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Ãåîìåòðè÷åñêèå ñòðóêòóðû íà òðåõìåðíûõ
ìíîãîîáðàçèÿõ

Ä. Â. Áîëîòîâ
ÔÒÈÍÒ èì. Á.È. Âåðêèíà ÍÀÍÓ

bolotov@ilt.kharkov.ua

Ìû ñîáèðàåìñÿ äàòü îáçîðíûé öèêë ëåêöèé ïî ãåîìåòðèè òðåõìåðíûõ ìíîãîîáðàçèé,
âêëþ÷àþùèé â ñåáÿ ñëåäóþùèå ðàçäåëû:

• Òåðñòîíîâñêèå ãåîìåòðèè. Ãåîìåòðèçàöèîííàÿ ãèïîòåçà Òåðñòîíà;

• Äâóìåðíûå îðáèîáðàçèÿ;

• Ñëîåíèÿ Çåéôåðòà;

• Ãåîìåòðèè íà äîïîëíåíèÿõ ê óçëàì;

• Äèñêðåòíûå ãðóïïû èçîìåòðèé ìîäåëüíûõ ãåîìåòðèé.

[1] Ó. Ò¼ðñòîí, Òðåõìåðíàÿ ãåîìåòðèÿ è òîïîëîãèÿ: Ì., ÌÖÍÌÎ, 2001.

[2] Ï. Ñêîòò, Ãåîìåòðèè íà òðåõìåðíûõ ìíîãîîáðàçèÿõ: Ìàò.ÍÇÍ 39, Ìèð, 1986.
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On stable homotopy equivalence of polyhedra

Yu. A. Drozd
Institute of Mathematics NASU

y.a.drozd@gmail.com

My lectures will be devoted to the problems related to the stable homotopical classi�cation
of polyhedra (�nite CW -complexes). I am planning to give two lectures on classi�cation of
�small� polyhedra and one lecture on genera of polyhedra and related questions. The details
of the considered results and their proofs can be found in [5, 6]. These papers can be obtained
from my site: www.imath.kiev.ua/∼drozd/publ.html.

1. For general notions from topology we refer to [10]. Let Hot be the homotopic category
of pointed topological spaces. We denote by X ∨ Y the wedge (or bouquet) of spaces X and Y ,
i.e. the subspace X × ·Y ∪ ·X × Y ⊂ X × Y , where ·X is the base point of X. We also denote
by X ∧ Y the factorspace X × Y/X ∨ Y . In particular, we set SX = S1 ∧ X, the suspension
(or double cone) of X, and SkX = Sk ∧X, the iterated suspension. There is a natural functor
S : Hot → Hot mapping X to SX and we de�ne the stable homotopy category Hos having the
same objects as Hot, but with the sets of morphisms

Hos(X, Y ) = lim−→k
Hot(SkX,SkY ).

In particular, X ' Y in Hos means that SkX ' SkY in Hot for some k. Such polyhedra are
called stably homotopic. Our aim is to study the subcategory CW of Hos consisting of polyhedra,
i.e. �nite CW-complexes.

Let CWk
n be the full subcategory of Hot consisting of (n−1)-connected polyhedra of dimensi-

on at most n+k and SWk
n be its image in the category Hos. The generalized Freudenthal theorem

[3, Th. 1.21] implies that the functor S induces an equivalence of categories CWk
n → CWk

n+1 for
n > k + 1, while for n = k + 1 and X, Y ∈ CWk

n the map Hot(X, Y ) → Hot(SX, SY ) is
surjective and re�ects isomorphisms, i.e. Sf is an isomorphism if and only if so is f . Therefore,
CWk

n ' SWk
n for n > k + 1 and, considering the category Sn = SWn−1

n , we obtain a stable
homotopy classi�cation of polyhedra having cells in at most n successive dimensions. Moreover,
if the smallest dimension of cells in such polyhedra is at least n (thus their dimensions are at
least 2n− 1), their stable homotopy equivalence is indeed their homotopy equivalence.

