

ö
÷

õ
æ
ç

å

µ

µ
-

µ

µ
=

x
y

y
xiL

z
. ʋ ʢʚʘʥʪʦʚʽʡ ʤʝʭʘʥʽʮʽ ʮʝʡ ʦʧʝʨʘʪʦʨ ʚʽʜʧʦʚʽʜʘʻ z- 

ʢʦʤʧʦʥʝʥʪʽ ʦʧʝʨʘʪʦʨʘ ʤʦʤʝʥʪʫ ʽʤʧʫʣʴʩʫ. 

 ʈʦʟʚ'ʷʟʘʥʥʷ. ʂʦʝʬʽʮʽʻʥʪʠ ʧʨʠ ʧʝʨʰʠʭ ʧʦʭʽʜʥʠʭ ʫʷʚʥʽ ʽ ʥʝ ʟʘʣʝʞʘʪʴ 

ʚʽʜ ʟʤʽʥʥʠʭ, ʟʘ ʷʢʠʤʠ ʚʝʜʝʪʴʩʷ ʜʠʬʝʨʝʥʮʽʶʚʘʥʥʷ. ɺʦʥʠ ʤʦʞʫʪʴ ʙʫʪʠ ʚʠʥʝ-

ʩʝʥʽ ʟʘ ʟʥʘʢ ʧʦʭʽʜʥʦʾ ʫ ʚʠʨʘʟʽ ʜʣʷ ʩʧʨʷʞʝʥʦʛʦ ʦʧʝʨʘʪʦʨʘ. ʊʘʢʠʡ ʦʧʝʨʘʪʦʨ 

ʟʙʽʛʘʻʪʴʩʷ ʽʟ ʩʚʦʾʤ ʩʧʨʷʞʝʥʠʤ, ʘ ʦʪʞʝ ʻ ʩʘʤʦʩʧʨʷʞʝʥʠʤ. 

 

2.3.ɺʣʘʩʪʠʚʦʩʪʽ ʚʣʘʩʥʠʭ ʬʫʥʢʮʽʡ ʪʘ ʚʣʘʩʥʠʭ ʟʥʘʯʝʥʴ 
 

1.ʗʢʱʦ   )(xfn     ̒  ʚʣʘʩʥʦʶ ʬʫʥʢʮʽʻʶ, ʱʦ ʚʽʜʧʦʚʽʜʘʻ ʚʣʘʩʥʦʤʫ ʯʠʩ-

ʣʫ 
n
l, ʪʦ )(xcf

n
 (c  - ʜʦʚʽʣʴʥʘ ʩʪʘʣʘ) ʪʘʢ ʩʘʤʦ ʻ ʚʣʘʩʥʦʶ ʬʫʥʢʮʽʻʶ, ʱʦ 

ʚʽʜʧʦʚʽʜʘʻ ʪʦʤʫ ʩʘʤʦʤʫ ʚʣʘʩʥʦʤʫ ʯʠʩʣʫ 
n
l. 

2.ʗʢʱʦ )(
1

xf
n

 ʪʘ )(
2

xf
n

 - ʚʣʘʩʥʽ ʬʫʥʢʮʽʾ, ʱʦ ʚʽʜʧʦʚʽʜʘʶʪʴ ʚʣʘʩ-

ʥʦʤʫ ʯʠʩʣʫ 
n
l, ʪʦ ʾʭ ʜʦʚʽʣʴʥʘ ʣʽʥʽʡʥʘ ʢʦʤʙʽʥʘʮʽʷ )()(

2211
xfcxfc

nn
+  

ʪʘʢ ʩʘʤʦ ʻ ʚʣʘʩʥʦʶ ʬʫʥʢʮʽʻʶ, ʱʦ ʚʽʜʧʦʚʽʜʘʻ ʪʦʤʫ ʩʘʤʦʤʫ ʚʣʘʩʥʦʤʫ ʯʠʩʣʫ. 

3.ɺʣʘʩʥʽ ʬʫʥʢʮʽʾ )(xf
n

 ʪʘ )(xf
m

, ʱʦ ʚʽʜʧʦʚʽʜʘʶʪʴ ʨʽʟʥʠʤ ʚʣʘʩʥʠʤ 

ʯʠʩʣʘʤ 
n
l ʪʘ 

m
l  (

mn
ll¸ ), ʦʨʪʦʛʦʥʘʣʴʥʽ ʥʘ ʧʨʦʤʽʞʢʫ [ ]ba,  ʟ ʚʘʛʦʶ 

)(xr , ʪʦʙʪʦ 

( )
b

m n m n

a

f ,f (x)f (x)f (x)dx 0r r= =ñ  . 

ɼʦʚʝʜʝʥʥʷ. ɿʘ ʦʟʥʘʯʝʥʥʷʤ ʚʣʘʩʥʠʭ ʬʫʥʢʮʽʡ ʪʘ ʚʣʘʩʥʠʭ ʯʠʩʝʣ: 

0)()()( =+
Ø

xfxxfL
nnn

rl , 

0)()()( =+
Ø

xfxxfL
mmm

rl . 

ʇʦʤʥʦʞʠʤʦ ʧʝʨʰʝ ʟ ʮʠʭ ʨʽʚʥʷʥʴ ʩʢʘʣʷʨʥʦ  ʟʣʽʚʘ ʥʘ )(xf
m

, ʘ ʜʨʫʛʝ 

ʥʘ )(xf
n

ʽ ʚʽʟʴʤʝʤʦ ʨʽʟʥʠʮʶ ʨʝʟʫʣʴʪʘʪʽʚ  

( ) ( )0,,,, =-
öö
÷

õ
ææ
ç

å
-+

öö
÷

õ
ææ
ç

å ØØ

mnmmnnmnnm fffLffffLf rlrl  . 

ʋ ʩʠʣʫ ʩʘʤʦʩʧʨʷʞʝʥʦʩʪʽ ʟʘʜʘʯʽ ʐʪʫʨʤʘ-ʃʽʫʚʽʣʷ  
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öö
÷

õ
ææ
ç

å
=
öö
÷

õ
ææ
ç

å ØØ

mnnm fLffLf ,,  

ʽ ʧʦʧʝʨʝʜʥʻ ʨʽʚʥʷʥʥʷ ʥʘʙʫʚʘʻ ʚʠʛʣʷʜʫ 

( )0,)( =- nmmn
ffrll . 

ʆʩʢʽʣʴʢʠ, ʟʘ ʦʟʥʘʯʝʥʥʷʤ, 
mn
ll¸ , ʪʦ 

( )0, =nm ffr , 

ʱʦ ʽ ʧʦʪʨʽʙʥʦ ʙʫʣʦ ʜʦʚʝʩʪʠ. 

 4.ɺʩʽ ʚʣʘʩʥʽ ʯʠʩʣʘ ʟʘʜʘʯʽ ʐʪʫʨʤʘ-ʃʽʫʚʽʣʷ  ʜʽʡʩʥʽ. 

 ɼʦʚʝʜʝʥʥʷ. ʇʨʠʧʫʩʪʠʤʦ, ʱʦ 
nnn

ibal +=  - ʚʣʘʩʥʝ ʯʠʩʣʦ ʟʘʜʘʯʽ 

ʐʪʫʨʤʘ-ʃʽʫʚʽʣʷ, ʘ )()()( xiBxAxf
nnn

+=  - ʚʣʘʩʥʘ ʬʫʥʢʮʽʷ, ʱʦ ʚʽʜʧʦʚʽ-

ʜʘʻ ʮʴʦʤʫ ʚʣʘʩʥʦʤʫ ʯʠʩʣʫ. ʊʦʜʽ 

[ ] [ ]0)()()()()()( =++++
Ø

xiBxAxixiBxAL nnnnnn rba , 

ʘʙʦ 

0)()()()()()( =ù
ú

ø
é
ê

è
+++

ØØ

xBxxBLixAxxAL nnnnnn
rbra . 

ʆʩʪʘʥʥʻ ʢʦʤʧʣʝʢʩʥʝ ʨʽʚʥʷʥʥʷ ʨʽʚʥʦʮʽʥʥʝ ʜʚʦʤ ʜʽʡʩʥʠʤ ʨʽʚʥʷʥʥʷʤ 

0)()()( =+
Ø

xAxxAL
nnn

ra , 

0)()()( =+
Ø

xBxxBL
nnn

rb . 

ɺʽʜʥʷʚʰʠ ʚʽʜ ʧʝʨʰʦʛʦ ʨʽʚʥʷʥʥʷ ʜʨʫʛʝ, ʧʦʤʥʦʞʝʥʝ ʥʘ i, ʤʘʪʠʤʝʤʦ 

0)()()()()()( =ù
ú

ø
é
ê

è
+-+

ØØ

xBxxBLixAxxAL nnnnnn
rbra  , 

ʘʙʦ 

[ ] [ ]0)()()()()()( =--+-
Ø

xiBxAxixiBxAL nnnnnn rba , 

ʪʦʙʪʦ 
nnn

ibal -=*  ʪʘ )()()(* xiBxAxf
nnn

-=  ʻ ʚʣʘʩʥʠʤ ʯʠʩʣʦʤ ʪʘ 

ʚʣʘʩʥʦʶ ʬʫʥʢʮʽʻʶ ʪʽʻʾ ʩʘʤʦʾ ʟʘʜʘʯʽ ʐʪʫʨʤʘ-ʃʽʫʚʽʣʷ, ʱʦ ʽ 
nnn

ibal +=  

ʪʘ )()()( xiBxAxf
nnn

+= . ʆʩʢʽʣʴʢʠ 
nn
ll ¸* , ʪʦ ʚʽʜʧʦʚʽʜʥʽ ʚʣʘʩʥʽ ʬʫ-

ʥʢʮʽʾ ʤʘʶʪʴ ʙʫʪʠ ʦʨʪʦʛʦʥʘʣʴʥʠʤʠ, ʪʦʙʪʦ ( )0,
*
=nn ffr . ɸʣʝ ʤʦʞʥʘ ʧʦʢʘ-

ʟʘʪʠ, ʱʦ ʜʣʷ  0)( >xr  
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( )( )( )0,,,
*

>+= nnnnnn BBAAff rrr . 

ʇʨʦʪʠʨʽʯʯʷ, ʱʦ ʚʠʥʠʢʘʻ, ʚʠʨʽʰʫʻʪʴʩʷ ʪʽʣʴʢʠ ʪʦʜʽ, ʢʦʣʠ 
nn
ll =* . ʆʩʪʘʥʥʻ 

ʤʦʞʣʠʚʝ ʣʠʰʝ ʜʣʷ ʜʽʡʩʥʠʭ ʚʣʘʩʥʠʭ ʯʠʩʝʣ. 

5.ɺʩʽ ʚʣʘʩʥʽ ʯʠʩʣʘ ʟʘʜʘʯʽ ʐʪʫʨʤʘ-ʃʽʫʚʽʣʷ ʥʝʚʽʜ'ʻʤʥʽ 

 ɼʦʚʝʜʝʥʥʷ. ʇʦʤʥʦʞʠʤʦ ʨʽʚʥʷʥʥ ̫

0)()()( =+
Ø

xfxxfL
nnn

rl  

ʟʣʽʚʘ ʩʢʘʣʷʨʥʦ ʥʘ )(xf
n

. ʋ ʚʠʩʣʽʜʽ ʦʜʝʨʞʠʤʦ 

( )0,, =+
öö
÷

õ
ææ
ç

å Ø

nnnnn fffLf rl , 

ʟʚʽʜʢʠ 

ö
÷
õæ

ç
å

ö
ö
ö
ö

÷

õ

æ
æ
æ
æ

ç

å Ø
-= nnnnn

fffLf ,/, rl . 

 ʉʢʘʣʷʨʥʠʡ ʜʦʙʫʪʦʢ ʫ ʟʥʘʤʝʥʥʠʢʫ ʟʘʚʞʜʠ ʜʦʜʘʪʥʠʡ, ʘ ʫ ʯʠʩʝʣʴʥʠʢʫ, 

ʟʛʽʜʥʦ ʟ ʟʘʫʚʘʞʝʥʥʷʤ ʜʦ ʪʝʦʨʝʤʠ 3,  ʥʝʜʦʜʘʪʥʠʡ, ʦʪʞʝ 

0²
n
l . 

 ɿʘʫʚʘʞʝʥʥʷ 1. ɼʣʷ ʧʝʨʰʦʾ ʤʝʞʦʚʦʾ ʟʘʜʘʯʽ 0)( =af , 0)( =bf  ʽ 

ʞʦʜʥʠʡ ʾʾ ʥʝʥʫʣʴʦʚʠʡ ʨʦʟʚ'ʷʟʦʢ, ʚ ʩʠʣʫ ʡʦʛʦ ʥʝʧʝʨʝʨʚʥʦʩʪʽ, ʥʝ ʤʦʞʝ ʙʫʪʠ 

ʩʪʘʣʦʶ ʚʝʣʠʯʠʥʦʶ. ɺʽʜʧʦʚʽʜʥʦ ʽ 0/)( ¸dxxdf  ʜʣʷ ʜʦʚʽʣʴʥʠʭ ʟʥʘʯʝʥʴ ʘʨ-

ʛʫʤʝʥʪʫ. ʆʪʞʝ, ʥʘʚʽʪʴ ʜʣʷ 0)( =xq  

0
)(

)(,

2

<ùú

ø
éê

è
-=

öö
÷

õ
ææ
ç

å
ñ

Ø b

a

dx
dx

xdf
xkfLf . 

ʋ ʮʴʦʤʫ ʚʠʧʘʜʢʫ ʟʘʚʞʜʠ 

0,/, >-= ö
÷
õæ

ç
å

ö
ö
ö

÷

õ

æ
æ
æ

ç

å Ø

fffLf rl  

ʽ 0=l  ʥʝ ʤʦʞʝ ʙʫʪʠ ʚʣʘʩʥʠʤ ʯʠʩʣʦʤ ʟʘʜʘʯʽ ʐʪʫʨʤʘ-ʃʽʫʚʽʣʷ. 

 ɿʘʫʚʘʞʝʥʥʷ 2. ɼʣʷ ʜʨʫʛʦʾ ʤʝʞʦʚʦʾ ʟʘʜʘʯʽ 0/)( =dxadf , 

0/)( =dxbdf ,  ʨʦʟʚ'ʷʟʦʢ )(xf  ʥʘ ʧʨʦʤʽʞʢʫ [ ]ba,  ʤʦʞʝ ʙʫʪʠ ʩʪʘʣʦʶ ʚʝ-

ʣʠʯʠʥʦʶ. ɺʽʜʧʦʚʽʜʥʦ, ʜʣʷ ʪʘʢʦʛʦ ʨʦʟʚ'ʷʟʢʫ ʥʘ ʚʩʴʦʤʫ ʧʨʦʤʽʞʢʫ ʤʦʞʝ ʚʠ-

ʢʦʥʫʚʘʪʠʩʴ ʨʽʚʥʽʩʪʴ 0/)( =dxxdf . ʋ ʮʴʦʤʫ ʚʠʧʘʜʢʫ  
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0
)(

)(,

2

=ùú

ø
éê

è
-=

öö
÷

õ
ææ
ç

å
ñ

Ø b

a

dx
dx

xdf
xkfLf  

ʽ 0=l  ʤʦʞʝ ʙʫʪʠ ʚʣʘʩʥʠʤ ʯʠʩʣʦʤ ʟʘʜʘʯʽ ʐʪʫʨʤʘ-ʃʽʫʚʽʣʷ. 

 ɿʘʫʚʘʞʝʥʥʷ 3. ɼʣʷ ʪʨʝʪʴʦʾ ʤʝʞʦʚʦʾ ʟʘʜʘʯʽ  

0
)(

)(,

2

<ùú

ø
éê

è
-=

öö
÷

õ
ææ
ç

å
ñ

Ø b

a

dx
dx

xdf
xkfLf  

ʽ ʚʣʘʩʥʝ ʯʠʩʣʦ ʥʝ ʤʦʞʝ ʜʦʨʽʚʥʶʚʘʪʠ ʥʫʣʶ. 

 6.ʗʢʱʦ ʬʫʥʢʮʽʦʥʘʣ 

),/(),( fffLf rm
Ø

-=  

ʜʦʩʷʛʘʻ ʩʚʦʛʦ ʥʘʡʤʝʥʰʦʛʦ ʟʥʘʯʝʥʥʷ ʥʘ ʜʝʷʢʽʡ ʬʫʥʢʮʽʾ, ʥʝʧʝʨʝʨʚʥʽʡ ʨʘʟʦʤ ʟ 

ʩʚʦʻʶ ʧʝʨʰʦʶ ʧʦʭʽʜʥʦʶ, ʪʦ ʮʷ ʬʫʥʢʮʽʷ ʻ ʚʣʘʩʥʦʶ ʬʫʥʢʮʽʻʶ ʟʘʜʘʯʽ ʐʪʫʨ-

ʤʘ-ʃʽʫʚʽʣʷ, ʧʨʠʯʦʤʫ ʥʘʡʤʝʥʰʦʶ.  

 ɺʣʘʩʪʠʚʦʩʪʽ 1 - 6 ʚʽʨʥʽ ʜʣʷ ʜʦʚʽʣʴʥʦʾ ʩʘʤʦʩʧʨʷʞʝʥʦʾ ʟʘʜʘʯʽ. ʗʢʱʦ ʢʦ-

ʝʬʽʮʽʻʥʪ )(xk  ʻ ʥʝʧʝʨʝʨʚʥʠʤ ʨʘʟʦʤ ʟ ʩʚʦʻʶ ʧʝʨʰʦʶ ʧʦʭʽʜʥʦʶ, ʪʦ ʤʘʶʪʴ 

ʤʩ̔ʮʝ ʪʘʢʦʞ ʥʘʩʪʫʧʥʽ ʚʣʘʩʪʠʚʦʩʪʽ. 

7.ʗʢʱʦ ʜʣʷ ʜʚʦʭ ʨʽʟʥʠʭ ʨʽʚʥʷʥʴ ʐʪʫʨʤʘ-ʃʽʫʚʽʣʷ )()(
21

xkxk ² , ʘ 

ʨʝʰʪʘ ʢʦʝʬʽʮʽʻʥʪʽʚ ʟʙʽʛʘʻʪʴʩʷ, ʪʦ ʚʽʜʧʦʚʽʜʥʽ ʮʠʤ ʨʽʚʥʷʥʥʷʤ ʚʣʘʩʥʽ ʯʠʩʣʘ 

ʟʘʜʦʚʦʣʥɹʷʶʪʴ ʘʥʘʣʦʛʽʯʥʽʡ ʥʝʨʽʚʥʦʩʪʽ )2()1(
nn
ll ² . 

8.ʗʢʱʦ ʜʣʷ ʜʚʦʭ ʨʽʟʥʠʭ ʨʽʚʥʷʥʴ ʐʪʫʨʤʘ-ʃʽʫʚʽʣʷ )()(
21

xx rr ² , ʘ 

ʨʝʰʪʘ ʢʦʝʬʽʮʽʻʥʪʽʚ ʟʙʽʛʘʻʪʴʩʷ, ʪʦ ʚʽʜʧʦʚʽʜʥʽ ʮʠʤ ʨʽʚʥʷʥʥʷʤ ʚʣʘʩʥʽ ʯʠʩʣʘ 

ʟʘʜʦʚʦʣʥɹʷʶʪʴ ʥʝʨʽʚʥʦʩʪʽ )2()1(
nn
ll ¢ . 

9.ɯʟ ʟʤʝʥʰʝʥʥʷʤ ʧʨʦʤʽʞʢʫ [ ]ba,  ʚʣʘʩʥʽ ʯʠʩʣʘ ʧʝʨʰʦʾ ʤʝʞʦʚʦʾ ʟʘʜʘʯʽ 

ʐʪʫʨʤʘ-ʃʽʫʚʽʣʷ ʥʝ ʟʤʝʥʰʫʶʪʴʩʷ, ʪʦʙʪʦ, ʷʢʱʦ [ ][ ]1122 ,, baba Ë , ʪʦ 

)2()1(
nn
ll ¢ . 

10.ɺʩʽ ʚʣʘʩʥʽ ʯʠʩʣʘ ʦʜʥʦʚʠʤʽʨʥʦʾ ʤʝʞʦʚʦʾ ʟʘʜʘʯʽ ʐʪʫʨʤʘ-ʃʽʫʚʽʣʷ ʻ 

ʧʨʦʩʪʠʤʠ (ʥʝʚʠʨʦʜʞʝʥʠʤʠ). 