The category Hos has an advantage to be additive. Recall that it means that all sets
Hos(X, Y ) are abelian groups, the multiplication of morphisms is bilinear and any two objects
have a direct sum. Actually, a direct sum of X and Y in the category Hos is their wedge
X ∨ Y , while the group structure on Hos(X, Y ) arises from the H -cogroup structure on SX
(see [10, Sec. 2]). Moreover, this category is fully additive (or Karubian), which means that any
idempotent e ∈ Hos(X,X) arises from a decomposition of X into a direct sum (that is, into a
wedge) [3, Sec. 4.1]. Following Baues [1], we use the next de�nition.

Îçíà÷åííÿ 1. An atom is an indecomposable (into a non-trivial wedge) object A from
Sn which does not belong to SSn−1 ∪ S2Sn−1. In other words, any polyhedron isomorphic to
A in Sn must have cells of �ultimate� dimensions n and 2n− 1. If A is an atom, all polyhedra
of the sort SmA are called suspended atoms.

Obviously, any polyhedron is isomorphic in Hos (i.e. stably homotopic) to a wedge of several
suspended atoms. Note that such a decomposition is, in general, not unique.
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2. Another advantage of Hos is that it is triangulated [7, 8] having co�bration sequences

X
f−→ Y

g−→ Cf
h−→ SX

as model exact (or distinguished) triangles. Here Cf is the cone of the map f , i.e. the factorspace
CX ∪ Y/ ∼, where X = I × X/1 × X is the cone over X and ∼ is the equivalence relation
identifying (0, x) ∈ CX with f(x) ∈ Y . The map g sends y ∈ Y to y ∈ Cf , while the map h
sends y ∈ Y to 0× ·X ∈ SX and (t, x) ∈ CX to its class in SX. If X

f−→ Y
g−→ Z

h−→ SX is any
exact triangle in Hos, then for any space V the sequences of abelian groups

Hos(V,X)
f ·−→ Hos(V, Y )

g·−→ Hos(V, Z)
h·−→ Hos(V, SX)

Sf ·−−→ Hos(V, SY )

and

Hos(SY, V )
·Sf−−→ Hos(SX, V )

·h−→ Hos(Z, V )
·g−→ Hos(Y, V )

·f−→ Hos(X, V )

are exact and can be extended both to the right and to the left. Here f · denotes the multipli-
cation by f on the left and ·f denotes the multiplication by f on the right.

Using this triangulated structure, we propose a recursive procedure for classi�cation of
atoms in Sn, starting from S1, where the only atom is S1. Choose some integer m such that
n ≤ m < 2n − 1. Consider two subcategories A and B from Sn. Namely, A consists of
(m− 1)-connected polyhedra of dimension at most 2n− 2 and B consists of (n− 1)-connected
polyhedra of dimension at most m. If X ∈ Sn and B = Xm is its m-skeleton, then B ∈ B and
X/B ' SA for some A ∈ A . It gives an exact triangle

A
f−→ B

g−→ X
h−→ SA.

Consider the category Fn,m whose objects are morphisms f : A → B, where A ∈ A , B ∈ B,
and a morphism from f to f ′ : A′ → B′ is a pair of morphisms (α, β) such that the square

A
f //

α
��

B

β
��

A′
f ′
// B′

commutes. Let I be the ideal of Fn,m consisting of pairs (α, β) as above such that β factors
through f ′ and J be the ideal of Sn consisting of morphisms γ : X → X ′ which factor both
through an object from SA and through an object from B.

Òåîðåìà 1. There is an equivalence of categories C : Fn,m/I → Sn/J which maps f :
A→ B to Cf . Moreover, J 2 = 0, hence isomorphism classes in Sn and Sn/J are the same.