 ɼʦʚʝʜʝʥʥʷ. ʅʝʭʘʡ )(
1

xf  ʪʘ )(
2

xf  ʻ ʚʣʘʩʥʠʤʠ ʬʫʥʢʮʽʷʤʠ ʦʜʥʦʚʠ-

ʤʽʨʥʦʾ ʟʘʜʘʯʽ ʐʪʫʨʤʘ-ʃʽʫʚʽʣʷ, ʱʦ ʚʽʜʧʦʚʽʜʘʶʪʴ ʦʜʥʦʤʫ ʽ ʪʦʤʫ ʞ ʚʣʘʩʥʦʤʫ 

ʯʠʩʣʫ  l. ʎʝ ʦʟʥʘʯʘʻ, ʱʦ ʟʘʟʥʘʯʝʥʽ ʬʫʥʢʮʽʾ ʟʘʜʦʚʦʣʴʥʷʶʪʴ ʦʜʥʦʤʫ ʽ ʪʦʤʫ 

ʞ ʨʽʚʥʷʥʥʶ 

0)()()(
11
=+

Ø

xfxxfL lr , 



 

 

71 

0)()()(
22
=+

Ø

xfxxfL lr , 

ʪʘ ʦʜʥʠʤ ʽ ʪʠʤ ʞʝ ʤʝʞʦʚʠʤ ʫʤʦʚʘʤ. ɺʽʟʴʤʝʤʦ, ʥʘʧʨʠʢʣʘʜ, ʣʽʚʠʡ ʢʽʥʝʮʴ ʽʥ-

ʪʝʨʚʘʣʫ [ ]ba, , ʜʝ ʰʫʢʘʻʪʴʩʷ ʨʦʟʚ'ʷʟʦʢ ʟʘʜʘʯʽ ʐʪʫʨʤʘ-ʃʽʫʚʽʣʷ. ʊʫʪ 

0)(
)(

12
1

1
=+ af

dx

adf
gg ,        0)(

)(
22

2
1

=+ af
dx

adf
gg . 

ʇʨʠʨʦʜʥʦ ʧʨʠʧʫʩʪʠʪʠ, ʱʦ ʩʪʘʣʽ ʚʝʣʠʯʠʥʠ 
21

,gg  ʦʜʥʦʯʘʩʥʦ ʥʝ ʜʦʨʽʚʥʶʶʪʴ 

ʥʫʣʶ. ʗʢʱʦ ʦʩʪʘʥʥʽ ʜʚʘ ʨʽʚʥʷʥʥʷ ʨʦʟʛʣʷʥʫʪʠ ʷʢ ʩʠʩʪʝʤʫ ʨʽʚʥʷʥʴ ʚʽʜʥʦʩʥʦ 

21
,gg , ʪʦ ʚ ʩʠʣʫ ʾʾ ʦʜʥʦʨʽʜʥʦʩʪʽ ʚʦʥʘ ʤʘʻ ʥʝʥʫʣʴʦʚʠʡ ʨʦʟʚ'ʷʟʦʢ ʣʠʰʝ ʫ ʚʠ-

ʧʘʜʢʫ, ʢʦʣʠ ʚʠʟʥʘʯʥʠʢ ʟ ʢʦʝʬʽʮʽʻʥʪʽʚ ʮʽʻʾ ʩʠʩʪʝʤʠ ʜʦʨʽʚʥʶʻ ʥʫʣʶ. ʆʪʞʝ, 

0
)(

)(

)(
)(

2
2

1
1

=

dx

adf
af

dx

adf
af

. 

ɸʣʝ ʮʝ ʻ ʚʠʟʥʘʯʥʠʢ ɺʨʦʥʩʴʢʦʛʦ, ʩʢʣʘʜʝʥʠʡ ʟ ʨʦʟʚ'ʷʟʢʽʚ ʦʜʥʦʛʦ ʽ ʪʦʛʦ ʞ ʣʽ-

ʥʽʡʥʦʛʦ ʦʜʥʦʨʽʜʥʦʛʦ ʜʠʬʝʨʝʥʮʽʡʥʦʛʦ ʨʽʚʥʷʥʥʷ. ɺʽʥ ʤʘʻ ʪʫ ʚʣʘʩʪʠʚʽʩʪʴ, ʱʦ 

ʚ ʫʩʽʭ ʪʦʯʢʘʭ ʟʘʤʢʥʝʥʦʛʦ ʽʥʪʝʨʚʘʣʫ ʦʜʥʦʯʘʩʥʦ ʘʙʦ ʜʦʨʽʚʥʶʻ ʥʫʣʶ, ʘʙʦ ʚʽ-

ʜʤʽʥʥʠʡ ʚʽʜ ʥʫʣʷ. ʋ ʥʘʰʦʤʫ ʚʠʧʘʜʢʫ ʚʽʥ ʜʦʨʽʚʥʶʻ ʥʫʣʶ ʜʣʷ ax= , ʪʦʤʫ 

ʤʘʻ ʜʦʨʽʚʥʶʚʘʪʠ ʥʫʣʶ ʽ ʚ ʫʩʽʭ ʽʥʰʠʭ ʪʦʯʦʢ ʽʥʪʝʨʚʘʣʫ [ ]ba, . ʊʦʙʪʦ 

0
)(

)(

)(
)(

2
2

1
1

=

dx

xdf
xf

dx

xdf
xf

. 

ɸʣʝ ʦʩʪʘʥʥʷ ʫʤʦʚʘ ʻ ʫʤʦʚʦʶ ʣʽʥʽʡʥʦʾ ʟʘʣʝʞʥʦʩʪʽ ʬʫʥʢʮʽʡ )(
1

xf  ʪʘ 

)(
2

xf , ʱʦ ʧʨʦʪʠʨʽʯʠʪʴ ʧʦʯʘʪʢʦʚʦʤʫ ʧʨʠʧʫʱʝʥʥʶ ʧʨʦ ʣʽʥʽʡʥʫ ʥʝʟʘʣʝʞ-

ʥʽʩʪʴ ʮʠʭ ʬʫʥʢʮʽʡ. ʎʝ ʦʟʥʘʯʘʻ, ʱʦ ʟ ʪʦʯʥʽʩʪʶ ʜʦ ʜʦʚʽʣʴʥʦʛʦ ʩʪʘʣʦʛʦ ʤʥʦʞ-

ʥʠʢʘ ʬʫʥʢʮʽʾ )(
1

xf  ʪʘ )(
2

xf  ʟʙʽʛʘʶʪʴʩʷ. 

11.ɺʣʘʩʥʽ ʬʫʥʢʮʽʾ ʟʘʜʘʯʽ ʐʪʫʨʤʘ-ʃʽʫʚʽʣʷ ʫʪʚʦʨʶʶʪʴ ʧʦʚʥʫ ʩʠʩʪʝʤʫ 

ʬʫʥʢʮʽʡ ʚ ʢʣʘʩʽ ʬʫʥʢʮʽʡ [ ]baL ,
2

, ʜʣʷ ʷʢ ʠʭ 

¤<ñ dxxfx
b

a

n )()(
2

r  

ʇʦʚʥʦʪʘ ʦʟʥʘʯʘʻ, ʱʦ ʥʝ ʽʩʥʫʻ ʞʦʜʥʦʾ ʽʥʰʦʾ ʬʫʥʢʮʽʾ, ʚʽʜʤʽʥʥʦʾ ʚʽʜ ʚʣʘʩʥʠʭ 

ʬʫʥʢʮʽʡ ʟʘʜʘʯʽ ʐʪʫʨʤʘ-ʃʽʫʚʽʣʷ, ʷʢʘ ʙʫʣʘ ʙ ʦʨʪʦʛʦʥʘʣʴʥʘ ʜʦ ʥʠʭ. 
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2.4.ʌʫʥʢʮʽʾ ɹʝʩʝʣʷ ʪʘ ʟʘʜʘʯʘ ʐʪʫʨʤʘ-ʃʽʫʚʽʣʷ 
 

ʈʦʟʛʣʷʥʝʤʦ ʟʘʜʘʯʫ ʐʪʫʨʤʘ-ʃʽʫʚʽʣʷ ʜʣʷ ʨʽʚʥʷʥʥʷ ɹʝʩʝʣʷ: 
2

2 2 2+
2

d f(x) df(x)
x x ( x -m )f(x) 0

dxdx
l+ = 

ʟ ʤʝʞʦʚʠʤʠ ʫʤʦʚʘʤʠ ʧʝʨʰʦʛʦ ʪʘ ʜʨʫʛʦʛʦ ʨʦʜʽʚ. ɺʘʞʣʠʚʠʤ ʜʣʷ ʧʨʘʢʪʠʢʠ ʻ 

ʧʦʰʫʢ ʨʦʟʚôʷʟʢʫ ʥʘ ʧʨʦʤʽʞʢʫ ],0[ l . ʅʘʜʘʣʽ ʤʠ ʙʫʜʝʤʦ ʘʥʘʣʽʟʫʚʘʪʠ ʩʘʤʝ 
ʡʦʛʦ. ʅʝ ʩʪʘʥʦʚʠʪʴ ʧʨʠʥʮʠʧʦʚʠʭ ʪʨʫʜʥʦʱʽʚ ʽ ʥʘʡʙʽʣʴʰ ʟʘʛʘʣʴʥʠʡ ʚʠʧʘʜʦʢ 

ʧʨʦʤʽʞʢʫ  ],[ bʘ . ʈʦʟʛʣʷʥʝʤʦ ʤʝʞʦʚʽ ʫʤʦʚʠ ʧʝʨʰʦʛʦ ʨʦʜʫ: 

0)0( =f ,      0)( =lf . 

ɺʽʜʧʦʚʽʜʥʦ ʜʦ ʟʘʛʘʣʴʥʠʭ ʚʣʘʩʪʠʚʦʩʪʝʡ ʚʣʘʩʥʠʭ ʯʠʩʝʣ ʟʘʜʘʯʽ ʐʪʫʨʤʘ 

-ʃʽʫʚʽʣʷ ʜʣʷ ʧʝʨʰʦʾ ʤʝʞʦʚʦʾ ʟʘʜʘʯʽ, ʮʽ ʚʣʘʩʥʽ ʯʠʩʣʘ ʤʦʞʫʪʴ ʙʫʪʠ ʣʠʰʝ ʜʦ-

ʜʘʪʥʠʤʠ. ʗʢ ʙʫʣʦ ʧʦʢʘʟʘʥʦ ʚʠʱʝ, ʟʘʛʘʣʴʥʠʤ ʨʦʟʚ'ʷʟʢʦʤ ʨʽʚʥʷʥʥʷ  ʻ 

)()(),( xNbxJaxf
mmmmm
lll += . 

ʇʽʩʣʷ ʧʽʜʩʪʘʥʦʚʢʠ ʨʦʟʚ'ʷʟʢʫ ʫ ʤʝʞʦʚʽ ʫʤʦʚʠ, ʦʜʝʨʞʫʻʤʦ: 

0)0()0( =+
mmmm

NbJa , 

0)()( =+ lNblJa
mmmm
ll . 

ʆʩʢʽʣʴʢʠ ʮʝʡ ʨʦʟʚ'ʷʟʦʢ ʤʘʻ ʙʫʪʠ ʦʙʤʝʞʝʥʠʤ ʥʘ ʢʽʥʮʷʭ ʧʨʦʤʽʞʢʫ 

],0[ l , ʘ ʬʫʥʢʮʽʷ ʅʦʡʤʘʥʘ ʤʘʻ ʫ ʧʦʯʘʪʢʫ ʢʦʦʨʜʠʥʘʪ ʦʩʦʙʣʠʚʫ ʪʦʯʢʫ, ʪʦ ʧʝ-

ʨʰʘ ʤʝʞʦʚʘ ʫʤʦʚʘ ʤʦʞʝ ʙʫʪʠ ʚʠʢʦʥʘʥʘ ʣʠʰʝ ʫ ʚʠʧʘʜʢʫ, ʷʢʱʦ ʢʦʝʬʽʮʽʻʥʪ 

0=
n

b . ʇʨʠ ʮʴʦʤʫ ʜʨʫʛʘ ʤʝʞʦʚʘ ʫʤʦʚʘ ʥʘʙʫʚʘʻ ʚʠʛʣʷʜʫ 

0)( =lJa
mm
l . 

ʆʩʢʽʣʴʢʠ ʤʠ ʰʫʢʘʻʤʦ ʥʝʥʫʣʴʦʚʠʡ ʨʦʟʚôʷʟʦʢ ʨʽʚʥʷʥʥʷ ɹʝʩʝʣʷ, ʪʦ ʭʦʯʘ 

ʙ ʦʜʠʥ ʟ ʢʦʝʬʽʮʽʻʥʪʽʚ ʮʴʦʛʦ ʨʦʟʚ'ʷʟʢʫ ʤʘʻ ʙʫʪʠ ʚʽʜʤʽʥʥʠʤ ʚʽʜ ʥʫʣʷ. ʎʝ ʤʦ-

ʞʣʠʚʦ ʣʠʰʝ ʫ ʚʠʧʘʜʢʫ, ʢʦʣʠ 

0)( =lJ
m
l . 

ʆʩʪʘʥʥʻ ʨʽʚʥʷʥʥʷ ʤʦʞʝ ʨʦʟʛʣʷʜʘʪʠʩʴ ʷʢ ʨʽʚʥʷʥʥʷ ʚʽʜʥʦʩʥʦ l. ʁʦʛʦ 
ʨʦʟʚôʷʟʦʢ ʤʦʞʥʘ ʟʘʧʠʩʘʪʠ ʪʘʢ 

2

ö
÷

õ
æ
ç

å
=

l

nʪ

nm

m
l  , 

ʜʝ 
ʪm
m  ʻ n -ʠʤ ʥʫʣʝʤ ʬʫʥʢʮʽʾ ɹʝʩʝʣʷ m - ʛʦ ʧʦʨʷʜʢʫ. ɼʦ ʨʝʯʽ, ʷʢʱʦ ʧʦʨʽ-

ʚʥʶʚʘʪʠ ʮʝʡ ʨʝʟʫʣʴʪʘʪ ʟ ʘʥʘʣʦʛʽʯʥʠʤ ʨʝʟʫʣʴʪʘʪʦʤ ʜʣʷ ʧʝʨʰʦʾ ʤʝʞʦʚʦʾ ʟʘ-

ʜʘʯʽ ʥʘ ʧʨʦʤʽʞʢʫ ],0[ l , ʚʣʘʩʥʠʤʠ ʬʫʥʢʮʽʷʤʠ ʷʢʦʾ ʻ ʩʠʥʫʩʠ, ʪʦ ʾʾ ʚʣʘʩʥʽ ʯʠ-
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ʩʣʘ ʪʝʞ ʤʦʞʥʘ ʟʘʧʠʩʘʪʠ ʫ ʚʠʛʣʷʜʽ  

2

ö
÷

õ
æ
ç

å
=

l

n
n

m
l , ʜʝ pm n

ʪ
=  - ʥʫʣʽ ʩʠʥʫ-

ʩʘ ɺʽʜʧʦʚʽʜʥʽ ʟʥʘʡʜʝʥʠʤ ʚʣʘʩʥʠʤ ʯʠʩʣʘʤ ʨʽʚʥʷʥʥʷ ɹʝʩʝʣʷ, ʚʣʘʩʥʽ ʬʫʥʢʮʽʾ 

ʤʘʪʠʤʫʪʴ ʚʠʛʣʷʜ 

nm m
f (x)=J ( x)nml  . 

 ʋ ʚʠʧʘʜʢʫ ʜʦʚʽʣʴʥʦʛʦ ʧʨʦʤʽʞʢʫ ],[ bʘ  ʥʘʤ ʙʠ ʜʦʚʝʣʦʩʴ ʜʣʷ ʟʥʘʭʦ-

ʜʞʝʥʥʷ ʚʣʘʩʥʠʭ ʯʠʩʝʣ ʨʦʟʚôʷʟʘʪʠ ʥʘʩʪʫʧʥʝ ʪʨʘʥʩʮʝʥʜʝʥʪʥʝ ʨʽʚʥʷʥʥʷ 

0
)()(

)((
=

bNbJ

aNaJ

mm

mm

ll

ll
. 

ʇʨʠ ʮʴʦʤʫ, ʦʜʠʥ ʟ ʢʦʝʬʽʮʽʻʥʪʽʚ 
mm

bɌ ,  ʤʘʻ ʙʫʪʠ ʚʠʨʘʞʝʥʠʤ ʯʝʨʝʟ ʽʥʰʠʡ 

ʟʘ ʜʦʧʦʤʦʛʦʶ ʦʜʥʽʻʾ ʟ ʤʝʞʦʚʠʭ ʫʤʦʚ.  

 ʈʦʟʛʣʷʥʝʤʦ ʪʝʧʝʨ ʤʝʞʦʚʽ ʫʤʦʚʠ ʜʨʫʛʦʛʦ ʨʦʜʫ: 

0/)0( =dxdf ,        0/)( =dxldf . 

ɺʽʜʧʦʚʽʜʥʦ ʜʦ ʟʘʛʘʣʴʥʠʭ ʚʣʘʩʪʠʚʦʩʪʝʡ ʚʣʘʩʥʠʭ ʯʠʩʝʣ ʟʘʜʘʯʽ ʐʪʫʨʤʘ 

-ʃʽʫʚʽʣʷ ʜʣʷ ʜʨʫʛʦʾ ʛʨʘʥʠʯʥʦʲ ʟʘʜʘʯʽ, ʮʽ ʚʣʘʩʥʽ ʯʠʩʣʘ ʤʦʞʫʪʴ ʙʫʪʠ ʣʠʰʝ 

ʥʝʚʽʜ'ʻʤʥʠʤʠ. ɿʘʛʘʣʴʥʠʡ ʨʦʟʚ'ʷʟʦʢ ʤʘʻ ʚʠʛʣʷʜ 

)()(),,( xNbxJaxf
mmmmm
lll += , 

ʇʽʩʣʷ ʧʽʜʩʪʘʥʦʚʢʠ ʮʴʦʛʦ ʨʦʟʚ'ʷʟʢʫ ʫ ʤʝʞʦʚʽ ʫʤʦʚʠ, ʦʜʝʨʞʫʻʤʦ: 

0/)0(/)0( =+ dxNdbdxJda
mmmm

, 

0/)(/)( =+ dxlNdbdxlJda
mmmm
ll . 

ʆʩʢʽʣʴʢʠ ʨʦʟʚ'ʷʟʦʢ ʤʘʻ ʙʫʪʠ ʦʙʤʝʞʝʥʠʤ ʥʘ ʢʽʥʮʷʭ ʧʨʦʤʽʞʢʫ ],0[ l , ʘ 
ʬʫʥʢʮʽʷ ʅʦʡʤʘʥʘ ʪʘ ʾʾ ʧʦʭʽʜʥʘ ʤʘʶʪʴ ʫ ʧʦʯʘʪʢʫ ʢʦʦʨʜʠʥʘʪ ʦʩʦʙʣʠʚʫ ʪʦʯʢʫ, 

ʪʦ ʧʝʨʰʘ ʤʝʞʦʚʘ ʫʤʦʚʘ ʤʦʞʝ ʙʫʪʠ ʚʠʢʦʥʘʥʘ ʣʠʰʝ ʫ ʚʠʧʘʜʢʫ, ʷʢʱʦ ʢʦʝʬʽ-

ʮʽʻʥʪ 0=
n

b . ʇʨʠ ʮʴʦʤʫ ʜʨʫʛʘ ʤʝʞʦʚʘ ʫʤʦʚʘ ʥʘʙʫʚʘʻ ʚʠʛʣʷʜʫ 

0/)( =dxlJda
mm
l . 

ʆʩʢʽʣʴʢʠ ʤʠ ʰʫʢʘʻʤʦ ʥʝʥʫʣʴʦʚʠʡ ʨʦʟʚôʷʟʦʢ ʨʽʚʥʷʥʥʷ ɹʝʩʝʣʷ, ʪʦ ʭʦʯʘ 

ʙ ʦʜʠʥ ʟ ʡʦʛʦ ʢʦʝʬʽʮʽʻʥʪʽʚ ʤʘʻ ʙʫʪʠ ʚʽʜʤʽʥʥʠʤ ʚʽʜ ʥʫʣʷ. ʎʝ ʤʦʞʣʠʚʦ ʣʠʰʝ 

ʫ ʚʠʧʘʜʢʫ, ʢʦʣʠ 

0/)( =dxldJ
m
l . 

ʆʩʪʘʥʥʻ ʨʽʚʥʷʥʥʷ ʤʦʞʝ ʨʦʟʛʣʷʜʘʪʠʩʴ ʷʢ ʨʽʚʥʷʥʥʷ ʚʽʜʥʦʩʥʦ l. ʁʦʛʦ 
ʨʦʟʚôʷʟʦʢ ʤʦʞʥʘ ʟʘʧʠʩʘʪʠ ʪʘʢ 
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2~

ö
÷

õ
æ
ç

å
=

l

nʪ
nm

n
l  , 

 

ʜʝ 
nm
n  ʻ n-ʠʤ ʥʫʣʝʤ ʧʦʭʽʜʥʦʾ ʬʫʥʢʮʽʾ ɹʝʩʝʣʷ m - ʛʦ ʧʦʨʷʜʢʫ. ʅʫʣʽ ʧʦʭʽ-

ʜʥʦʾ ʬʫʥʢʮʽʾ ɹʝʩʝʣʷ ʤʦʞʥʘ ʧʦʚôʷʟʘʪʠ ʟ ʥʫʣʷʤʠ ʬʫʥʢʮʽʡ ɹʝʩʝʣʷ ʟʘ ʜʦʧʦʤʦ-

ʛʦʶ ʥʘʩʪʫʧʥʠʭ ʨʝʢʫʨʝʥʪʥʠʭ ʩʧʽʚʚʽʜʥʦʰʝʥʴ, ʷʢʽ ʜʣʷ ʬʫʥʢʮʽʡ ɹʝʩʝʣʷ ʮʽʣʦʛʦ 

ʧʦʨʷʜʢʫ (m - ʮʽʣʝ) ʤʘʶʪʴ ʚʠʛʣʷʜ: 

m m-1 m

m
dJ ( x)/dx J ( x) J ( x)

x
l l l= -  , 

 

m m+1 m

m
dJ ( x)/dx J ( x) J ( x)

x
l l l=- +  . 

ɺʽʜʧʦʚʽʜʥʽ ʮʠʤ ʚʣʘʩʥʠʤ ʯʠʩʣʘʤ ʚʣʘʩʥʽ ʬʫʥʢʮʽʾ ʻ 

~

nm m
f (x)= J ( x)nml  . 

 ʋ ʚʠʧʘʜʢʫ ʜʦʚʽʣʴʥʦʛʦ ʧʨʦʤʽʞʢʫ ],[ bʘ , ʥʘʤ ʙʠ ʜʦʚʝʣʦʩʴ ʜʣʷ ʟʥʘʭʦ-

ʜʞʝʥʥʷ ʚʣʘʩʥʠʭ ʯʠʩʝʣ ʨʦʟʚôʷʟʘʪʠ ʥʘʩʪʫʧʥʝ ʪʨʘʥʩʮʝʥʜʝʥʪʥʝ ʨʽʚʥʷʥʥʷ 

0
/)(/)(

/)(/(
=

dxbdNdxbdJ

dxadNdxadJ

mm

mm

ll

ll
. 

ʇʨʠ ʮʴʦʤʫ ʦʜʠʥ ʟ ʢʦʝʬʽʮʽʻʥʪʽʚ 
mm

bɌ ,  ʤʘʻ ʙʫʪʠ ʚʠʨʘʞʝʥʠʤ ʯʝʨʝʟ ʽʥʰʠʡ 

ʟʘ ʜʦʧʦʤʦʛʦʶ ʦʜʥʽʻʾ ʟ ʤʝʞʦʚʠʭ ʫʤʦʚ. ɸʥʘʣʦʛʽʯʥʠʤ ʯʠʥʦʤ ʤʦʞʫʪʴ ʙʫʪʠ ʨʦ-

ʟʛʣʷʥʫʪʽ ʽ ʤʝʞʦʚʽ ʫʤʦʚʠ ʪʨʝʪʴʦʛʦ ʨʦʜʫ.  

 

2.5.ʋʟʘʛʘʣʴʥʝʥʘ ʦʜʥʦʚʠʤʽʨʥʘ ʟʘʜʘʯʘ ʐʪʫʨʤʘ-ʃʽʫʚʽʣʷ 
 

ʂʣʘʩʠʯʥʘ ʟʘʜʘʯʘ ʐʪʫʨʤʘ-ʃʽʫʚʽʣʷ ʥʝ ʜʦʟʚʦʣʷʻ ʙʝʟʧʦʩʝʨʝʜʥʴʦ ʨʦʟʛʣʷ-

ʥʫʪʠ ʚʠʧʘʜʦʢ ʥʝʦʜʥʦʨʽʜʥʠʭ ʤʝʞʦʚʠʭ ʫʤʦʚ, ʜʦ ʷʢʦʛʦ, ʟʦʢʨʝʤʘ, ʥʘʣʝʞʘʪʴ 

ʨʦʟʚôʷʟʢʠ ʫ ʚʠʛʣʷʜʽ ʦʨʪʦʛʦʥʘʣʴʥʠʭ ʧʦʣʽʥʦʤʽʚ. ɺʠʷʚʣʷʻʪʴʩʷ, ʱʦ ʚʩʽ ʨʦʟʛʣʷ-

ʥʫʪʽ ʚʠʱʝ ʚʣʘʩʪʠʚʦʩʪʽ ʚʣʘʩʥʠʭ ʯʠʩʝʣ ʽ ʚʣʘʩʥʠʭ ʬʫʥʢʮʽʡ ʟʙʝʨʽʛʘʶʪʴʩʷ ʧʨʠ 

ʨʦʟʛʣʷʜʽ ʫʟʘʛʘʣʴʥʝʥʦʾ ʟʘʜʘʯʽ ʐʪʫʨʤʘ-ʃʽʫʚʽʣʷ. ʎʷ ʟʘʜʘʯʘ ʩʢʣʘʜʘʻʪʴʩʷ ʟ ʨʽʚ-

ʥʷʥʥʷ ʐʪʫʨʤʘ-ʃʽʫʚʽʣʷ 

0)()()( =+
Ø

xfxxfL lr  

ʪʘ ʥʘʩʪʫʧʥʠʭ ʫʟʘʛʘʣʴʥʝʥʠʭ ʤʝʞʦʚʠʭ ʫʤʦʚ ʪʨʝʪʴʦʛʦ ʨʦʜʫ: 
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0)(
)(

)(
21

=
ù
ù

ú

ø

é
é

ê

è
+ af

dx
adf

xk gg ,     0)(
)(

)(
21

=
ù
ù

ú

ø

é
é

ê

è
+ bf

dx
bdf

xk gg . 

ʇʨʠ ʮʴʦʤʫ ʬʫʥʢʮʽʷ )(xf  ʤʘʻ ʙʫʪʠ ʥʝ ʪʽʣʴʢʠ ʥʝʧʝʨʝʨʚʥʦʶ  ʨʘʟʦʤ ʟ  

ʧʝʨʰʦʶ ʪʘ ʜʨʫʛʦʶ ʧʦʭʽʜʥʠʤʠ, ʘ ʪʘʢʦʞ ʤʘʪʠ ʽʥʪʝʛʨʦʚʘʥʠʡ ʢʚʘʜʨʘʪ ʟ ʚʘʛʦʶ 

)(xr  . ʆʩʪʘʥʥʻ ʦʟʥʘʯʘʻ, ʱʦ ʮʷ ʬʫʥʢʮʽʷ ʦʜʥʦʯʘʩʥʦ ʻ ʝʣʝʤʝʥʪʦʤ ʣʽʥʽʡʥʠʭ 

ʬʫʥʢʮʽʡʥʠʭ ʧʨʦʩʪʦʨʽʚ [ ]baC ,
2

 ʪʘ [ ]baL ,
2

. 

ʇʝʨʝʚʽʨʠʤʦ ʩʘʤʦʩʧʨʷʞʝʥʽʩʪʴ ʫʟʘʛʘʣʴʥʝʥʦʾ ʟʘʜʘʯʽ ʐʪʫʨʤʘ-ʃʽʫʚʽʣʷ. 

ɼʣʷ ʮʴʦʛʦ ʦʙʯʠʩʣʠʤʦ ʥʘʩʪʫʧʥʽ ʜʚʘ ʩʢʘʣʷʨʥʽ ʜʦʙʫʪʢʠ: 

  ñ --=ö
÷

õ
æ
ç

å Ø b

a

mn
mn dx

dx

xdf

dx

xdf
xkfLf

)()(
)(,  

+-ñ
b

a

mn dxxfxfxq )()()(  

dx

adf
afak

dx

bdf
bfbk m

n
m

n

)(
)()(

)(
)()( -+ , 

 

--=ö
÷

õ
æ
ç

å
ñ

Ø b

a

mn
nm dx

dx

xdf

dx

xdf
xkfLf

)()(
)(,  

+-ñ
b

a

mn dxxfxfxq )()()(  

dx

adf
afak

dx

bdf
bfbk m

n
n

m

)(
)()(

)(
)()( -+ . 

ɼʣʷ ʫʟʘʛʘʣʴʥʝʥʠʭ ʤʝʞʦʚʠʭ ʫʤʦʚ ʪʨʝʪʴʦʛʦ ʨʦʜʫ ʚʽʜʧʦʚʽʜʥʽ ʜʦʜʘʥʢʠ  

ʟʙʽʛʘʶʪʴʩʷ. ɼʽʡʩʥʦ, ʜʣʷ ʧʝʨʰʦʛʦ ʩʢʘʣʷʨʥʦʛʦ ʜʦʙʫʪʢʫ 

=-
dx

bdf
bfbk

dx

adf
afak m

n
m

n

)(
)()(

)(
)()(  

[ ])()()()()()(
1

2 bfbfbkafafak mnmn --=
g

g
 . 

ɼʣʷ ʜʨʫʛʦʛʦ ʩʢʘʣʷʨʥʦʛʦ ʜʦʙʫʪʢʫ 

=-
dx

bdf
bfbk

dx

adf
afak n

m
n

m

)(
)()(

)(
)()(  
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[ ])()()()()()(
1

2 bfbfbkafafak nmnm --=
g

g
 . 

 ʋ ʚʠʩʣʽʜʽ ʤʘʻ ʤʽʩʮʝ ʥʘʩʪʫʧʥʘ ʨʽʚʥʽʩʪʴ 

öö
÷

õ
ææ
ç

å
=
öö
÷

õ
ææ
ç

å ØØ

nmmn fLffLf ,, , 

ʷʢʘ ʻ ʫʤʦʚʦʶ ʩʘʤʦʩʧʨʷʞʝʥʦʩʪʽ ʟʘʜʘʯʽ.  

ɽʣʝʤʝʥʪʘʨʥʽ ʪʘ ʙʘʛʘʪʦ ʩʧʝʮʽʘʣʴʥʠʭ ʬʫʥʢʮʽʡ ʻ ʨʦʟʚ'ʷʟʢʘʤʠ ʩʘʤʝ ʫʟʘ-

ʛʘʣʴʥʝʥʦʾ ʟʘʜʘʯʽ ʐʪʫʨʤʘ-ʃʽʫʚʽʣʷ. ʈʦʟʛʣʷʥʝʤʦ ʜʝʷʢʽ ʟ ʥʠʭ. ʊʘʢ, ʜʣʷ 

1)( =xk , 0)( =xq , 1)( =xr , ʤʠ ʦʜʝʨʞʫʻʤʦ ʨʽʚʥʷʥʥʷ 

0)(
)(

2

2

=+ xf
dx

xfd
l , 

ʨʦʟʚ'ʷʟʢʘʤʠ ʷʢʦʛʦ ʻ ʪʨʠʛʦʥʦʤʝʪʨʠʯʥʽ ʪʘ ʛʽʧʝʨʙʦʣʽʯʥʽ ʬʫʥʢʮʽʾ. ɼʣʷ ʥʴʦʛʦ 

ʢʣʘʩʠʯʥʽ ʪʘ ʫʟʘʛʘʣʴʥʝʥʽ ʤʝʞʦʚʽ ʫʤʦʚʠ ʪʨʝʪʴʦʛʦ ʨʦʜʫ ʟʙʽʛʘʶʪʴʩʷ.  

ɼʣʷ xxk =)( , xxq /)( 2a= , xx =)(r  ʤʠ ʦʜʝʨʞʫʻʤʦ ʨʽʚʥʷʥʥʷ ɹʝ-

ʩʝʣʷ 

0)()(
)( 22 =-+
ù
ù

ú

ø

é
é

ê

è
xfx

dx
xdf

x
dx
dx al  . 

ʋʟʘʛʘʣʴʥʝʥʽ ʤʝʞʦʚʽ ʫʤʦʚʠ ʪʨʝʪʴʦʛʦ ʨʦʜʫ ʜʣʷ ʮʴʦʛʦ ʨʽʚʥʷʥʥʷ ʤʘʶʪʴ ʚʠ-

ʛʣʷʜ: 

0)(
)(

21
=
ù
ù

ú

ø

é
é

ê

è
+ af

dx
adf

a gg ,        0)(
)(

21
=
ù
ù

ú

ø

é
é

ê

è
+ bf

dx
bdf

b gg . 

ɼʣʷ ʨʽʚʥʷʥʥʷ ɹʝʩʝʣʷ ʢʣʘʩʠʯʥʽ ʪʘ ʫʟʘʛʘʣʴʥʝʥʽ ʤʝʞʦʚʽ ʫʤʦʚʠ ʪʨʝʪʴʦʛʦ ʨʦ-

ʜʫ ʧʨʘʢʪʠʯʥʦ ʪʝʞ ʟʙʽʛʘʶʪʴʩʷ.  

ʈʦʟʛʣʷʥʝʤʦ ʪʝʧʝʨ ʜʝʢʽʣʴʢʘ ʚʠʧʘʜʢʽʚ, ʢʦʣʠ ʚʠʢʦʥʫʶʪʴʩʷ ʣʠʰʝ ʫʟʘʛʘʣʴ-

ʥʝʥʽ ʤʝʞʦʚʽ ʫʤʦʚʠ ʪʨʝʪʴʦʛʦ ʨʦʜʫ. 

ɼʣʷ 21)( xxk -= , 0)( =xq , 1)( =xr  ʤʠ ʦʜʝʨʞʫʻʤʦ ʨʽʚʥʷʥʥʷ ʃʝʞʘ-

ʥʜʨʘ 

0)(
)(

)1( 2 =+-
ù
ù

ú

ø

é
é

ê

è
xf

dx
xdf

x
dx
d l  . 

ʋʟʘʛʘʣʴʥʝʥʽ ʤʝʞʦʚʽ ʫʤʦʚʠ ʪʨʝʪʴʦʛʦ ʨʦʜʫ ʙʫʜʫʪʴ ʤʘʪʠ ʜʣʷ ʨʽʚʥʷʥʥʷ ʃʝ-

ʞʘʥʜʨʘ ʥʘʩʪʫʧʥʠʡ ʚʠʛʣʷʜ: 

0)(
)(

)1(
21

2 =-
ù
ù

ú

ø

é
é

ê

è
+ af

dx
adf

a gg ,   0)(
)(

)1(
21

2 =-
ù
ù

ú

ø

é
é

ê

è
+ bf

dx
bdf

b gg . 

ʎʽ ʤʝʞʦʚʽ ʫʤʦʚʠ ʘʚʪʦʤʘʪʠʯʥʦ ʟʘʜʦʚʦʣʴʥʷʶʪʴʩʷ ʜʣʷ ʧʦʣʽʥʦʤʽʚ ʃʝʞʘʥʜ-

ʨʫ, ʷʢʱʦ 1-=a ,  1=b . ʎʝ ʦʜʥʘ ʟ ʧʨʠʯʠʥ, ʯʦʤʫ ʧʨʦʤʽʞʦʢ ]1,1[-  ʛʨʘʻ ʜʣʷ 

ʧʦʣʽʥʦʤʽʚ ʃʝʞʘʥʜʨʘ ʦʩʦʙʣʠʚʫ ʨʦʣʴ. ʊʽʣʴʢʠ ʫ ʮʴʦʤʫ ʯʘʩʪʠʥʥʦʤʫ ʚʠʧʘʜʢʫ 
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ʟʘʜʘʯʘ ʥʘ ʧʦʰʫʢ ʚʣʘʩʥʠʭ ʬʫʥʢʮʽʡ ʪʘ ʚʣʘʩʥʠʭ ʯʠʩʝʣ ʤʦʞʝ ʙʫʪʠ ʩʬʦʨʤʫʣʴʦ-

ʚʘʥʘ ʷʢ ʟʘʜʘʯʘ ʐʪʫʨʤʘ-ʃʽʫʚʽʣʷ. ʆʪʞʝ, ʧʦʣʽʥʦʤʠ ʃʝʞʘʥʜʨʫ ʻ ʚʣʘʩʥʠʤʠ ʬʫ-

ʥʢʮʽʷʤʠ ʫʟʘʛʘʣʴʥʝʥʦʾ ʟʘʜʘʯʽ ʐʪʫʨʤʘ-ʃʽʫʚʽʣʷ. ʇʨʠ ʮʴʦʤʫ, ʫ ʟʘʛʘʣʴʥʦʤʫ ʚʠ-

ʧʘʜʢʫ, ʚʦʥʠ ʟʘʜʦʚʦʣʴʥʷʶʪʴ ʥʝʦʜʥʦʨʽʜʥʠʤ ʢʣʘʩʠʯʥʠʤ ʤʝʞʦʚʠʤ ʫʤʦʚʘʤ 

ʧʝʨʰʦʛʦ, ʜʨʫʛʦʛʦ ʘʙʦ ʪʨʝʪʴʦʛʦ ʨʦʜʫ ʽ ʥʝ ʤʦʞʫʪʴ ʨʦʟʛʣʷʜʘʪʠʩʴ ʷʢ ʚʣʘʩʥʽ 

ʬʫʥʢʮʽʾ ʢʣʘʩʠʯʥʦʾ ʟʘʜʘʯʽ ʐʪʫʨʤʘ-ʃʽʫʚʽʣʷ. ɸʥʘʣʦʛʽʯʥʘ ʩʠʪʫʘʮʽʷ ʤʘʻ ʤʽʩʮʝ ʽ 

ʜʣʷ ʨʽʚʥʷʥʥʷ ʃʝʞʘʥʜʨʘ ʜʣʷ ʧʨʠʻʜʥʘʥʠʭ ʧʦʣʽʥʦʤʽʚ ʃʝʞʘʥʜʨʫ. 

ɼʣʷ )exp()( 2xxk -= , 0)( =xq , )exp()( 2xx -=r  ʤʠ ʦʜʝʨʞʫʻʤʦ 

ʨʽʚʥʷʥʥʷ ɽʨʤʽʪʘ 

0)()exp(
)(

)exp( 22 =-+
ù
ú

ø
é
ê

è
- xfx

dx

xdf
x

dx

d
l  . 

ʋʟʘʛʘʣʴʥʝʥʽ ʤʝʞʦʚʽ ʫʤʦʚʠ ʪʨʝʪʴʦʛʦ ʨʦʜʫ ʜʣʷ ʮʴʦʛʦ ʨʽʚʥʷʥʥʷ, ʥʘ ʧʨʦʤʽ-

ʞʢʫ ),( ¤-¤ , ʤʘʶʪʴ ʚʠʛʣʷʜ: 

0)(
)(

)exp(lim
21

2 =-
ù
ù

ú

ø

é
é

ê

è
+

-¤­
af

dx
adf

a
a

gg , 

0)(
)(

)exp(lim
21

2 =-
ù
ù

ú

ø

é
é

ê

è
+

¤­
bf

dx
bdf

b
b

gg . 

ʆʯʝʚʠʜʥʦ, ʱʦ ʚʦʥʠ ʘʚʪʦʤʘʪʠʯʥʦ ʚʠʢʦʥʫʶʪʴʩʷ ʣʠʰʝ ʜʣʷ ʧʦʣʽʥʦʤʽʚ ɽʨ-

ʤʽʪʘ ʽ ʥʝ ʚʠʢʦʥʫʶʪʴʩʷ ʜʣʷ ʬʫʥʢʮʽʡ ɽʨʤʽʪʘ. ʊʘʢʠʤ ʯʠʥʦʤ, ʧʦʣʽʥʦʤʠ ɽʨʤʽʪʘ 

ʻ ʚʣʘʩʥʠʤʠ ʬʫʥʢʮʽʷʤʠ ʫʟʘʛʘʣʴʥʝʥʦʾ ʟʘʜʘʯʽ ʐʪʫʨʤʘ-ʃʽʫʚʽʣʷ. ɼʣʷ ʙʫʜʴ-

ʷʢʦʛʦ ʽʥʰʦʛʦ ʧʨʦʤʽʞʢʫ, ʢʨʽʤ ʧʨʦʤʽʞʢʫ ),( ¤-¤ , ʟʘʜʘʯʘ ʥʘ ʧʦʰʫʢ ʚʣʘʩʥʠʭ 

ʬʫʥʢʮʽʡ ʪʘ ʚʣʘʩʥʠʭ ʯʠʩʝʣ ʥʝ ʤʦʞʝ ʙʫʪʠ ʩʬʦʨʤʫʣʴʦʚʘʥʘ ʷʢ ʟʘʜʘʯʘ ʐʪʫʨʤʘ-

ʃʽʫʚʽʣʷ. 