Let CT be the full subcategory of CW consisting of torsion free polyhedra X, i.e. such that
all groups Hn(X,Z) are torsion free, and ST be its image in SW. Analogously CTkn and STkn
are de�ned, and we set Tn = STn−1

n . We also denote by F 0
n,m the full subcategory of Fn,m

consisting of all maps f : A → B such that A and B are torsion free and Hm(f,Z) = 0. Let
I0 = I ∩F 0

m,n and J0 = J ∩Tn.
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Òåîðåìà 2. There is an equivalence of categories C0 : F 0
n,m/I0 → Tn/J0 which maps

f : A→ B to Cf . Moreover, I2
0 = 0 and J 2

0 = 0, hence C0 induces a one-to-one correspondence
between isomorphism classes in F 0

n,m and Tn.

These theorems replace the classi�cation of polyhedra from Sn (Tn) by the classi�cation of
objects from Fn,m (respectively, from F 0

n,m). The latter problems are actually a kind of bimodule
problems considered, for instance, in [4]. Using this approach, in particular the technique of
representations of bunches of chains from [2], we give a complete classi�cation of polyhedra
from Sn for n ≤ 4 and from Tn for n ≤ 7. It so happens that Sn for n < 4 and Tn for
n < 7 are essentially �nite: their atoms have at most 4 cells in Sn (n < 4) and at most 6
cells for Tn (n < 7). On the other hand, the number of cells in atoms from S4 and from T7

can be arbitrary. During the lectures we will present this classi�cation. We also show that for
bigger values of n such classi�cation becomes wild in the sense of the representation theory, i.e.
includes classi�cation of representations of all �nite dimensional algebras over a �eld.

3. We also consider genera of polyhedra. Namely, let Hosp denotes the p-localization of the
category Hos. It means that Hosp(X, Y ) = Hos(X, Y ) ⊗ Z(p), where Z(p) = {a/b ∈ Q | p - b}.
Actually, an equivalent category is obtained if we consider the localization of polyhedra in the
sense of [9, Sec. 2]. We call the genus G(X) of a polyhedron X the set of polyhedra Y such that
X ' Y in every category Hosp. One easily sees that ifX∨Z ' Y ∨Z for some Z, then Y ∈ G(X).
Thus genera are closely related to the cancellation problem for wedges of polyhedra. Let g(X)
denotes the number of isomorphism classes (in Hos) of polyhedra from G(X). We establish the
following main properties of these notions as well as a sort of cancellation law in the category
Hos.

Òåîðåìà 3. 1. g(X) <∞ for every polyhedron X.

2. If Y ∈ G(X), there is a k-fold wedge kX such that kX ' Y ∨ Y ′ for some Y ′.

3. Let Y ∈ G(X), B(X) =
∨
r∈r(X) S

r, where r(X) = {r ∈ N | Hos(Sr, X) is not torsion}.
Then X ∨B(X) ' Y ∨B(X).
(Note that if r ∈ r(X), then r ≤ dimX, hence r(X) is �nite.)

4. If X ∨ Z ' Y ∨ Z, where Z ∈ G(X), then X ' Y .

Here all isomorphisms are isomorphisms in the category Hos, i.e. stable homotopy equi-
valences.

Finally, we give an upper bound for the number g(X). Note that for every polyhedron X

there are an integer m and maps X
α−→ B

β−→ X, where B is a wedge of spheres, such that
αβ ≡ m·1X modulo torsion and βα ≡ m·1B modulo torsion.

Òåîðåìà 4. Let m,α, β are as above and B =
∨k
i=1 riS

ni with di�erent dimensions ni. If
m = 2, then g(X) = 1. If m > 2, then g(X) ≤ (ϕ(m)/2)k, where ϕ(m) is the Euler function.