ɼʣʷ )exp()( xxxk -= , 0)( =xq , )exp()( xx -=r  ʤʠ ʦʜʝʨʞʫʻʤʦ ʨʽ-

ʚʥʷʥʥʷ ʃʘʛʝʨʘ 

0)()exp(
)(

)exp( =-+ù
ú

ø
é
ê

è
- xfx

dx

xdf
xx

dx

d
l  . 

ʋʟʘʛʘʣʴʥʝʥʽ ʤʝʞʦʚʽ ʫʤʦʚʠ ʪʨʝʪʴʦʛʦ ʨʦʜʫ ʜʣʷ ʮʴʦʛʦ ʨʽʚʥʷʥʥʷ ʥʘ ʧʨʦʤʽʞ-

ʢʫ ),[ ¤a ʤʘʪʁʴ ʚʠʛʣʷʜ: 

0)(
)(

)exp(
21

=-
ù
ù

ú

ø

é
é

ê

è
+ af

dx
adf

aa gg , 

0)(
)(

)exp(lim
21

=-
ù
ù

ú

ø

é
é

ê

è
+

¤­
bf

dx
bdf

bb
b

gg . 

ʆʯʝʚʠʜʥʦ, ʱʦ ʜʣʷ 0=a  ʚʦʥʠ ʘʚʪʦʤʘʪʠʯʥʦ ʚʠʢʦʥʫʶʪʴʩʷ ʜʣʷ ʧʦʣʥ̔ʦʤʽʚ 

ʃʘʛʝʨʘ ʽ ʥʝ ʚʠʢʦʥʫʶʪʴʩʷ ʜʣʷ ʬʫʥʢʮʽʡ ʃʘʛʝʨʘ ʜʨʫʛʦʛʦ ʨʦʜʫ. ʊʘʢʠʤ ʯʠʥʦʤ, 

ʧʦʣʽʥʦʤʠ ʃʘʛʝʨʘ ʻ ʚʣʘʩʥʠʤʠ ʬʫʥʢʮʽʷʤʠ ʫʟʘʛʘʣʴʥʝʥʦʾ ʟʘʜʘʯʽ ʐʪʫʨʤʘ-
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ʃʽʫʚʽʣʷ. ɼʣʷ ʙʫʜʴ-ʷʢʦʛʦ ʽʥʰʦʛʦ ʧʨʦʤʽʞʢʫ, ʢʨʽʤ ʧʨʦʤʽʞʢʫ ),0[ ¤, ʟʘʜʘʯʘ ʥʘ 
ʧʦʰʫʢ ʚʣʘʩʥʠʭ ʬʫʥʢʮʽʡ ʪʘ ʚʣʘʩʥʠʭ ʯʠʩʝʣ ʥʝ ʤʦʞʝ ʙʫʪʠ ʩʬʦʨʤʫʣʴʦʚʘʥʘ ʷʢ 

ʟʘʜʘʯʘ ʐʪʫʨʤʘ-ʃʽʫʚʽʣʷ. ʆʯʝʚʠʜʥʦ, ʱʦ ʧʦʣʽʥʦʤʠ ɽʨʤʽʪʘ ʪʘ ʃʘʛʝʨʘ ʥʝ ʤʦ-

ʞʫʪʴ ʨʦʟʛʣʷʜʘʪʠʩʴ ʷʢ ʚʣʘʩʥʽ ʬʫʥʢʮʽʾ ʢʣʘʩʠʯʥʦʾ ʟʘʜʘʯʽ ʐʪʫʨʤʘ-ʃʽʫʚʽʣʷ. 

 

2.6.ʊʨʠʚʠʤʽʨʥʘ ʟʘʜʘʯʘ ʐʪʫʨʤʘ-ʃʽʫʚʽʣʷ 
 

ʈʦʟʛʣʷʥʝʤʦ ʥʘʩʪʫʧʥʝ ʣʽʥʽʡʥʝ ʦʜʥʦʨʽʜʥʝ ʜʠʬʝʨʝʥʮʽʡʥʝ ʨʽʚʥʷʥʥʷ ʟ ʯʘ-

ʩʪʠʥʥʠʤʠ ʧʦʭʽʜʥʠʤʠ 

Lf( ) ( )f( ) 0lr
Ø

+ =r r r  , 

ʜʝ ʣʽʥʽʡʥʠʡ ʦʧʝʨʘʪʦʨ 

Ø

L  ʤʘʻ ʚʠʛʣʷʜ 

L div k( )grad q( )
Ø

è ø
é ùê ú

= -r r  . 

ʊʫʪ  r - ʪʨʠʚʠʤʽʨʥʠʡ ʨʘʜʽʫʩ - ʚʝʢʪʦʨ, )(rk , )(rq , )(rr  ʻ ʥʝʧʝʨʝʨʚʥʠʤʠ 

ʬʫʥʢʮʽʷʤʠ ʫ ʪʨʴʦʭʚʠʤʽʨʥʽʡ ʦʙʣʘʩʪʽ D, ʫ ʷʢʽʡ ʰʫʢʘʻʪʴʩʷ ʨʦʟʚ'ʷʟʦʢ ʨʽʚʥʷʥ-

ʥʷ. ʂʨʽʤ ʪʦʛʦ, 0)( >rk , 0)( ²rq , 0)( >rr . ʅʝʧʝʨʝʨʚʥʽʩʪʴ ʨʘʟʦʤ ʟ ʾʾ ʧʝ-

ʨʰʠʤʠ ʪʘ ʜʨʫʛʠʤʠ ʯʘʩʪʠʥʥʠʤʠ ʧʦʭʽʜʥʠʤʠ ʚʠʤʘʛʘʻʪʴʩʷ ʽ ʚʽʜ ʬʫʥʢʮʽʾ )(rf . 

ʅʘʚʝʜʝʥʽ ʦʙʤʝʞʝʥʥʷ ʥʘ ʚʩʽ ʮʽ ʬʫʥʢʮʽʾ ʻ ʣʠʰʝ ʜʦʩʪʘʪʥʽʤʠ ʫʤʦʚʘʤʠ ʽʩʥʫʚʘʥ-

ʥʷ ʚʣʘʩʥʠʭ ʯʠʩʝʣ ʽ ʚʣʘʩʥʠʭ ʬʫʥʢʮʽʡ ʟʘʜʘʯʽ ʐʪʫʨʤʘ-ʃʽʫʚʽʣʷ ʪʘ ʾʭ ʚʣʘʩʪʠʚʦ-

ʩʪʝʡ. ʋ ʜʝʢʘʨʪʦʚʽʡ ʩʠʩʪʝʤʽ ʢʦʦʨʜʠʥʘʪ: 

yx z
A (x,y,z)A (x,y,z) A (x,y,z)

div ( )
x y z

µµ µ
= + +è øê ú µ µ µ

A r  , 

 

f(x,y,z) f(x,y,z) f(x,y,z)
grad f( )

x y z

µ µ µ
= + +è øê ú µ µ µ

r i j k  . 

 ɿʘʫʚʘʞʝʥʥʷ. ʗʢʱʦ ʢʦʝʬʽʮʽʻʥʪ ʨʽʚʥʷʥʥʷ )(rk ʻ ʩʪʘʣʦʶ ʚʝʣʠʯʠʥʦʶ, 

ʪʦ ʜʠʬʝʨʝʥʮʽʡʥʠʡ ʦʧʝʨʘʪʦʨ ʩʫʪʪʻʚʦ ʩʧʨʦʱʫʻʪʴʩʷ, ʦʩʢʽʣʴʢʠ 

div gradè ø
é ùê ú

=D , 

ʜʝ ʦʧʝʨʘʪʦʨ ʃʘʧʣʘʩʘ ʫ ʜʝʢʘʨʪʦʚʽʡ ʩʠʩʪʝʤʽ ʢʦʦʨʜʠʥʘʪ 
2 2 2

2 2 2x y z

µ µ µ
D= + +
µ µ µ

 . 

ɺʽʜʧʦʚʽʜʥʝ ʨʽʚʥʷʥʥʷ ʐʪʫʨʤʘ-ʃʽʫʚʽʣʷ ʥʘʙʝʨʝ ʚʠʛʣʷʜʫ 

f( ) q( )f( ) ( )f( ) 0lrD - + =r r r r r  . 
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ʗʢʱʦ ʧʨʠ ʮʴʦʤʫ ʽ 0)( =rq , ʪʦ ʨʦʟʚ'ʷʟʦʢ ʨʽʚʥʷʥʥʷ ʐʪʫʨʤʘ-ʃʽʫʚʽʣʷ ʟʚʦ-

ʜʠʪʴʩʷ ʜʦ ʧʦʰʫʢʫ ʚʣʘʩʥʠʭ ʯʠʩʝʣ ʽ ʚʣʘʩʥʠʭ ʬʫʥʢʮʽʡ ʦʧʝʨʘʪʦʨʘ ʃʘʧʣʘʩʘ, 

ʪʦʙʪʦ ʨʦʟʚ'ʷʟʢʫ ʨʽʚʥʷʥʥʷ ɻʝʣʴʤʛʦʣʴʮʘ 

f( ) ( )f( ) 0lrD + =r r r . 

ʉʘʤʝ ʜʦ ʪʘʢʦʾ ʟʘʜʘʯʽ ʜʫʞʝ ʯʘʩʪʦ ʟʚʦʜʠʪʴʩʷ ʨʦʟʚ'ʷʟʦʢ ʤʝʞʦʚʦʾ ʟʘʜʘʯʽ ʜʣʷ ʨʽ-

ʚʥʷʥʴ ʪʝʧʣʦʧʨʦʚʽʜʥʦʩʪʽ, ʜʠʬʫʟʽʾ, ʧʦʧʝʨʝʯʥʠʭ ʢʦʣʠʚʘʥʴ ʩʪʨʫʥʠ, ʧʦʚʟʜʦʚʞ-

ʥʽʭ ʢʦʣʠʚʘʥʴ ʩʪʨʠʞʥʷ ʽ ʪ. ʽ. 

ʊʨʴʦʭʚʠʤʽʨʥʝ ʨʽʚʥʷʥʥʷ ʐʪʫʨʤʘ-ʃʽʫʚʽʣʷ ʪʝʞ ʜʦʟʚʦʣʷʻ ʜʦʩʣʽʜʞʝʥʥʷ 

ʚʣʘʩʪʠʚʦʩʪʝʡ ʡʦʛʦ ʨʦʟʚ'ʷʟʢʽʚ ʙʝʟ ʢʦʥʢʨʝʪʥʦʛʦ ʾʭ ʟʥʘʭʦʜʞʝʥʥʷ. ʆʯʝʚʠʜʥʦ, 

ʱʦ ʮʽ ʚʣʘʩʪʠʚʦʩʪʽ ʤʘʶʪʴ ʟʘʣʝʞʘʪʠ ʥʝ ʪʽʣʴʢʠ ʚʽʜ ʚʠʛʣʷʜʫ ʨʽʚʥʷʥʥʷ, ʘʣʝ ʽ ʚʽʜ 

ʜʦʜʘʪʢʦʚʠʭ ʫʤʦʚ, ʷʢʠʤ ʤʘʶʪʴ ʟʘʜʦʚʦʣʴʥʷʪʠ ʾʭ ʨʦʟʚôʷʟʢʠ. ʋ ʢʣʘʩʠʯʥʽʡ ʟʘ-

ʜʘʯʽ ʐʪʫʨʤʘ-ʃʽʫʚʽʣʷ ʚ ʷʢʦʩʪʽ ʪʘʢʦʾ ʫʤʦʚʠ ʥʘ ʧʦʚʝʨʭʥʽ S, ʱʦ ʦʙʤʝʞʫʻ ʦʙ-

ʣʘʩʪʴ  D, ʙʝʨʝʪʴʩʷ ʦʜʥʦʨʽʜʥʘ ʤʝʞʦʚʘ ʫʤʦʚʘ ʪʨʝʪʴʦʛʦ ʨʦʜʫ, ʘ ʩʘʤʝ 

1 2

S

df( )
( ) ( ) f( ) 0

dn
g g
è ø

+ =é ù
ê ú

r
r r r  ,  

ʜʝ 
21

,gg  - ʜʦʚʽʣʴʥʽ ʥʝʧʝʨʝʨʚʥʽ ʬʫʥʢʮʽʾ, ʘ ʧʦʭʽʜʥʘ ʙʝʨʝʪʴʩʷ ʚʟʜʦʚʞ ʟʦʚʥʽʰ-

ʥʴʦʾ ʥʦʨʤʘʣʽ ʜʦ ʧʦʚʝʨʭʥʽ. 

ʇʨʠ ʥʘʷʚʥʦʩʪʽ ʤʝʞʦʚʠʭ ʫʤʦʚ ʟʘʜʘʯʘ ʐʪʫʨʤʘ-ʃʽʫʚʽʣʷ ʤʘʪʠʤʝ ʥʝʥʫ-

ʣʴʦʚʽ ʨʦʟʚ'ʷʟʢʠ ʣʠʰʝ ʧʨʠ ʧʝʚʥʠʭ ʟʥʘʯʝʥʥʷʭ ʢʦʝʬʽʮʽʻʥʪʘ l ʨʽʚʥʷʥʥʷ ʐʪʫ-

ʨʤʘ-ʃʽʫʚʽʣʷ. ʊʘʢʽ ʟʥʘʯʝʥʥʷ ʮʴʦʛʦ ʢʦʝʬʽʮʽʻʥʪʘ, ʷʢ ʽ ʫ ʦʜʥʦʚʠʤʽʨʥʦʤʫ ʚʠʧʘʜ-

ʢʫ, ʥʘʟʠʚʘʶʪʴʩʷ ʚʣʘʩʥʠʤʠ ʯʠʩʣʘʤʠ ʟʘʜʘʯʽ ʐʪʫʨʤʘ-ʃʽʫʚʽʣʷ, ʘ ʚʽʜʧʦʚʽʜʥʽ ʾʤ 

ʥʝʥʫʣʴʦʚʽ ʨʦʟʚ'ʷʟʢʠ - ʚʣʘʩʥʠʤʠ ʬʫʥʢʮʽʷʤʠ ʮʽʻʾ ʟʘʜʘʯʽ.  

ʇʨʠ ʥʘʚʝʜʝʥʠʭ ʚʠʱʝ ʤʝʞʦʚʠʭ ʫʤʦʚʘʭ, ʪʘ ʫʤʦʚʘʭ, ʷʢʠʤ ʟʘʜʦʚʦʣʴʥʷ-

ʶʪʴ ʢʦʝʬʽʮʽʻʥʪʠ ʨʽʚʥʷʥʥʷ ʐʪʫʨʤʘ ï ʃʽʫʚʽʣʷ, ʤʘʶʪʴ ʤʽʩʮʝ ʥʘʩʪʫʧʥʽ ʪʝʦʨʝ-

ʤʠ, ʷʢʽ ʫ ʙʽʣʴʰʦʩʪʽ ʚʠʧʘʜʢʽʚ ʧʨʦʩʪʦ ʘʥʘʣʦʛʽʯʥʽ ʚʽʜʧʦʚʽʜʥʠʤ ʚʣʘʩʪʠʚʦʩʪʷʤ 

ʚʣʘʩʥʠʭ ʯʠʩʝʣ ʪʘ ʬʫʥʢʮʽʡ ʦʜʥʦʚʠʤʽʨʥʦʾ ʟʘʜʘʯʽ ʐʪʫʨʤʘ-ʃʽʫʚʽʣʷ. ʊʦʤʫ ʦʙ-

ʤʝʞʠʤʦʩʷ ʣʠʰʝ ʾʭ ʧʝʨʝʣʽʢʦʤ, ʧʦʣʠʰʘʶʯʠ ʜʦʚʝʜʝʥʥʷ. ʇʨʠʥʮʠʧʦʚʦ ʦʩʪʘʥʥʽ 

ʘʙʩʦʣʶʪʥʦ ʝʢʚʽʚʘʣʝʥʪʥʽ ʦʜʥʦʚʠʤʽʨʥʦʤʫ ʚʠʧʘʜʢʫ. 

ʊʝʦʨʝʤʘ 1. ɯʩʥʫʻ ʥʝʩʢʽʥʯʝʥʥʘ (ʟʣʽʯʝʥʘ) ʤʥʦʞʠʥʘ ʚʣʘʩʥʠʭ ʯʠʩʝʣ 

{}nl , ,...2,1=n  ʪʘ ʚʣʘʩʥʠʭ ʬʫʥʢʮʽʡ {}nf  ʪʨʠʚʠʤʽʨʥʦʾ ʟʘʜʘʯʽ ʐʪʫʨʤʘ-

ʃʽʫʚʽʣʷ. 

 ʊʝʦʨʝʤʘ 2 (ʪʝʦʨʝʤʘ ʧʨʦ ʨʦʟʢʣʘʜʥʽʩʪʴ). ɼʦʚʽʣʴʥʘ ʬʫʥʢʮʽʷ )(rF , ʥʝ-

ʧʝʨʝʨʚʥʘ ʚ ʦʙʣʘʩʪʽ D  ʨʘʟʦʤ ʟ ʩʚʦʻʶ ʧʝʨʰʦʶ ʧʦʭʽʜʥʦʶ, ʤʦʞʝ ʙʫʪʠ ʨʦʟʢʣʘ-

ʜʝʥʘ ʚ ʨʷʜ ʌʫʨ'ʻ ʟʘ ʚʣʘʩʥʠʤʠ ʬʫʥʢʮʽʷʤʠ ʪʨʠʚʠʤʽʨʥʦʾ ʟʘʜʘʯʽ ʐʪʫʨʤʘ ï ʃʫ̔-

ʚʽʣʷ. ʇʨʠ ʮʴʦʤʫ, ʮʝʡ ʨʷʜ ʟʙʽʛʘʻʪʴʩʷ ʘʙʩʦʣʶʪʥʦ ʽ ʨʽʚʥʦʤʽʨʥʦ ʚ ʦʙʣʘʩʪʽ D . 

ʆʩʪʘʥʥʻ ʦʟʥʘʯʘʻ, ʱʦ ʚʣʘʩʥʽ ʬʫʥʢʮʽʾ ʟʘʜʘʯʽ ʐʪʫʨʤʘ-ʃʽʫʚʽʣʷ ʫʪʚʦʨʶʶʪʴ ʙʘ-

ʟʠʩ ʚʽʜʧʦʚʽʜʥʦʛʦ ʣʽʥʽʡʥʦʛʦ ʬʫʥʢʮʽʦʥʘʣʴʥʦʛʦ ʧʨʦʩʪʦʨʫ ʽ 
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¤

F =är r  ,  

ʜʝ ʢʦʝʬʽʮʽʻʥʪʠ ʌʫʨ'ʻ ʮʴʦʛʦ ʨʷʜʫ 

ñF=

D

n

n

n
df

f
c rrrr )()()(

1
2

r . 

ʊʫʪ 

ñ=
D

nn dff rrr )()(
22

r  

-ʢʚʘʜʨʘʪ ʥʦʨʤʠ ʝʣʝʤʝʥʪʽʚ ʙʘʟʠʩʫ. 

 ʊʝʦʨʝʤʘ 3 (ʧʨʦ ʩʘʤʦʩʧʨʷʞʝʥʽʩʪʴ). ʊʨʠʚʠʤʽʨʥʘ ʟʘʜʘʯʘ ʐʪʫʨʤʘ-

ʃʽʫʚʽʣʷ ʻ ʩʘʤʦʩʧʨʷʞʝʥʦʶ ʟʘʜʘʯʝʶ. ʎʝ ʦʟʥʘʯʘʻ, ʱʦ ʤʘʻ ʤʽʩʮʝ ʨʽʚʥʽʩʪʴ: 

öö
÷

õ
ææ
ç

å
=
öö
÷

õ
ææ
ç

å ØØ

nmmn fLffLf ,, . 

 ɿʘʫʚʘʞʝʥʥʷ . ʅʘʚʝʜʝʥʽ ʨʝʟʫʣʴʪʘʪʠ ʜʦʟʚʦʣʷʶʪʴ ʟʨʦʙʠʪʠ ʚʠʩʥʦʚʦʢ, 

ʱʦ ʷʢ ʽ ʫ ʚʠʧʘʜʢʫ ʦʜʥʦʚʠʤʽʨʥʦʾ ʟʘʜʘʯʽ ʐʪʫʨʤʘ-ʃʽʫʚʽʣʷ, ʩʢʘʣʷʨʥʠʡ ʜʦʙʫʪʦʢ 

0, ¢
öö
÷

õ
ææ
ç

å Ø

nn fLf . 

4.ʗʢʱʦ )(r
n

f  ʻ ʚʣʘʩʥʦʶ ʬʫʥʢʮʽʻʶ, ʱʦ ʚʽʜʧʦʚʽʜʘʻ ʚʣʘʩʥʦʤʫ ʯʠʩʣʫ 

n
l, ʪʦ )(r

n
cf  (c  - ʜʦʚʽʣʴʥʘ ʩʪʘʣʘ) ʪʘʢ ʩʘʤʦ ʻ ʚʣʘʩʥʦʶ ʬʫʥʢʮʽʻʶ, ʱʦ ʚʽʜ-

ʧʦʚʽʜʘʻ ʪʦʤʫ ʩʘʤʦʤʫ ʚʣʘʩʥʦʤʫ ʯʠʩʣʫ 
n
l. 

5.ʗʢʱʦ )(
1

r
n

f  ʪʘ )(
2

r
n

f  - ʚʣʘʩʥʽ ʬʫʥʢʮʽʾ, ʱʦ ʚʽʜʧʦʚʽʜʘʶʪʴ ʚʣʘʩ-

ʥʦʤʫ ʯʠʩʣʫ 
n
l, ʪʦ ʾʭ ʜʦʚʽʣʴʥʘ ʣʽʥʽʡʥʘ ʢʦʤʙʽʥʘʮʽʷ )()(

2211
rr

nn
fcfc +  

ʪʝʞ ʻ ʚʣʘʩʥʦʶ ʬʫʥʢʮʽʻʶ, ʱʦ ʚʽʜʧʦʚʽʜʘʻ ʪʦʤʫ ʩʘʤʦʤʫ ʚʣʘʩʥʦʤʫ ʯʠʩʣʫ 
n
l. 

6.ɺʣʘʩʥʽ ʬʫʥʢʮʽʾ )(r
n

f  ʪʘ )(x
m

f , ʱʦ ʚʽʜʧʦʚʽʜʘʶʪʴ ʨʽʟʥʠʤ ʚʣʘʩʥʠʤ 

ʯʠʩʣʘʤ 
n
l ʪʘ 

m
l, ʦʨʪʦʛʦʥʘʣʴʥʽ ʚ ʦʙʣʘʩʪʽ D  ʟ ʚʘʛʦʶ )(rr , ʪʦʙʪʦ 

( )ñ ==

D

nmnm dffff 0)()()(, rrrrrr  . 

7.ɺʩʽ ʚʣʘʩʥʽ ʯʠʩʣʘ ʪʨʠʚʠʤʽʨʥʦʾ ʟʘʜʘʯʽ ʐʪʫʨʤʘ-ʃʽʫʚʽʣʷ  ʜʽʡʩʥʽ. 

8.ɺʩʽ ʚʣʘʩʥʽ ʯʠʩʣʘ ʟʘʜʘʯʽ ʐʪʫʨʤʘ-ʃʽʫʚʽʣʷ ʥʝʚʽʜ'ʻʤʥʽ 
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ɿʘʫʚʘʞʝʥʥʷ. ɼʣʷ ʧʝʨʰʦʾ ʪʘ ʪʨʝʪʴʦʾ ʤʝʞʦʚʦʾ ʟʘʜʘʯʽ ʚʣʘʩʥʽ ʯʠʩʣʘ ʻ 

ʜʦʜʘʪʥʠʤʠ. ɼʣʷ ʜʨʫʛʦʾ ʤʝʞʦʚʦʾ ʟʘʜʘʯʽ ʚʦʥʠ ʻ ʥʝʚʽʜ'ʻʤʥʠʤʠ. 

 9.ʗʢʱʦ ʬʫʥʢʮʽʦʥʘʣ 

( )/( , )m rjj
Ø

=-  

ʜʦʩʷʛʘʻ ʩʚʦʛʦ ʥʘʡʤʝʥʰʦʛʦ ʟʥʘʯʝʥʥʷ ʥʘ ʜʝʷʢʽʡ ʬʫʥʢʮʽʾ, ʥʝʧʝʨʝʨʚʥʽʡ ʨʘʟʦʤ ʟ  

ʧʝʨʰʦʶ ʧʦʭʽʜʥʦʶ, ʪʦ ʮʷ ʬʫʥʢʮʽʷ ʻ ʚʣʘʩʥʦʶ ʬʫʥʢʮʽʻʶ ʟʘʜʘʯʽ ʐʪʫʨʤʘ-

ʃʽʫʚʽʣʷ, ʧʨʠʯʦʤʫ ʥʘʡʤʝʥʰʦʶ.  

ʅʘʩʪʫʧʥʽ ʚʣʘʩʪʠʚʦʩʪʽ ʚʽʨʥʽ ʷʢʱʦ ʢʦʝʬʽʮʽʻʥʪ ʨʽʚʥʷʥʥʷ ʐʪʫʨʤʘï

ʃʫ̔ʚʽʣʷ  )(rk  ʻ ʥʝʧʝʨʝʨʚʥʠʤ ʨʘʟʦʤ ʟ ʩʚʦʻʶ ʧʝʨʰʦʶ ʧʦʭʽʜʥʦʶ. 

10.ʗʢʱʦ ʜʣʷ ʜʚʦʭ ʨʽʟʥʠʭ ʨʽʚʥʷʥʴ ʐʪʫʨʤʘ-ʃʽʫʚʽʣʷ )()(
21

rr kk ² , ʘ 

ʨʝʰʪʘ ʢʦʝʬʽʮʽʻʥʪʽʚ ʟʙʽʛʘʶʪʴʩʷ, ʪʦ ʚʽʜʧʦʚʽʜʥʽ ʮʠʤ ʨʽʚʥʷʥʥʷʤ ʚʣʘʩʥʽ ʯʠʩʣʘ 

ʟʘʜʦʚʦʣʴʥʷʶʪʴ ʘʥʘʣʦʛʽʯʥʽʡ ʥʝʨʽʚʥʦʩʪʽ )2()1(
nn
ll ² . 

11.ʗʢʱʦ ʜʣʷ ʜʚʦʭ ʨʽʟʥʠʭ ʨʽʚʥʷʥʴ ʐʪʫʨʤʘ-ʃʽʫʚʽʣʷ )()(
21

rr rr ² , ʘ 

ʨʝʰʪʘ ʢʦʝʬʽʮʽʻʥʪʽʚ ʟʙʽʛʘʶʪʴʩʷ, ʪʦ ʚʽʜʧʦʚʽʜʥʽ ʮʠʤ ʨʽʚʥʷʥʥʷʤ ʚʣʘʩʥʽ ʯʠʩʣʘ 

ʟʘʜʦʚʦʣʴʥʷʶʪʴ ʥʝʨʽʚʥʦʩʪʽ )2()1(
nn
ll ¢ . 

12.ɯʟ ʟʤʝʥʰʝʥʥʷʤ ʦʙʣʘʩʪʽ D  ʚʣʘʩʥʽ ʯʠʩʣʘ ʧʝʨʰʦʾ ʤʝʞʦʚʦʾ ʟʘʜʘʯʽ 

ʐʪʫʨʤʘ-ʃʽʫʚʽʣʷ ʥʝ ʟʤʝʥʰʫʶʪʴʩʷ, ʪʦʙʪʦ, ʷʢʱʦ 
12

DD Ë , ʪʦ )2()1(
nn
ll ¢ . 

13.ɺʣʘʩʥʽ ʯʠʩʣʘ ʪʨʠʚʠʤʽʨʥʦʾ ʤʝʞʦʚʦʾ ʟʘʜʘʯʽ ʐʪʫʨʤʘ-ʃ̔ ʫʚʽʣʷ ʤʦʞʫʪʴ 

ʙʫʪʠ ʚʠʨʦʜʞʝʥʠʤʠ. ʋ ʮʴʦʤʫ ʨʘʟʽ ʦʜʥʦʤʫ ʚʣʘʩʥʦʤʫ ʯʠʩʣʫ ʚʽʜʧʦʚʽʜʘʻ ʩʪʽʣʴ-

ʢʠ ʚʣʘʩʥʠʭ ʬʫʥʢʮʽʡ, ʷʢʘ ʢʨʘʪʥʽʩʪʴ ʚʠʨʦʜʞʝʥʥʷ ʜʘʥʦʛʦ ʚʣʘʩʥʦʛʦ ʯʠʩʣʘ. 

 ɿʘʫʚʘʞʝʥʥʷ. ʎʝʡ ʧʫʥʢʪ ʧʨʠʥʮʠʧʦʚʦ ʚʽʜʨʽʟʥʷʻ ʦʜʥʦʚʠʤʽʨʥʫ ʪʘ ʙʫʜʴ - 

ʷʢʫ ʙʘʛʘʪʦʚʠʤʽʨʥʫ ʟʘʜʘʯʽ ʐʪʫʨʤʘ-ʃʽʫʚʽʣʷ. 

  

2.7.ʇʦʚʥʦʪʘ ʚʣʘʩʥʠʭ ʬʫʥʢʮʽʡ ʟʘʜʘʯʽ ʐʪʫʨʤʘ-ʃʽʫʚʽʣʷ 
 

ʎʷ ʚʣʘʩʪʠʚʽʩʪʴ ʚʣʘʩʥʠʭ ʬʫʥʢʮʽʡ ʟʘʜʘʯʽ ʐʪʫʨʤʘ-ʃʽʫʚʽʣʷ, ʱʦ ʣʝʞʠʪʴ ʚ 

ʦʩʥʦʚʽ ʪʝʦʨʝʤʠ ʧʨʦ ʨʦʟʢʣʘʜʥʽʩʪʴ, ʻ ʥʘʩʪʽʣʴʢʠ ʚʘʞʣʠʚʦʶ, ʱʦ ʤʠ ʨʦʟʛʣʥ̫ʝʤʦ 

ʾʾ ʙʽʣʴʰ ʜʝʪʘʣʴʥʦ. ʉʘʤʝ ʚʦʥʘ ʨʦʙʠʪʴ ʟʘʜʘʯʫ ʐʪʫʨʤʘ-ʃʽʫʚʽʣʷ ʚʘʞʣʠʚʠʤ ʽʥ-

ʩʪʨʫʤʝʥʪʦʤ ʜʣʷ ʚʚʝʜʝʥʥʷ ʫ ʨʦʟʛʣʷʜ ʥʦʚʠʭ ʙʘʟʠʩʽʚ ʫ ʚʽʜʧʦʚʽʜʥʦʤʫ ʬʫʥʢʮʽʡ-

ʥʦʤʫ ʧʨʦʩʪʦʨʽ. 

ɺʣʘʩʥʽ ʬʫʥʢʮʽʾ ʤʝʞʦʚʦʾ ʟʘʜʘʯʽ, ʱʦ ʥʝ ʻ ʟʘʜʘʯʝʶ ʐʪʫʨʤʘ-ʃʽʫʚʽʣʷ, ʥʝ 

ʦʙʦʚ'ʷʟʢʦʚʦ ʫʪʚʦʨʶʶʪʴ ʧʦʚʥʫ ʩʠʩʪʝʤʫ ʬʫʥʢʮʽʡ, ʘ ʦʪʞʝ, ʥʝ ʟʘʚʞʜʠ, ʤʦʞʫʪʴ 

ʩʣʫʞʠʪʠ ʙʘʟʠʩʦʤ ʜʣʷ ʨʦʟʚʠʥʝʥʥʷ ʬʫʥʢʮʽʡ ʫ ʨʷʜ ʌʫʨ'ʻ. 

ʆʟʥʘʯʝʥʥʷ. ʉʠʩʪʝʤʘ ʬʫʥʢʮʽʡ, ʧʦʧʘʨʥʦ ʦʨʪʦʛʦʥʘʣʴʥʠʭ ʟ ʚʘʛʦʶ 

)(rr , ʪʫʪ ʨʘʜʽʫʩ - ʚʝʢʪʦʨ ʤʦʞʝ ʤʘʪʠ ʜʦʚʽʣʴʥʫ ʨʦʟʤʽʨʥʽʩʪʴ, ʻ ʧʦʚʥʦʶ ʚ ʦʙ-

ʣʘʩʪʽ D, ʷʢʱʦ ʜʣʷ ʜʦʚʽʣʴʥʦʾ ʬʫʥʢʮʽʾ )(rf  ʟ ̔ʥʪʝʛʨʦʚʘʥʠʤ ʫ D  ʢʚʘʜʨʘʪʦʤ 

ʤʘʻ ʤʽʩʮʝ ʨʽʚʥʽʩʪʴ 
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22 2
n n

n=1D

f ( ) ( )d C f ( )r
¤

=äñr r r r  , 

ʜʝ 
n

C  - ʢʦʝʬʽʮʽʻʥʪʠ ʌʫʨ'ʻ ʬʫʥʢʮʽʾ )(rf  ʟʘ ʙʘʟʠʩʦʤ { })(r
n

f . ʆʪʞʝ, ʷʢʫ ʙ 

ʟʘʜʘʯʫ ʐʪʫʨʤʘ-ʃʽʫʚʽʣʷ ʤʠ ʥʝ ʨʦʟʚ'ʷʟʘʣʠ, ʾʾ ʚʣʘʩʥʽ ʬʫʥʢʮʽʾ ʫʪʚʦʨʶʶʪʴ ʧʦʚ-

ʥʠʡ ʙʘʟʠʩ ʫ ʚʽʜʧʦʚʽʜʥʦʤʫ ʬʫʥʢʮʽʡʥʦʤʫ ʧʨʦʩʪʦʨʽ. ʈʦʟʛʣʷʥʝʤʦ ʜʝʢʽʣʴʢʘ 

ʧʨʠʢʣʘʜʽʚ. ʇʝʨʰʠʡ ʟ ʥʠʭ ʚʽʜʧʦʚʽʜʘʻ ʟʘʜʘʯʽ ʐʪʫʨʤʘ-ʃʽʫʚʽʣʷ, ʚʣʘʩʥʠʤʠ ʬʫ-

ʥʢʮʽʷʤʠ ʷʢʦʾ ʻ ʪʨʠʛʦʥʦʤʝʪʨʠʯʥʘ ʩʠʩʪʝʤʘ ʬʫʥʢʮʽʡ, ʘ ʩʘʤʝ 

0)(
)(

2

2

=+ xf
dx

xfd
l , 

ʟ ʤʝʞʦʚʠʤʠ ʫʤʦʚʘʤʠ ʧʝʨʰʦʛʦ ʨʦʜʫ:  

0)( =-pf ,        0)( =pf . 

 ʗʢ ʟʘʟʥʘʯʘʣʦʩʴ ʚʠʱʝ, ʚʣʘʩʥʠʤʠ ʬʫʥʢʮʽʷʤʠ ʮʽʻʾ ʟʘʜʘʯʽ ʻ ʬʫʥʢʮʽʾ: 

ö
÷

õ
æ
ç

å
= x

n
xf

n 2
cos)( ,   ,...3,1=n  

 ö
÷

õ
æ
ç

å
= x

n
xf

n 2
sin)( ,   ...4,2=n . 

ʅʘ ʦʩʥʦʚʽ ʧʦʚʥʦʪʠ ʮʽʻʾ ʩʠʩʪʝʤʠ ʬʫʥʢʮʽʡ, ʜʦʚʽʣʴʥʫ ʬʫʥʢʮʽʶ ʟ ʽʥʪʝʛʨʦʚʘʥʠʤ 

ʢʚʘʜʨʘʪʦʤ ʥʘ ],[ pp-  ʤʦʞʥʘ ʨʦʟʢʣʘʩʪʠ ʫ ʪʨʠʛʦʥʦʤʝʪʨʠʯʥʠʡ ʨʷʜ ʌʫʨ'ʻ. 

 ʈʦʟʛʣʷʥʝʤʦ ʪʝʧʝʨ ʤʝʞʦʚʫ ʟʘʜʘʯʫ, ʱʦ ʤʘʣʦ, ʥʘ ʧʝʨʰʠʡ ʧʦʛʣʷʜ, ʚʽʜʨʽ-

ʟʥʷʻʪʴʩʷ ʚʽʜ ʧʦʧʝʨʝʜʥʴʦʾ, ʘ ʩʘʤʝ ʱʝ ʦʜʥʽʻʶ ʜʦʜʘʪʢʦʚʦʶ ʫʤʦʚʦʶ: 

)()( xfxf --= . 

ʎʷ ʫʤʦʚʘ ʚʠʤʘʛʘʻ, ʱʦʙ ʚʩʽ ʚʣʘʩʥʽ ʬʫʥʢʮʽʾ ʙʫʣʠ ʥʝʧʘʨʥʠʤʠ. ʉʘʤʝ ʚʦʥʘ ʥʝ 

ʜʦʟʚʦʣʷʻ ʚʚʘʞʘʪʠ ʪʘʢʫ ʟʘʜʘʯʫ ʢʣʘʩʠʯʥʦʶ ʟʘʜʘʯʝʶ ʐʪʫʨʤʘ-ʃʽʫʚʽʣʷ. ɺʣʘʩ-

ʥʠʤʠ ʬʫʥʢʮʽʷ ʮʽʻʾ ʟʘʜʘʯʽ ʙʫʜʫʪʴ ʥʘʩʪʫʧʥʽ ʪʨʠʛʦʥʦʤʝʪʨʠʯʥʽ ʬʫʥʢʮʽʾ: 

ö
÷

õ
æ
ç

å
= x

n
xf

n 2
sin)( ,    ,...4,2=n , 

ʷʢʽ ʥʝ ʫʪʚʦʨʶʶʪʴ ʧʦʚʥʫ ʩʠʩʪʝʤʫ ʫ ʧʨʦʩʪʦʨʽ ʬʫʥʢʮʽʡ ʟ ʽʥʪʝʛʨʦʚʘʥʠʤ ʢʚʘʜ-

ʨʘʪʦʤ ],[
2

pp-L . ɯʥʰʠʤʠ ʩʣʦʚʘʤʠ, ʾʭ ʥʝʜʦʩʪʘʪʥʴʦ ʜʣʷ ʨʦʟʚʠʥʝʥʥʷ ʜʦʚʽ-

ʣʴʥʦʾ ʬʫʥʢʮʽʾ ʟ ],[
2

pp-L  ʫ ʪʨʠʛʦʥʦʤʝʪʨʠʯʥʠʡ ʨʷʜ ʌʫʨ'ʻ. 

 ɸʥʘʣʦʛʽʯʥʘ ʩʠʪʫʘʮʽʷ ʚʠʥʠʢʘʻ ʫ ʚʠʧʘʜʢʫ, ʢʦʣʠ ʜʦʜʘʪʢʦʚʦʶ ʫʤʦʚʦʶ 

ʩʪʘʻ ʫʤʦʚʘ ʧʘʨʥʦʩʪʽ ʚʣʘʩʥʠʭ ʬʫʥʢʮʽʡ: 

)()( xfxf -= . 

ʊʦʜʽ ʚʣʘʩʥʠʤʠ ʬʫʥʢʮʽʷʤʠ ʙʫʜʫʪʴ ʽʥʰʽ ʪʨʠʛʦʥʦʤʝʪʨʠʯʥʽ ʬʫʥʢʮʽʾ: 
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ö
÷

õ
æ
ç

å
= x

n
xf

n 2
cos)( ,    ,...3,1=n , 

ʷʢʠʭ ʪʝʞ ʟʘʤʘʣʦ ʜʣʷ ʧʦʙʫʜʦʚʠ  ʨʷʜʫ ʌʫʨ'ʻ ʥʘ ʧʨʦʤʽʞʢʫ ],[ pp- . 

ʇʨʠ ʚʠʢʦʨʠʩʪʘʥʥʽ ʬʫʥʢʮʽʡ, ʱʦ ʥʝ ʻ ʚʣʘʩʥʠʤʠ ʬʫʥʢʮʽʷʤʠ ʟʘʜʘʯʽ 

ʐʪʫʨʤʘ-ʃʽʫʚʽʣʷ, ʢʦʨʠʩʥʦʶ ʻ ʥʘʩʪʫʧʥʘ ʜʦʩʪʘʪʥʷ ʫʤʦʚʘ ʧʦʚʥʦʪʠ ʩʠʩʪʝʤʠ 

ʚʣʘʩʥʠʭ ʬʫʥʢʮʽʡ. 