For instance, if Hos(X,X) is torsion or if m ∈ {2, 3, 4, 6}, then g(X) = 1. We will present
examples of description of genera.
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Êàòåãîðíi àêñiîìè òåîði¨ ãîìîòîïié

Â. Â. Ëþáàøåíêî
Iíñòèòóò ìàòåìàòèêè ÍÀÍÓ

lub@imath.kiev.ua

Ìåòà ëåêöié � âèâåñòè ñïiëüíi ðèñè i íàñëiäêè äëÿ ðiçíîìàíiòíèõ òåîðié ãîìîòîïié ç
íàáîðó àêñiîì êàòåãîðíîãî õàðàêòåðó. Ïåðøèì, õòî çàïðîïîíóâàâ òàêèé íàáið àêñiîì, áóâ
Êâèëåí (1967). Âií ââiâ â óæèòîê ìîäåëüíi êàòåãîði¨ � êàòåãîði¨, ùî ìîäåëþþòü òåîðiþ
ãîìîòîïié. Ìîäåëüíi êàòåãîði¨ îñíàùóþòüñÿ ïiäêàòåãîðiÿìè ñëàáêèõ åêâiâàëåíòíîñòåé, ôi-
áðàöié i êîôiáðàöié. Ëèøå ïiäêàòåãîði¨ ñëàáêèõ åêâiâàëåíòíîñòåé òà ôiáðàöié âèêîðèñòî-
âóþòüñÿ â àêñiîìàòèöi Ê. Áðàóíà (1974) êàòåãîðié ôiáðàíòíèõ îá'¹êòiâ. Íà ñëàáøi àêñiîìè
ñïèðà¹òüñÿ Ðàäóëåñêó-Áàíó (2006) äëÿ ABC êàòåãîðié ôiáðàöi¨. ×èñèíñüêèé òàêîæ ïîñëà-
áëþ¹ àêñiîìè Áðàóíà äî äèôåðåíöiéîâíèõ çëiâà êàòåãîðié (2010).

Âòiì âàæëèâî, ùî àêñiîìè Áðàóíà òà Êâèëåíà âèêîíóþòüñÿ ó ãîëîâíèõ ïðèêëàäàõ: òî-
ïîëîãi÷íèõ ïðîñòîðàõ òà êîìïëåêñàõ ìîäóëiâ, äàþ÷è ìîæëèâiñòü äîâîäèòè äëÿ íèõ òâåð-
äæåííÿ ç òåîði¨ ãîìîòîïié. Çîêðåìà, ãîìîòîïiéíà êàòåãîðiÿ êîìïëåêñiâ ¹ ïîõiäíîþ êàòåãîði-
¹þ. Ìîæëèâiñòü âåñòè ãîìîòîïi÷íi îá÷èñëåííÿ â êàòåãîðiÿõ ôiáðàíòíèõ îá'¹êòiâ âêëþ÷à¹,
íàïðèêëàä, íàïèñàííÿ äîâãèõ òî÷íèõ ãîìîòîïi÷íèõ ïîñëiäîâíîñòåé.
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Äåôîðìàöi¨ ãëàäêèõ ôóíêöié íà êîìïàêòíèõ
ïîâåðõíÿõ

C. I. Ìàêñèìåíêî
Iíñòèòóò ìàòåìàòèêè ÍÀÍ Óêðà¨íè

maks@imath.kiev.ua

Ìiíi-êóðñ ïðèñâÿ÷åíèé îïèñó äåÿêèõ äåôîðìàöiéíèõ âëàñòèâîñòåé ãëàäêèõ ôóíêöié
(i, çîêðåìà, ôóíêöié Ìîðñà) íà êîìïàêòíèõ ïîâåðõíÿõ. Íèæ÷å íàâåäåíî ïðèáëèçíèé ïëàí
ëåêöié òà êîðîòêèé îïèñ ¨õ çìiñòó.

1. Êëàñèôiêàöiÿ êîìïàêòíèõ ïîâåðõîíü. Êîìïàêòíi ïîâåðõíi ðîçäiëÿþòüñÿ íà äâà
êëàñè îði¹íòîâíi òà íåîði¹íòîâíi. Òîïîëîãi÷íèé òèï êîæíî¨ òàêî¨ ïîâåðõíi âèçíà÷à¹òüñÿ
êiëüêiñòþ êîìïîíåíò ìåæi òà äåÿêèì ÷èñëîì g ≥ 0, ÿêå íàçèâà¹òüñÿ ðiä ïîâåðõíi.