ʆʟʥʘʯʝʥʥʷ ʅʝʭʘʡ 
nnn

fffS aaa +++= ...
2211

 - ʣʽʥʽʡʥʘ ʢʦʤʙʽ-

ʥʘʮʽʷ ʩʢʽʥʯʝʥʦʾ ʩʫʢʫʧʥʦʩʪʽ  ʬʫʥʢʮʽʡ ʟ ʾʭ ʥʝʩʢʽʥʯʝʥʥʦʾ ʤʥʦʞʠʥʠ { }
n

f . ʗʢʱʦ 

ʜʦʚʽʣʴʥʘ ʥʝʧʝʨʝʨʚʥʘ ʬʫʥʢʮʽʷ )(rf  ʟ ʜʦʚʽʣʴʥʦʶ ʥʘʧʝʨʝʜ ʟʘʜʘʥʦʶ ʪʦʯʥʽʩ-

ʪʶ, ʫ ʩʝʥʩʽ ʩʝʨʝʜʥʴʦʢʚʘʜʨʘʪʠʯʥʦʛʦ ʥʘʙʣʠʞʝʥʥʷ, ʤʦʞʝ ʙʫʪʠ ʧʨʝʜʩʪʘʚʣʝʥʘ 

ʚʽʜʧʦʚʽʜʥʦʶ ʩʢʽʥʯʝʥʦʶ ʣʽʥʽʡʥʦʶ ʢʦʤʙʽʥʘʮʽʻʶ )(r
n

S , ʪʦ ʩʠʩʪʝʤʘ ʬʫʥʢʮʽʡ 

{ }
n

f  ʻ ʧʦʚʥʦʶ.  

ʉʢʘʟʘʥʝ ʦʟʥʘʯʘʻ, ʱʦ ʷʢʱʦ ʜʣʷ ʜʦʚʽʣʴʥʦʛʦ 0>e  ʤʦʞʥʘ ʧʽʜʽʙʨʘʪʠ ʪʘ-

ʢʝ ʩʢʽʥʯʝʥʝ n, ʧʦʯʠʥʘʶʯʠ ʟ ʷʢʦʛʦ ʙʫʜʝ ʚʠʢʦʥʫʚʘʪʠʩʴ ʥʘʩʪʫʧʥʘ ʫʤʦʚʘ 

erñ <-

D

n dSf rrrr
2)]()()[( , 

ʪʦʙʪʦ ʬʫʥʢʮʽʷ ʽ ʣʽʥʽʡʥʘ ʢʦʤʙʽʥʘʮʽʷ ʩʢʽʥʯʝʥʦʾ ʢʽʣʴʢʦʩʪʽ ʙʘʟʠʩʥʠʭ ʬʫʥʢʮʽʡ 

ʚʜ̔ʨʽʟʥʷʶʪʴʩʷ ʷʢ ʟʘʚʛʦʜʥʦ ʤʘʣʦ, ʪʦ ʩʠʩʪʝʤʘ ʚʣʘʩʥʠʭ ʬʫʥʢʮʽʡ ʙʫʜʝ ʧʦʚʥʦʶ. 

ʆʪʞʝ ʚʣʘʩʪʠʚʦʩʪʽ ʧʦʚʥʦʾ ʩʠʩʪʝʤʠ ʬʫʥʢʮʽʡ ʬʦʨʤʫʶʪʴʩʷ, ʚ ʦʩʥʦʚʥʦʤʫ, 

ʟʘ ʨʘʭʫʥʦʢ ʩʢʽʥʯʝʥʦʾ ʧʽʜʤʥʦʞʠʥʠ ʥʝʩʢʽʥʯʝʥʦʾ ʤʥʦʞʠʥʠ ʮʠʭ ʬʫʥʢʮʽʡ. 

 ɿ ʧʦʚʥʦʪʠ ʩʠʩʪʝʤʠ ʬʫʥʢʮʽʡ ʚʠʧʣʠʚʘʻ ʥʘʩʪʫʧʥʘ ʚʘʞʣʠʚʘ ʪʝʦʨʝʤʘ. 

 ʊʝʦʨʝʤʘ. ʗʢʱʦ ʩʠʩʪʝʤʘ ʧʦʧʘʨʥʦ ʦʨʪʦʛʦʥʘʣʴʥʠʭ ʫ D  ʬʫʥʢʮʽʡ ʻ ʧʦ-

ʚʥʦʶ, ʪʦ ʨʷʜ ʌʫʨ'ʻ ʜʣʷ ʜʦʚʽʣʴʥʦʾ ʬʫʥʢʮʽʾ ʟ ʽʥʪʝʛʨʦʚʘʥʠʤ ʫ D  ʢʚʘʜʨʘʪʦʤ 

ʤʦʞʥʘ ʽʥʪʝʛʨʫʚʘʪʠ ʯʣʝʥʘʤʠ. 

 ʇʨʠ ʮʴʦʤʫ ʚʽʜʧʦʚʽʜʥʠʡ ʨʷʜ ʤʦʞʝ ʥʝ ʟʙʽʛʘʪʠʩʴ ʨʽʚʥʦʤʽʨʥʦ, ʘʙʦ ʥʘʚʽʪʴ  

ʥʝ ʟʙʽʛʘʪʠʩʴ ʫ ʜʝʷʢʠʭ ʪʦʯʢʘʭ. ʆʩʪʘʥʥʻ ʦʟʥʘʯʘʻ, ʱʦ ʧʨʠ ʽʥʪʝʛʨʫʚʘʥʥʽ ʨʷʜʫ 

ʯʣʝʥʘʤʠ ʡʦʛʦ ʣʦʢʘʣʴʥʽ ʚʣʘʩʪʠʚʦʩʪʽ ʥʝ ʛʨʘʶʪʴ ʞʦʜʥʦʾ ʨʦʣʽ, ʷʢʱʦ ʚʽʥ ʟʙʽʛʘ-

ʻʪʴʩʷ ʜʦ ʚʽʜʧʦʚʽʜʥʦʾ ʬʫʥʢʮʽʾ ʫ ʩʝʨʝʜʥʴʦʢʚʘʜʨʘʪʠʯʥʦʤʫ ʩʝʥʩʽ, ʪʦʙʪʦ ʽʥʪʝʛ-

ʨʘʣʴʥʦ. 

ɺʽʜʤʽʥʥʽʩʪʴ ʤʝʞʦʚʦʾ ʟʘʜʘʯʽ ʚʽʜ ʟʘʜʘʯʽ ʐʪʫʨʤʘ-ʃʽʫʚʽʣʷ ʧʨʠʚʦʜʠʪʴ ʜʦ 

ʚʪʨʘʪʠ ʚʣʘʩʥʠʤʠ ʯʠʩʣʘʤʠ ʽ ʚʣʘʩʥʠʤʠ ʬʫʥʢʮʽʷʤʠ ʮʽʻʾ ʟʘʜʘʯʽ ʯʘʩʪʠʥʠ ʚʣʘʩ-

ʪʠʚʦʩʪʝʡ ʚʣʘʩʥʠʭ ʯʠʩʝʣ ʽ ʚʣʘʩʥʠʭ ʬʫʥʢʮʽʡ ʟʘʜʘʯʽ ʐʪʫʨʤʘ-ʃʽʫʚʽʣʷ. ʈʦʟʛʣʷ-

ʥʝʤʦ ʜʝʢʽʣʴʢʘ ʧʨʦʩʪʠʭ ʧʨʠʢʣʘʜʽʚ ʤʝʞʦʚʠʭ ʟʘʜʘʯ ʚʽʜʤʽʥʥʠʭ ʚʽʜ ʟʘʜʘʯʽ ʐʪʫ-

ʨʤʘ-ʃʽʫʚʽʣʷ.  

 

2.8.ʇʨʠʢʣʘʜʠ ʟʘʜʘʯ, ʱʦ ʥʝ ʻ ʟʘʜʘʯʘʤʠ ʐʪʫʨʤʘ-ʃʽʫʚʽʣʷ 
 

 ʇʨʠʢʣʘʜ 1. ʈʦʟʛʣʷʥʝʤʦ ʥʘʩʪʫʧʥʫ ʤʝʞʦʚʫ ʟʘʜʘʯʫ 
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0)(
)(

2
)(

2

2

=++ xf
dz

xdf

dz

xfd
la  , 0>a   

ʟ ʤʝʞʦʚʠʤʠ ʫʤʦʚʘʤʠ ʧʝʨʰʦʛʦ ʨʦʜʫ: 

0)( =af ,        0)( =bf . 

ɿʥʘʡʜʝʤʦ ʟʘʛʘʣʴʥʠʡ ʨʦʟʚ'ʷʟʦʢ ʮʴʦʛʦ ʨʽʚʥʷʥʥʷ. ʍʘʨʘʢʪʝʨʠʩʪʠʯʥʝ ʨʽʚ-

ʥʷʥʥʷ ʤʘʻ ʚʠʛʣʷʜ 

022 =++ lakk  . 

ʁʦʛʦ ʢʦʨʝʥʷʤʠ ʻ 

laa -+-= 2
1

k  ,         laa ---= 2
2

k . 

ʊʝʧʝʨ ʟʘʛʘʣʴʥʠʡ ʨʦʟʚ'ʷʟʦʢ ʨʽʚʥʷʥʥʷ  ʤʦʞʥʘ ʟʘʧʠʩʘʪʠ ʪʘʢ 

])exp[(])exp[()( 22 xBxAxf laalaa ---+-+-=  . 

ʇʽʩʣʷ ʧʽʜʩʪʘʥʦʚʢʠ ʮʴʦʛʦ ʨʦʟʚ'ʷʟʢʫ ʫ ʤʝʞʦʚʽ ʫʤʦʚʠ, ʦʜʝʨʞʫʻʤʦ ʩʠʩʪʝʤʫ ʣʽ-

ʥʽʡʥʠʭ ʦʜʥʦʨʽʜʥʠʭ ʘʣʛʝʙʨʘʾʯʥʠʭ ʨʽʚʥʷʥʴ ʚʽʜʥʦʩʥʦ ʜʦʚʽʣʴʥʠʭ ʩʪʘʣʠʭ BA, : 

0])exp[(])exp[()( 22 =---+-+-= aBaAaf laalaa  , 

0])exp[(])exp[()( 22 =---+-+-= bBbAbf laalaa  . 

ʆʩʢʽʣʴʢʠ ʮʝʡ ʨʦʟʚ'ʷʟʦʢ, ʟʘ ʫʤʦʚʦʶ, ʤʘʻ ʙʫʪʠ ʥʝʥʫʣʴʦʚʠʤ, ʪʦ ʭʦʯʘ ʙ 

ʦʜʠʥ ʟ ʡʦʛʦ ʢʦʝʬʽʮʽʻʥʪʽʚ ʧʦʚʠʥʝʥ ʙʫʪʠ ʚʽʜʤʽʥʥʠʤ ʚʽʜ ʥʫʣʷ. ʎʝ ʤʦʞʣʠʚʦ 

ʣʠʰʝ ʫ ʚʠʧʘʜʢʫ, ʢʦʣʠ ʚʠʟʥʘʯʥʠʢ ʮʽʻʾ ʩʠʩʪʝʤʠ ʜʦʨʽʚʥʶʻ ʥʫʣʶ, ʪʦʙʪʦ 

0
])exp[(])exp[(

])exp[(])exp[(
22

22

=
----+-

----+-

bb

aa

laalaa

laalaa
. 

ʆʙʯʠʩʣʶʶʯʠ ʚʠʟʥʘʯʥʠʢ, ʧʽʩʣʷ ʦʯʝʚʠʜʥʦʛʦ ʩʧʨʦʱʝʥʥʷ ʦʜʝʨʞʠʤʦ 

)exp()exp( 22 ba lala ---  

0)exp()exp( 22 =---- ba lala .  

ʆʩʪʘʥʥʻ ʨʽʚʥʷʥʥʷ ʫ ʚʠʧʘʜʢʫ 

02 >-la   
ʤʘʻ ʣʠʰʝ ʥʫʣʴʦʚʽ ʨʦʟʚ'ʷʟʢʠ. ʊʦʤʫ ʨʦʟʛʣʷʥʝʤʦ ʧʨʦʪʠʣʝʞʥʠʡ ʚʠʧʘʜʦʢ. ɼʣʷ 

ʧʨʦʩʪʦʪʠ ʚʚʝʜʝʤʦ ʧʦʟʥʘʯʝʥʥʷ 

wla i=-2  , 

ʜʝ 

2wlw -=  . 

ʊʝʧʝʨ ʦʩʪʘʥʥʻ ʨʽʚʥʷʥʥʷ ʤʦʞʥʘ ʟʘʧʠʩʘʪʠ ʪʘʢ 

0)](exp[)](exp[ =---- abiabi ww  , 
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ʘʙʦ, ʚʠʢʦʨʠʩʪʦʚʫʶʯʠ ʬʦʨʤʫʣʫ ɽʡʣʝʨʘ ʜʣʷ ʩʠʥʫʩʘ, ʫ ʚʠʛʣʷʜʽ 

0)](sin[ =-abw  . 

ʆʩʪʘʥʥʻ ʤʦʞʣʠʚʝ ʣʠʰʝ ʧʨʠ ʫʤʦʚʽ, ʱʦ 

palw nabab =--=- )()( 2
. 

ʆʩʢʽʣʴʢʠ ʣʽʚʘ ʯʘʩʪʠʥʘ ʮʽʻʾ ʨʽʚʥʦʩʪʽ ʜʦʜʘʪʥʘ, ʪʦ ʜʦʜʘʪʥʦʶ ʤʘʻ ʙʫʪʠ ʽ ʧʨʘʚʘ 

ʯʘʩʪʠʥʘ. ʎʝ ʤʦʞʣʠʚʦ, ʢʦʣʠ ,...2,1=n . ɺʠʧʘʜʦʢ 0=n  ʨʦʟʛʣʷʜʘʻʪʴʩʷ 

ʦʢʨʝʤʦ. ʆʪʞʝ, ʦʜʝʨʞʫʻʤʦ ʥʘʩʪʫʧʥʠʡ ʩʧʝʢʪʨ ʚʣʘʩʥʠʭ ʯʠʩʝʣ 

2

22
2

)( ab

n
n

-
+=

p
al  . 

ʇʨʠ ʮʴʦʤʫ 

ab

n
n

-
=
p

w  . 

ɺʽʜʧʦʚʽʜʥʽ ʚʣʘʩʥʽ ʬʫʥʢʮʽʾ ʤʘʪʠʤʫʪʴ ʚʠʛʣʷʜ 

n n n
f (x) exp( x)[A cos( x) B sin( x)]

n n
a w w= - +  , 

ʧʨʠ ʮʴʦʤʫ ʦʜʠʥ ʟ ʢʦʝʬʽʮʽʻʥʪʽʚ BA,  ʤʦʞʝ ʙʫʪʠ ʚʠʨʘʞʝʥʠʤ ʯʝʨʝʟ ʽʥʰʠʡ ʟʘ 

ʜʦʧʦʤʦʛʦʶ ʘʙʦ ʧʝʨʰʦʾ, ʘʙʦ ʜʨʫʛʦʾ ʤʝʞʦʚʠʭ ʫʤʦʚ, ʥʘʧʨʠʢʣʘʜ 

0)sin()cos( =+ aBaA
ɞnɞn
ww  . 

ɿʚʽʜʩʠ 

)cot( aAB
nnn
w-=  . 

ʋ ʚʠʧʘʜʢʫ 0=n , ʱʦ ʚʽʜʧʦʚʽʜʘʻ 2
0
al= , 0

0
=w  , ʚʣʘʩʥʘ ʬʫʥʢʮʽʷ 

ʧʦʚʠʥʥʘ ʙʫʣʘ ʙ ʤʘʪʠ ʚʠʛʣʷʜ 

)exp()(
00

xAxf a-=  . 

ɸʣʝ ʧʽʜʩʪʘʚʠʚʰʠ ʾʾ ʫ ʤʝʞʦʚʽ ʫʤʦʚʠ 

0)exp()(
00

=-= aAaf a  , 

0)exp()(
00

=-= bAbf a  , 

ʣʝʛʢʦ ʧʝʨʝʢʦʥʘʪʠʩʴ, ʱʦ ʚʦʥʠ ʟʘʜʦʚʦʣʴʥʷʶʪʴʩʷ ʣʠʰʝ ʫ ʚʠʧʘʜʢʫ, ʢʦʣʠ  

0
0
=A . 

ʆʪʞʝ, 2
0
al=  ʥʝ ʻ ʚʣʘʩʥʠʤ ʯʠʩʣʦʤ ʜʘʥʦʾ ʤʝʞʦʚʦʾ ʟʘʜʘʯʽ. 

ʆʪʨʠʤʘʥʽ ʥʘʤʠ ʚʣʘʩʥʽ ʯʠʩʣʘ ʽ ʚʣʘʩʥʽ ʬʫʥʢʮʽʾ ʤʘʶʪʴ ʙʽʣʴʰʽʩʪʴ ʚʣʘʩ-

ʪʠʚʦʩʪʝʡ ʚʣʘʩʥʠʭ ʬʫʥʢʮʽʡ ʽ ʚʣʘʩʥʠʭ ʯʠʩʝʣ ʟʘʜʘʯʽ ʐʪʫʨʤʘ-ʃʽʫʚʽʣʷ. ʇʨʠ 

ʮʴʦʤʫ ʟʘʫʚʘʞʠʤʦ, ʱʦ ʚʽʜʩʫʪʥʷ ʪʘʢʘ ʚʘʞʣʠʚʘ ʚʣʘʩʪʠʚʽʩʪʴ ʚʣʘʩʥʠʭ ʬʫʥʢʮʽʡ 

ʷʢ ʾʭ ʦʨʪʦʛʦʥʘʣʴʥʽʩʪʴ, ʱʦ ʨʽʟʢʦ ʟʤʝʥʰʫʻ ʤʦʞʣʠʚʽʩʪʴ ʾʭ ʚʠʢʦʨʠʩʪʘʥʥʷ ʚ 

ʷʢʦʩʪʽ ʙʘʟʠʩʫ ʜʣʷ ʨʦʟʚʠʥʝʥʥʷ ʽʥʰʠʭ ʬʫʥʢʮʽʡ ʫ ʨʷʜ ʌʫʨ'ʻ. ʗʢʱʦ 0­a  , 

ʪʦ ʥʘʰʘ ʟʘʜʘʯʘ ʧʝʨʝʭʦʜʠʪʴ ʫ ʟʘʜʘʯʫ ʐʪʫʨʤʘ-ʃʽʫʚʽʣʷ. ʆʪʞʝ, ʩʧʝʢʪʨ ʚʣʘʩ-
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ʥʠʭ ʯʠʩʝʣ ʥʘʰʦʾ ʟʘʜʘʯʽ ʚʽʜʨʽʟʥʷʻʪʴʩʷ ʚʽʜ ʩʧʝʢʪʨʫ ʟʘʜʘʯʽ ʐʪʫʨʤʘ-ʃʽʫʚʽʣʷ 

ʟʩʫʚʦʤ ʥʘ ʜʦʜʘʪʥʫ ʚʝʣʠʯʠʥʫ 2a . 

ɸʥʘʣʦʛʽʯʥʦ ʧʦʧʝʨʝʜʥʴʦʤʫ, ʤʦʞʫʪʴ ʙʫʪʠ ʨʦʟʛʣʷʥʫʪʽ ʚʠʧʘʜʢʠ ʤʝʞʦ-

ʚʠʭ ʫʤʦʚ ʜʨʫʛʦʛʦ ʪʘ ʪʨʝʪʴʦʛʦ ʨʦʜʽʚ.  

ɻʨʘʬʽʢʠ ʩʧʝʢʪʨʫ ʚʣʘʩʥʠʭ ʯʠʩʝʣ ʪʘ ʚʣʘʩʥʠʭ ʬʫʥʢʮʽʡ ʥʘʚʝʜʝʥʽ ʥʠʞʯʝ. 

l6

l5

l4

l3

l2
l1

0

a x b  

ʄʘʣʶʥʦʢ 20. ɺʣʘʩʥʽ ʯʠʩʣʘ ʧʝʨʰʦʾ ʤʝʞʦʚʦʾ ʟʘʜʘʯʽ 

0f 1 x,( )

0

x

 

f 2 x,( )

0

x
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f 3 x,( )

0

x

 

f 4 x,( )

0

x

 

ʄʘʣʶʥʦʢ 21. ɺʣʘʩʥʽ ʬʫʥʢʮʽʾ ʧʝʨʰʦʾ ʤʝʞʦʚʦʾ ʟʘʜʘʯʽ 

 

 ʇʨʠʢʣʘʜ 2. ʈʦʟʛʣʷʥʝʤʦ ʥʘʩʪʫʧʥʫ ʤʝʞʦʚʫ ʟʘʜʘʯʫ 

0)(
)(

3

3

=+ xf
dx

xfd
l  ,      0>a   

ʟ ʤʝʞʦʚʠʤʠ ʫʤʦʚʘʤʠ ʧʝʨʰʦʛʦ ʨʦʜʫ: 

0)( =-lf ,        0)0( =f ,        0)( =lf . 

(ʂʽʣʴʢʽʩʪʴ ʤʝʞʦʚʠʭ ʫʤʦʚ ʤʘʻ ʟʙʽʛʘʪʠʩʴ ʟ ʧʦʨʷʜʢʦʤ ʩʪʘʨʰʦʾ ʧʦʭʽʜʥʦʾ ʽ ʚʦʥʠ 

ʤʦʞʫʪʴ ʟʘʜʘʚʘʪʠʩʴ ʫ ʜʦʚʽʣʴʥʠʭ ʪʦʯʢʘʭ ʧʨʦʤʽʞʢʫ, ʜʝ ʰʫʢʘʻʪʴʩʷ ʨʦʟʚ'ʟ̫ʦʢ, ʘ 

ʥʝ ʪʽʣʴʢʠ ʥʘ ʡʦʛʦ ʢʽʥʮʷʭ). 

 ɿʥʘʡʜʝʤʦ ʟʘʛʘʣʴʥʠʡ ʨʦʟʚ'ʷʟʦʢ ʮʴʦʛʦ ʨʽʚʥʷʥʥʷ. ʍʘʨʘʢʪʝʨʠʩʪʠʯʥʝ ʨʽʚ-

ʥʷʥʥʷ ʤʘʻ ʚʠʛʣʷʜ 

03 =+lk  . 

ʈʦʟʛʣʷʥʝʤʦ ʧʦʩʣʽʜʦʚʥʦ ʚʠʧʘʜʢʠ, ʢʦʣʠ 0>l , 0=l , 0<l  . ɼʣʷ ʧʝʨʰʦʛʦ 

ʟ ʥʠʭ  l ʤʦʞʥʘ ʧʨʝʜʩʪʘʚʠʪʠ ʫ ʧʦʢʘʟʥʠʢʦʚʽʡ ʬʦʨʤʽ ʪʘʢ 

)2exp( ni pll=   

ʽ ʭʘʨʘʢʪʝʨʠʩʪʠʯʥʝ ʨʽʚʥʷʥʥʷ ʤʘʻ ʪʘʢʽ ʤʦʞʣʠʚʽ ʟʥʘʯʝʥʥʷ ʢʦʨʝʥʷ 

ö
÷

õ
æ
ç

å
= nik

n
pl

3

2
exp3

. 

ʅʘʜʘʚʰʠ n  ʪʨʠ ʧʦʩʣʽʜʦʚʥʽ ʟʥʘʯʝʥʥʷ, ʥʘʧʨʠʢʣʘʜ 1,0,1-=n , ʦʜʝʨʞʠʤʦ 

ʪʨʠ ʨʽʟʥʠʭ ʟʥʘʯʝʥʥʷ ʢʦʨʝʥʷ: 
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ö
ö

÷

õ

æ
æ

ç

å
+=

2

3

2

13
1

ik l ,      
ö
ö

÷

õ

æ
æ

ç

å
-=

2

3

2

13
2

ik l ,     
3

3
l-=k  . 

ʊʝʧʝʨ ʟʘʛʘʣʴʥʠʡ ʨʦʟʚ'ʷʟʦʢ ʨʽʚʥʷʥʥʷ  ʤʦʞʥʘ ʟʘʧʠʩʘʪʠ ʪʘʢ 

+
ù
ù
ú

ø

é
é
ê

è

öö
÷

õ
ææ
ç

å
-+

ù
ù
ú

ø

é
é
ê

è

öö
÷

õ
ææ
ç

å
+= xiBxiAxf

2

3

2

1
exp

2

3

2

1
exp)( 33 ll  

[ ]xC 3exp l-+  . 

ʇʽʩʣʷ ʧʽʜʩʪʘʥʦʚʢʠ ʮʴʦʛʦ ʨʦʟʚ'ʷʟʢʫ ʫ ʤʝʞʦʚʽ ʫʤʦʚʠ, ʦʜʝʨʞʫʻʤʦ ʩʠʩʪʝʤʫ ʣʽ-

ʥʽʡʥʠʭ ʦʜʥʦʨʽʜʥʠʭ ʘʣʛʝʙʨʘʾʯʥʠʭ ʨʽʚʥʷʥʴ ʚʽʜʥʦʩʥʦ ʜʦʚʽʣʴʥʠʭ ʩʪʘʣʠʭ 

CBA ,, : 

0)0( =++= CBAf  , 

+
ù
ù
ú

ø

é
é
ê

è

öö
÷

õ
ææ
ç

å
-+

ù
ù
ú

ø

é
é
ê

è

öö
÷

õ
ææ
ç

å
+= liBliAlf

2

3

2

1
exp

2

3

2

1
exp)( 33 ll  

[ ]0exp 3 =-+ lC l  . 

+
ù
ù
ú

ø

é
é
ê

è

öö
÷

õ
ææ
ç

å
--+

ù
ù
ú

ø

é
é
ê

è

öö
÷

õ
ææ
ç

å
+-=- liBliAlf

2

3

2

1
exp

2

3

2

1
exp)( 33 ll  

[ ]0exp 3 =+ lC l  . 

ʋʤʦʚʦʶ ʽʩʥʫʚʘʥʥʷ ʫ ʩʠʩʪʝʤʠ ʣʽʥʽʡʥʠʭ ʦʜʥʦʨʽʜʥʠʭ ʘʣʛʝʙʨʘʾʯʥʠʭ ʨʽʚʥʷʥʴ 

ʥʝʥʫʣʴʦʚʦʛʦ ʨʦʟʚ'ʷʟʢʫ, ʪʦʙʪʦ ʥʝʥʫʣʴʦʚʠʭ ʟʥʘʯʝʥʴ CBA ,, , ʻ ʨʽʚʥʽʩʪʴ ʥʫ-

ʣʶ ʚʠʟʥʘʯʥʠʢʘ ʩʠʩʪʝʤʠ. ʆʪʞʝ, 

[ ]

[ ]

0

exp
2

3

2

1
exp

2

3

2

1
exp

exp
2

3

2

1
exp

2

3

2

1
exp

111

333

333 =

ù
ú

ø
é
ê

è

öö
÷

õ
ææ
ç

å
--ù

ú

ø
é
ê

è

öö
÷

õ
ææ
ç

å
+-

-ù
ú

ø
é
ê

è

öö
÷

õ
ææ
ç

å
-ù

ú

ø
é
ê

è

öö
÷

õ
ææ
ç

å
+

llili

llili

lll

lll

ʆʙʯʠʩʣʶʶʯʠ ʚʠʟʥʘʯʥʠʢ, ʧʽʩʣʷ ʦʯʝʚʠʜʥʦʛʦ ʩʧʨʦʱʝʥʥʷ ʦʜʝʨʞʠʤʦ 
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-
ù
ù
ú

ø

é
é
ê

è

öö
÷

õ
ææ
ç

å
---

ù
ù
ú

ø

é
é
ê

è

öö
÷

õ
ææ
ç

å
- lili

2

3

2

3
exp

2

3

2

3
exp 33 ll  

+
ù
ù
ú

ø

é
é
ê

è

öö
÷

õ
ææ
ç

å
+-+

ù
ù
ú

ø

é
é
ê

è

öö
÷

õ
ææ
ç

å
+- lili

2

3

2

3
exp

2

3

2

3
exp 33 ll  

[ ] [ ]03exp3exp 33 =--+ lili ll  . 

 ɺʠʢʦʨʠʩʪʦʚʫʶʯʠ ʬʦʨʤʫʣʫ ɽʡʣʝʨʘ ʜʣʷ ʩʠʥʫʩʘ, ʤʘʻʤʦ 

+
ö
ö

÷

õ

æ
æ

ç

å

ù
ú

ø
é
ê

è
--

ö
ö

÷

õ

æ
æ

ç

å

ù
ú

ø
é
ê

è
- llll

2

3
sin

2

3
exp

2

3
sin

2

3
exp 3333 llll  

( )03sin 3 =+ ll  , 

ʘʙʦ 

( )03sin
2

3
sin

2

3
cosh2 333 =-

ö
ö

÷

õ

æ
æ

ç

å
ö
÷

õ
æ
ç

å lll lll  , 

ʘʙʦ, ʚʠʢʦʨʠʩʪʦʚʫʶʯʠ ʚʽʜʦʤʫ ʪʨʠʛʦʥʦʤʝʪʨʠʯʥʫ ʬʦʨʤʫʣʫ, 

0
2

3
sin

2

3
cos

2

3
cosh 333 =

ö
ö

÷

õ

æ
æ

ç

å

ù
ù
ú

ø

é
é
ê

è

öö
÷

õ
ææ
ç

å
-ö
÷

õ
æ
ç

å lll lll  . 

 ʋ ʚʠʧʘʜʢʫ 0>l  ʥʫʣʶ ʤʦʞʝ ʜʦʨʽʚʥʶʚʘʪʠ ʣʠʰʝ ʩʠʥʫʩ, ʦʪʞʝ 

0
2

3
sin 3 =

ö
ö

÷

õ

æ
æ

ç

å
ll  . 

ʎʝ ʤʦʞʣʠʚʦ ʣʠʰʝ ʫ ʚʠʧʘʜʢʫ 

pl nl =
2

33
 ,        ...3,2,1=n  

ɿʚʽʜʩʠ ʦʜʝʨʞʫʻʤʦ ʥʘʩʪʫʧʥʠʡ ʩʧʝʢʪʨ ʚʣʘʩʥʠʭ ʯʠʩʝʣ 

3

33

2/33

8

l

n
n

p
l=  . 

 ʄʦʞʥʘ ʧʦʢʘʟʘʪʠ, ʱʦ ʽ ʫ ʚʠʧʘʜʢʫ 0<l  ʩʧʝʢʪʨ ʚʣʘʩʥʠʤ ʯʠʩʝʣ ʽʩʥʫʻ ʽ 

ʚʠʟʥʘʯʘʻʪʴʩʷ ʧʦʧʝʨʝʜʥʴʦʶ ʬʦʨʤʫʣʦʶ. ʆʢʨʝʤʦʛʦ ʨʦʟʛʣʷʜʫ ʚʠʤʘʛʘʻ ʚʠʧʘ-

ʜʦʢ 0=l . ɿʘʛʘʣʴʥʠʡ ʨʦʟʚ'ʷʟʦʢ ʤʘʪʠʤʝ ʚʠʛʣʷʜ 

CBxAxxf ++= 2)(  . 
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ʄʝʞʦʚʽ ʫʤʦʚʠ ʜʘʶʪʴ ʥʘʩʪʫʧʥʽ ʪʨʠ ʨʽʚʥʷʥʥʷ ʚʽʜʥʦʩʥʦ ʢʦʝʬʽʮʽʻʥʪʽʚ 

CBA ,, : 

0=C , 

02 =+BlAl , 

02 =-BlAl  . 

ʎʷ ʩʠʩʪʝʤʘ ʤʘʻ, ʦʯʝʚʠʜʥʦ, ʣʠʰʝ ʥʫʣʴʦʚʠʡ ʨʦʟʚ'ʷʟʦʢ. ʊʘʢʠʤ ʯʠʥʦʤ, 0=l  

ʥʝ ʻ ʚʣʘʩʥʠʤ ʯʠʩʣʦʤ ʜʘʥʦʾ ʤʝʞʦʚʦʾ ʟʘʜʘʯʽ.  

 ʗʢʱʦ ʟʥʘʡʜʝʥʽ ʚʣʘʩʥʽ ʯʠʩʣʘ ʧʽʜʢʣʘʩʪʠ ʫ ʟʘʛʘʣʴʥʠʡ ʨʦʟʚ'ʷʟʦʢ, ʘ ʜʦʚʽ-

ʣʴʥʽ ʜʚʽ ʟ ʪʨʴʦʭ ʤʝʞʦʚʠʭ ʫʤʦʚ ʚʠʢʦʨʠʩʪʘʪʠ ʜʣʷ ʟʥʘʭʦʜʞʝʥʥʷ ʟʚ'ʷʟʢʫ ʤʽʞ 

ʢʦʝʬʮ̔ʽʻʥʪʘʤʠ  CBA ,, , ʪʦ ʚʽʜʧʦʚʽʜʥʽ ʚʣʘʩʥʽ ʬʫʥʢʮʽʾ ʤʘʪʠʤʫʪʴ ʚʠʛʣʷʜ 

n

3 n n
f (x) exp x sin x

3 l l

p på õå õ
= æ öæ öæ öç ÷ç ÷

 ,   n ZÍ  . 

ʆʪʨʠʤʘʥʽ ʥʘʤʠ ʚʣʘʩʥʽ ʯʠʩʣʘ ʽ ʚʣʘʩʥʽ ʬʫʥʢʮʽʾ ʤʘʶʪʴ ʙʘʛʘʪʦ ʚʣʘʩʪʠʚʦʩʪʝʡ 

ʚʣʘʩʥʠʭ ʬʫʥʢʮʽʡ ʽ ʚʣʘʩʥʠʭ ʯʠʩʝʣ ʟʘʜʘʯʽ ʐʪʫʨʤʘ-ʃʽʫʚʽʣʷ. ʇʨʠ ʮʴʦʤʫ ʚʽʜʩʫ-

ʪʥʷ ʪʘʢʘ ʚʘʞʣʠʚʘ ʚʣʘʩʪʠʚʽʩʪʴ ʚʣʘʩʥʠʭ ʬʫʥʢʮʽʡ ʷʢ ʾʭ ʦʨʪʦʛʦʥʘʣʴʥʽʩʪʴ. ʂʨʽʤ 

ʪʦʛʦ, ʚʣʘʩʥʽ ʯʠʩʣʘ ʤʦʞʫʪʴ ʙʫʪʠ ʥʝ ʣʠʰʝ ʜʦʜʘʪʥʠʤʠ, ʷʢ ʫ ʟʘʜʘʯʽ ʐʪʫʨʤʘ-

ʃʽʫʚʽʣʷ, ʘʣʝ ʽ ʚʽʜ'ʻʤʥʠʤʠ. ʅʫʣʴʦʚʝ ʚʣʘʩʥʝ ʯʠʩʣʦ ʚʽʜʩʫʪʥʻ. 

ɸʥʘʣʦʛʽʯʥʦ ʧʦʧʝʨʝʜʥʴʦʤʫ, ʤʦʞʫʪʴ ʙʫʪʠ ʨʦʟʛʣʷʥʫʪʽ ʚʠʧʘʜʢʠ ʽʥʰʠʭ 

ʤʝʞʦʚʠʭ ʫʤʦʚ.  

ɻʨʘʬʽʢʠ ʩʧʝʢʪʨʫ ʚʣʘʩʥʠʭ ʯʠʩʝʣ ʪʘ ʚʣʘʩʥʠʭ ʬʫʥʢʮʽʡ ʥʘʚʝʜʝʥʽ ʥʠʞʯʝ. 

l3

l2
l- x l

l10

l 2-

l 3-

 

ʄʘʣʶʥʦʢ 22. ɺʣʘʩʥʽ ʯʠʩʣʘ ʧʝʨʰʦʾ ʤʝʞʦʚʦʾ ʟʘʜʘʯʽ 
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ʄʘʣʶʥʦʢ 23. ɺʣʘʩʥʽ ʬʫʥʢʮʽʾ ʧʝʨʰʦʾ ʤʝʞʦʚʦʾ ʟʘʜʘʯʽ 
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ɻʣʘʚʘ 3.ʈʷʜʠ  ʌʫʨ'ʻ. 
 

 ʗʢ ʙʫʣʦ ʧʦʢʘʟʘʥʦ ʚʠʱʝ, ʝʣʝʤʝʥʪʘʨʥʽ ʪʘ ʩʧʝʮʽʘʣʴʥʽ ʬʫʥʢʮʽʾ ʻ 

ʨʦʟʚôʷʟʢʘʤʠ ʟʚʠʯʘʡʥʠʭ ʣʽʥʽʡʥʠʭ ʦʜʥʦʨʽʜʥʠʭ ʜʠʬʝʨʝʥʮʽʡʥʠʭ ʨʽʚʥʷʥʴ ʟ ʩʪʘ-

ʣʠʤʠ ʘʙʦ ʟʤʽʥʥʠʤʠ ʢʦʝʬʽʮʽʻʥʪʘʤʠ. ʆʨʪʦʛʦʥʘʣʴʥʽʩʪʴ ʪʘ ʧʦʚʥʦʪʘ ʮʠʭ ʬʫʥʢ-

ʮʽʡ, ʷʢʘ ʫ ʙʘʛʘʪʴʦʭ ʚʠʧʘʜʢʘʭ ʻ ʧʨʦʩʪʦ ʥʘʩʣʽʜʢʦʤ ʪʦʛʦ, ʱʦ ʚʦʥʠ ʻ ʚʣʘʩʥʠʤʠ 

ʬʫʥʢʮʽʷʤʠ ʟʘʜʘʯʽ ʐʪʫʨʤʘ-ʃʽʫʚʽʣʷ, ʜʦʟʚʦʣʷʻ ʨʦʟʢʣʘʜʘʪʠ ʫ ʨʷʜʠ ʟʘ ʥʠʤʠ 

ʽʥʰʽ ʬʫʥʢʮʽʾ. ʎʷ ʦʙʩʪʘʚʠʥʘ ʻ ʦʩʦʙʣʠʚʦ ʚʘʞʣʠʚʦʶ ʧʨʠ ʨʦʟʚôʷʟʘʥʥʽ ʟʚʠʯʘʡ-

ʥʠʭ ʣʽʥʽʡʥʠʭ ʥʝʦʜʥʦʨʽʜʥʠʭ ʜʠʬʝʨʝʥʮʽʡʥʠʭ ʨʽʚʥʷʥʴ. ɺʠʢʦʨʠʩʪʘʥʥʷ ʪʘʢʠʭ 

ʨʦʟʚʠʥʝʥʴ ʻ ʦʩʥʦʚʥʠʤ ʤʝʪʦʜʦʤ ʾʭ ʨʦʟʚôʷʟʘʥʥʷ ʽ ʦʜʥʠʤ ʟ ʥʘʡʚʘʞʣʠʚʽʰʠʭ ʟʘ-

ʩʪʦʩʫʚʘʥʴ ʩʧʝʮʽʘʣʴʥʠʭ ʬʫʥʢʮʽʡ ʫ ʤʘʪʝʤʘʪʠʯʥʽʡ ʬʽʟʠʮʽ.  

 ɿ ʽʥʰʦʛʦ ʙʦʢʫ, ʜʝʷʢʽ ʩʧʝʮʽʘʣʴʥʽ ʬʫʥʢʮʽʾ (ʦʨʪʦʛʦʥʘʣʴʥʽ ʧʦʣʽʥʦʤʠ) ʤʦ-

ʞʫʪʴ ʙʫʪʠ ʚʚʝʜʝʥʽ ʙʝʟʚʽʜʥʦʩʥʦ ʜʦ ʜʠʬʝʨʝʥʮʽʡʥʠʭ ʨʽʚʥʷʥʴ, ʨʦʟʚôʷʟʢʘʤʠ 

ʷʢʠʭ ʚʦʥʠ ʻ, ʘ ʣʠʰʝ ʰʣʷʭʦʤ ʦʨʪʦʛʦʥʘʣʽʟʘʮʽʾ ʟ ʪʦʶ ʯʠ ʽʥʰʦʶ ʚʘʛʦʚʦʶ ʬʫʥ-

ʢʮʽʻʶ ʥʘ ʪʦʤʫ ʯʠ ʽʥʰʦʤʫ ʧʨʦʤʽʞʢʫ ʩʪʝʧʝʥʝʚʠʭ ʬʫʥʢʮʽʡ.  

 

3.1.ʊʨʠʛʦʥʦʤʝʪʨʠʯʥʠʡ ʨʷʜ ʌʫʨ'ʻ 
 

 ʈʦʟʛʣʷʥʝʤʦ ],[
2
pp-L  - ʧʨʦʩʪʽʨ ʬʫʥʢʮʽʡ ʟ ʽʥʪʝʛʨʦʚʘʥʠʤ ʢʚʘʜʨʘʪʦʤ 

ʥʘ ʚʽʜʨʽʟʢʫ ],[ pp- . ʋ ʮʴʦʤʫ ʧʨʦʩʪʦʨʽ ʬʫʥʢʮʽʾ: 

2/1 ,   )sin(nx ,   ),cos(nx         ( ,...2,1=n ) 

ʫʪʚʦʨʶʶʪʴ ʧʦʚʥʫ ʦʨʪʦʛʦʥʘʣʴʥʫ ʩʠʩʪʝʤʫ ʬʫʥʢʮʽʡ, ʱʦ ʥʘʟʠʚʘʻʪʴʩʷ ʪʨʠʛʦ-

ʥʦʤʝʪʨʠʯʥʦʶ ʩʠʩʪʝʤʦʶ ʬʫʥʢʮʽʡ. ʆʨʪʦʛʦʥʘʣʴʥʽʩʪʴ, ʙʝʟʧʦʩʝʨʝʜʥʴʦ, ʧʝʨʝʚʽ-

ʨʷʻʪʩɹʷ ʧʨʷʤʠʤ ʦʙʯʠʩʣʝʥʥʷʤ, ʥʘʧʨʠʢʣʘʜ, ʜʣʷ mn¸ : 

( ) 0)(sin)sin()sin(),sin( ==ñ
-

dxmxnxmxnx
p

p

, 

( ) 0)cos()cos()cos(),cos( ==ñ
-

dxmxnxmxnx
p

p

, 

( ) 0)(cos)sin()cos(),sin( ==ñ
-

dxmxnxmxnx
p

p

, 

( ) 0)(sin)2/1()sin(,2/1 =Ö=ñ
-

dxmxmx
p

p

, 

( ) 0)cos()2/1()cos(,2/1 ==ñ Ö
-

dxmxmx
p

p

. 
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ʅʦʨʤʘ ʢʦʞʥʦʛʦ ʝʣʝʤʝʥʪʫ ʩʠʩʪʝʤʠ ʚʠʟʥʘʯʘʻʪʴʩʷ ʪʘʢ: 

( ) p
p

p

==ñ
-

dx
22

2/12/1  

p
p

p

==ñ
-

dxnxnx )(sin)sin( 22
, 

p
p

p

==ñ
-

dxnxnx )(cos)cos( 22
. 

ʅʘʚʝʜʝʥʘ ʥʘʤʠ ʪʨʠʛʦʥʦʤʝʪʨʠʯʥʘ ʩʠʩʪʝʤʘ ʬʫʥʢʮʽʡ ʥʝ ʻ ʥʦʨʤʦʚʘʥʦʶ. 

ʇʦʜʽʣʠʚʰʠ ʢʦʞʥʠʡ ʝʣʝʤʝʥʪ ʥʘ ʡʦʛʦ ʥʦʨʤʫ, ʦʜʝʨʞʠʤʦ ʥʦʨʤʦʚʘʥʫ ʪʨʠʛʦ-

ʥʦʤʝʪʨʠʯʥʫ ʩʠʩʪʝʤʫ ʬʫʥʢʮʽʡ: 

p2

1
,   

p

)sin(nx
,   

p

)cos(nx
        ( ,...2,1=n ) 

ʇʦʚʥʦʪʘ ʪʨʠʛʦʥʦʤʝʪʨʠʯʥʦʾ ʩʠʩʪʝʤʠ ʬʫʥʢʮʽʡ ʻ ʥʘʩʣʽʜʢʦʤ ʪʦʛʦ, ʱʦ ʚʦʥʠ ʻ 

ʚʣʘʩʥʠʤʠ ʬʫʥʢʮʽʷʤʠ ʟʘʜʘʯʽ ʐʪʫʨʤʘ-ʃʽʫʚʽʣʷ. ɺʟʘʛʘʣʽ, ʷʢʱʦ ʤʠ ʚʠʢʦʨʠʩʪʦ-

ʚʫʻʤʦ ʚ ʷʢʦʩʪʽ ʙʘʟʠʩʫ ʚʣʘʩʥʽ ʬʫʥʢʮʽʾ ʟʘʜʘʯʽ ʐʪʫʨʤʘ-ʃʽʫʚʽʣʷ, ʪʦ ʧʦʚʥʦʪʘ 

ʮʽʻʾ ʩʠʩʪʝʤʠ ʬʫʥʢʮʽʡ ʥʘʤ ʛʘʨʘʥʪʦʚʘʥʘ. ʋ ʧʨʦʪʠʣʝʞʥʦʤʫ ʚʠʧʘʜʢʫ ʚʦʥʘ ʚʠ-

ʤʘʛʘʻ ʦʢʨʝʤʦʛʦ ʜʦʩʣʽʜʞʝʥʥʷ. 

ʈʷʜ ʌʫʨ'ʻ ʜʣʷ ʬʫʥʢʮʽʾ ),(xf  ʟʘ ʪʨʠʛʦʥʦʤʝʪʨʠʯʥʦʶ ʩʠʩʪʝʤʦʶ ʬʫʥʢ-

ʮʽʡ ʤʘʻ ʚʠʛʣʷʜ 

[ ]0
n n

n =1

a
f(x)= a cos(nx)+b sin(nx)

2

¤

+ä  . 

ʇʦʤʥʦʞʠʚʰʠ ʩʢʘʣʷʨʥʦ ʦʩʪʘʥʥʻ ʨʦʟʚʠʥʝʥʥʷ ʧʦʩʣʽʜʦʚʥʦ ʥʘ ʚʩʽ ʝʣʝʤʝ-

ʥʪʠ ʪʨʠʛʦʥʦʤʝʪʨʠʯʥʦʾ ʩʠʩʪʝʤʠ ʬʫʥʢʮʽʡ, ʦʜʝʨʞʠʤʦ ʥʘʩʪʫʧʥʽ ʚʠʨʘʟʠ ʜʣʷ 

ʢʦʝʬʽʮʽʥ̒ʪʽʚ ʌʫʨ'ʻ: 

dxxfa ñ
-

=
p

p
p

)(
1

0
,                    dxnxxfa

n
)(cos)(

1
ñ
-

=
p

p
p

, 

dxnxxfb
n

)(sin)(
1
ñ
-

=
p

p
p

,       n NÍ  . 

ʊʨʠʛʦʥʦʤʝʪʨʠʯʥʠʡ ʨʷʜ ʌʫʨ'ʻ ʤʦʞʥʘ ʟʘʧʠʩʘʪʠ ʽ ʫ ʙʽʣʴʰ ʩʠʤʝʪʨʠʯʥʦ 

[ ]ä
¤

=

+=
0

)sin()cos()(
n

nn nxbnxaxf  , 
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ʘʣʝ ʫ ʮʴʦʤʫ ʨʷʜʽ ʚʠʨʘʟ ʜʣʷ ʢʦʝʬʽʮʽʻʥʪʫ 
0

a  ʙʫʜʝ ʚʽʜʨʽʟʥʷʪʠʩʷ ʢʦʝʬʽʮʽʻʥʪʦʤ  

2/1    ʚʽʜ ʚʽʜʧʦʚʽʜʥʦʛʦ ʚʠʨʘʟʫ ʧʦʧʝʨʝʜʥʴʦʛʦ ʨʷʜʫ, ʘ ʩʘʤʝ 

dxxfa ñ
-

=
p

p
p

)(
2

1
0

 . 

 ʈʦʟʛʣʷʥʝʤʦ ],[
2

llL -  - ʧʨʦʩʪʽʨ ʬʫʥʢʮʽʡ ʟ ʽʥʪʝʛʨʦʚʘʥʠʤ ʢʚʘʜʨʘʪʦʤ ʥʘ 

ʚʽʜʨʽʟʢʫ ʜʦʚʽʣʴʥʦʾ ʜʦʚʞʠʥʠ ],[ ll- . ʋ ʮʴʦʤʫ ʧʨʦʩʪʦʨʽ ʦʨʪʦʛʦʥʘʣʴʥʫ ʩʠʩʪʝ-

ʤʫ ʬʫʥʢʮʽʡ ʫʪʚʦʨʶʶʪʴ ʬʫʥʢʮʽʾ  

2

1
,   ö

÷

õ
æ
ç

å
x

l

np
sin ,   ,cos ö

÷

õ
æ
ç

å
x

l

np
        ( ,...2,1=n ) . 

ɺʽʜʧʦʚʽʜʥʦ ʜʦ ʮʴʦʛʦ, ʪʨʠʛʦʥʦʤʝʪʨʠʯʥʠʡ ʨʷʜ ʌʫʨ'ʻ ʤʘʻ ʚʠʛʣʷʜ 

0
n n

n =1

n na
f(x) a cos x b sin x

l l2

p p¤è øå õ å õ
= + +æ ö æ öé ù

ç ÷ ç ÷ê ú
ä , 

ʜʝ 

dxxf
l

a
l

l

ñ
-

= )(
1

0
,              dxx

l

n
xf

l
a

l

l

n ö
÷

õ
æ
ç

å
=ñ
-

p
cos)(

1
, 

dxx
l

n
xf

l
b

l

l

n ö
÷

õ
æ
ç

å
=ñ
-

p
sin)(

1
 . 

 ʅʝʭʘʡ ʬʫʥʢʮʽʷ )(xf  ʻ ʧʘʨʥʦʶ, ʪʦʙʪʦ )()( xfxf -= . ʊʦʜʽ  ʢʦʝʬʽ-

ʮʽʻʥʪʠ 0=
n

b , ʦʩʢʽʣʴʢʠ ʚʦʥʠ ʚʠʟʥʘʯʘʶʪʴʩʷ ʯʝʨʝʟ ʽʥʪʝʛʨʘʣʠ ʚʽʜ ʥʝʧʘʨʥʠʭ 

ʬʫʥʢʮʽʡ ʫ ʩʠʤʝʪʨʠʯʥʠʭ ʤʝʞʘʭ. ʋ ʩʚʦʶ ʯʝʨʛʫ: 

dxxf
l

a
l

ñ=
0

0
)(

2
,                 dxx

l

n
xf

l
a

l

n ö
÷

õ
æ
ç

å
=ñ

p

0

cos)(
2

, 

ʦʩʢʽʣʴʢʠ ʫ ʮʴʦʤʫ ʚʠʧʘʜʢʫ ʤʦʚʘ ʡʜʝ ʧʨʦ ʽʥʪʝʛʨʘʣ ʚʽʜ ʧʘʨʥʦʾ ʬʫʥʢʮʽʾ ʫ ʩʠʤʝ-

ʪʨʠʯʥʠʭ ʤʝʞʘʭ. ʈʷʜ ʌʫʨ'ʻ ʤʘʪʠʤʝ ʚʠʛʣʷʜ 

ä
¤

=

ö
÷

õ
æ
ç

å
+=

1

0 cos
2

)(
n

n x
l

n
a

a
xf

p
 . 

ɸʥʘʣʦʛʽʯʥʠʤ ʯʠʥʦʤ ʤʦʞʥʘ ʨʦʟʛʣʷʥʫʪʠ ʚʠʧʘʜʦʢ ʥʝʧʘʨʥʦʾ ʬʫʥʢʮʽʾ 

)(xf , ʪʦʙʪʦ )()( xfxf --= . ʋ ʮʴʦʤʫ ʨʘʟʽ ʢʦʝʬʽʮʽʻʥʪʠ 0,
0
=

n
aa , ʦʩʢʽ-

ʣʴʢʠ ʚʦʥʠ ʚʠʟʥʘʯʘʶʪʴʩʷ ʯʝʨʝʟ ʽʥʪʝʛʨʘʣʠ ʚʽʜ ʥʝʧʘʨʥʠʭ ʬʫʥʢʮʽʡ ʫ ʩʠʤʝʪʨʠ-

ʯʥʠʭ ʤʝʞʘʭ. ʋ ʩʚʦʶ ʯʝʨʛʫ 
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dxx
l

n
xf

l
b

l

n ö
÷

õ
æ
ç

å
=ñ

p

0

sin)(
2

, 

ʦʩʢʽʣʴʢʠ ʪʫʪ ʤʦʚʘ ʡʜʝ ʧʨʦ ʽʥʪʝʛʨʘʣ ʚʽʜ ʧʘʨʥʦʾ ʬʫʥʢʮʽʾ ʫ ʩʠʤʝʪʨʠʯʥʠʭ ʤʝ-

ʞʘʭ. ʈʷʜ ʌʫʨ'ʻ ʧʨʠ ʮʴʦʤʫ ʤʘʪʠʤʝ ʚʠʛʣʷʜ 

n

n =1

n
f(x) b sin x

l

p¤ å õ
= æ ö

ç ÷
ä  . 

 ʈʦʟʛʣʷʥʝʤʦ ],0[
2

lL  - ʧʨʦʩʪʽʨ ʬʫʥʢʮʽʡ ʟ ʽʥʪʝʛʨʦʚʘʥʠʤ ʢʚʘʜʨʘʪʦʤ ʥʘ 

ʚʽʜʨʽʟʢʫ ʜʦʚʽʣʴʥʦʾ ʜʦʚʞʠʥʠ ],0[ l . ʋ ʮʴʦʤʫ ʧʨʦʩʪʦʨʽ ʧʦʚʥʫ ʦʨʪʦʛʦʥʘʣʴʥʫ 
ʩʠʩʪʝʤʫ ʬʫʥʢʮʽʡ ʫʪʚʦʨʶʶʪʴ ʦʢʨʝʤʦ ʬʫʥʢʮʽʾ  

,
2

1
     ö

÷

õ
æ
ç

å
x

l

np
cos  ,        ( ,...2,1=n ), 

ʽ ʦʢʨʝʤʦ ʬʫʥʢʮʽʾ 

ö
÷

õ
æ
ç

å
x

l

np
sin ,       ,...2,1=n   . 

 ɿʥʘʡʜʝʤʦ ʚʠʛʣʷʜ ʨʷʜʫ ʌʫʨôʻ ʥʘ ʧʨʦʤʽʞʢʫ ],0[ l  ʚʠʭʦʜʷʯʠ ʟ ʚʠʛʣʷʜʫ 

ʨ̫ʜʫ ʌʫʨôʻ ʥʘ ʧʨʦʤʽʞʢʫ ],[ ll- . ʆʩʢʽʣʴʢʠ ʥʘʩ ʮʽʢʘʚʠʪʴ ʧʦʚʝʜʽʥʢʘ ʬʫʥʢʮʽʾ 

)(xf  ʣʠʰʝ ʥʘ ʧʨʦʤʽʞʢʫ ],0[ l , ʪʦ ʜʣʷ ʟʥʘʭʦʜʞʝʥʥʷ ʟʘʟʥʘʯʝʥʦʛʦ ʨʷʜʫ ʤʦ-

ʞʝʤʦ ʚʠʢʦʨʠʩʪʘʪʠ ʥʘʩʪʫʧʥʠʡ ʰʪʫʯʥʠʡ ʧʨʠʡʦʤ. ɼʦʚʠʟʥʘʯʠʤʦ ʬʫʥʢʮʽʶ 

)(xf  ʥʘ ʧʨʦʤʽʞʢʫ ]0,[ l-  ʧʘʨʥʠʤ ʯʠʥʦʤ, ʪʦʜʽ ʜʣʷ ʬʫʥʢʮʽʾ )(xf , ʚʠʟʥʘ-

ʯʝʥʽʡ ʪʝʧʝʨ ʫʞʝ ʥʘ ʧʨʦʤʽʞʢʫ ],[ ll- , ʤʘʪʠʤʫʪʴ ʤʽʩʮʝ ʬʦʨʤʫʣʘ 

ä
¤

=

ö
÷

õ
æ
ç

å
+=

1

0 cos
2

)(
n

n x
l

n
a

a
xf

p
, 

ʜʝ 

dxxf
l

a
l

ñ=
0

0
)(

2
,                   dxx

l

n
xf

l
a

l

n ö
ö
ö

÷

õ

æ
æ
æ

ç

å

ñ=
p

0

cos)(
2

. 

ɼʦʚʠʟʥʘʯʠʤʦ ʪʝʧʝʨ ʬʫʥʢʮʽʶ )(xf  ʥʘ ʧʨʦʤʽʞʢʫ ]0,[ l-  ʥʝʧʘʨʥʠʤ 

ʯʠʥʦʤ, ʪʦʜʽ ʜʣʷ ʬʫʥʢʮʽʾ )(xf , ʚʠʟʥʘʯʝʥʽʡ ʪʝʧʝʨ ʫʞʝ ʥʘ ʧʨʦʤʽʞʢʫ ],[ ll- , 

ʤʘʪʠʤʫʪʴ ʤʽʩʮʝ ʽʥʰʽ ʬʦʨʤʫʣʠ: 

ä
¤

=

ö
÷

õ
æ
ç

å
=

1

sin)(
n

n x
l

n
bxf

p
, 

ʜʝ 
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dxx
l

n
xf

l
b

l

n ö
ö
ö

÷

õ

æ
æ
æ

ç

å

ñ=
p

0

sin)(
2

. 

ʆʪʞʝ, ʥʘ ʧʨʦʤʽʞʢʫ ],0[ l  ʜʣʷ ʦʜʥʽʻʾ ʽ ʪʽʻʾ ʞ ʬʫʥʢʮʽʾ )(xf  ʤʠ ʤʘʻʤʦ 

ʜʚʘ ʨʽʟʥʠʭ ʨʦʟʚʠʥʝʥʥʷ, ʱʦ ʽ ʜʦʚʦʜʠʪʴ ʾʭ ʨʽʚʥʦʧʨʘʚʥʽʩʪʴ, ʘ, ʦʪʞʝ, ʽ ʧʦʚʥʦʪʫ 

ʢʦʞʥʦʾ ʟ ʟʘʟʥʘʯʝʥʠʭ ʧʽʜʩʠʩʪʝʤ ʪʨʠʛʦʥʦʤʝʪʨʠʯʥʦʾ ʩʠʩʪʝʤʠ ʬʫʥʢʮʽʡ. 

 ʈʦʟʛʣʷʥʝʤʦ ]2,[
2

laaL +  - ʧʨʦʩʪʽʨ ʬʫʥʢʮʽʡ ʟ ʽʥʪʝʛʨʦʚʘʥʠʤ ʢʚʘʜʨʘ-

ʪʦʤ ʥʘ ʚʽʜʨʽʟʢʫ ]2,[ laa +  ʜʦʚʽʣʴʥʦʾ ʜʦʚʞʠʥʠ, ʱʦ ʟʥʘʭʦʜʠʪʴʩʷ ʥʘ ʚʽʜʩʪʘʥʽ 

a  ʚʽʜ ʧʦʯʘʪʢʫ ʢʦʦʨʜʠʥʘʪ. ɿʤʽʱʝʥʥʷ ʽʥʪʝʨʚʘʣʫ ʥʘ ʚʽʜʩʪʘʥʽ a  ʚʽʜ ʧʦʯʘʪʢʫ 

ʢʦʦʨʜʠʥʘʪ ʥʝ ʚʧʣʠʚʘʻ ʥʘ ʦʨʪʦʛʦʥʘʣʴʥʽʩʪʴ ʪʨʠʛʦʥʦʤʝʪʨʠʯʥʦʾ ʩʠʩʪʝʤʠ ʬʫʥ-

ʢʮʽʡ ʥʘ ʮʴʦʤʫ ʽʥʪʝʨʚʘʣʽ, ʘ ʦʪʞʝ ʚʩʽ ʬʦʨʤʫʣʠ ʟʘʣʠʰʘʶʪʴʩʷ ʚʽʨʥʠʤʠ ʽ ʜʣʷ ʟʘ-

ʟʥʘʯʝʥʦʛʦ ʧʨʦʤʞ̔ʢʫ. ʊʘʢʠʤ ʯʠʥʦʤ 
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3.2.ɽʢʩʧʦʥʝʥʮʽʡʥʠʡ ʨʷʜ ʌʫʨ'ʻ 
 

 ʊʨʠʛʦʥʦʤʝʪʨʠʯʥʠʡ ʨʷʜ ʌʫʨ'ʻ ʤʦʞʥʘ ʟʘʧʠʩʘʪʠ ʫ ʝʢʩʧʦʥʝʥʮʽʡʥʦʤʫ 

ʚʠʛʣʷʜʽ, ʷʢʱʦ ʚʠʢʦʨʠʩʪʘʪʠ ʜʣʷ ʮʴʦʛʦ ʬʦʨʤʫʣʠ ɽʡʣʝʨʘ: 
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i
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ʈʦʟʚʠʥʝʥʥʷ ʤʦʞʝ ʙʫʪʠ ʦʪʨʠʤʘʥʝ ʧʨʠ ʙʝʟʧʦʩʝʨʝʜʥʽʡ ʧʽʜʩʪʘʥʦʚʮʽ ʮʠʭ ʬʦʨ-

ʤʫʣ ʫ ʪʨʠʛʦʥʦʤʝʪʨʠʯʥʠʡ ʨʷʜ ʌʫʨ'ʻ ʽ ʤʘʻ ʚʠʛʣʷʜ 
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