2. Ãðóïè ãîìåîòîïié êîìïàêòíèõ ïîâåðõîíü. Íåõàé H(M)� ãðóïà âñiõ ãîìåîìîðôi-
çìiâ ïîâåðõíi M , à Hid(M)� ¨¨ (íîðìàëüíà) ïiäãðóïà, ùî ñêëàäà¹òüñÿ ç ãîìåîìîðôiçìiâ
içîòîïíèõ äî òîòîæíîãî âiäîáðàæåííÿ idM . Òîäi ôàêòîð-ãðóïà H(M)/Hid(M) ïîçíà÷à¹-
òüñÿ ÷åðåç π0H(M) i íàçèâà¹òüñÿ ãðóïîþ ãîìåîòîïié ïîâåðõíiM . Â iíøié òåðìiíîëîãi¨ öþ
ãðóïó òàêîæ íàçèâàþòü ãðóïîþ êëàñiâ âiäîáðàæåíü (mapping class group). Òàêèì ÷èíîì,
åëåìåíòè π0H(M) öå ãîìåîìîðôiçìè ïîâåðõíi M , ¾ÿêi ìè ðîçãëÿäà¹ìî ëèøå ç òî÷íiñòþ
äî içîòîïi¨¿.

Òâiðíi ãðóï π0H(M) äëÿ çàìêíóòèõ îði¹íòîâíèõ ïîâåðõîíü çíàéäåíi M. Dehn [6] â
1938 � öå òàê çâàíi ñêðó÷óâàííÿ Äåíà.

Äàëi éîãî ðåçóëüòàòè áóëè óçàãàëüíåíi W.B.R. Lickorish [10], [11], [12], â 1963�1964.
Çîêðåìà, âií çíàéøîâ òâiðíi äëÿ ãðóï ãîìåîòîïié íåîði¹íòîâíèõ ïîâåðõîíü, òàê çâàíi Y -
ãîìåîìîðôiçìè, à J. Birman òà D.R.J. Chillingworth [3], [4], â 1972 âñòàíîâèëè çâ'ÿçîê ìiæ
ãðóïàìè ãîìåîòîïié íåîði¹íòîâíî¨ ïîâåðõíi òà ¨¨ äâîëèñòíîãî îði¹íòîâíîãî íàêðèòòÿ.

Êðiì òîãî J. Birman [2], [1] â 1969 çíàéøëà çâ'ÿçîê ìiæ ãðóïàìè ãîìåîòîïié ïîâåðõîíü
òà ãðóïàìè êiñ.

Äàëi áóëî áàãàòî ðîáiò, ÿêi óòî÷íþâàëè òâiðíi òà ñïiââiäíîøåííÿ â ãðóïàõ ãîìåîòîïié
ç äîäàòêîâèìè îáìåæåííÿìè: äëÿ ïîâåðõîíü ç ìåæåþ, äëÿ ãðóï ãîìåîìîðôiçìiâ, ùî çàëè-
øàþòü íåðóõîìèìè ñêií÷åíå ÷èñëî òî÷îê íà ïîâåðõíi, äëÿ ãîìåîìîðôiçìiâ, ùî òðèâiàëüíî
äiþòü íà ãðóïi ïåðøèõ ãîìîëîãié ïîâåðõíi, äèâ. [8], [7], [9].

3. Ôóíêöi¨ Ìîðñà íà êîìïàêòíèõ ïîâåðõíÿõ òà ¨õ âëàñòèâîñòi. Íåõàé f : R2 → R�
ãëàäêà ôóíêöiÿ. Òî÷êà z = (x0, y0) ∈ R2 íàçèâà¹òüñÿ êðèòè÷íîþ, ÿêùî â íié ÷àñòèííi
ïîõiäíi äîðiâíþþòü íóëþ: f ′x(z) = f ′y(z) = 0. Â öüîìó âèïàäêó ðîçêëàä ôóíêöi¨ f â ðÿä
Òåéëîðà â îêîëi òî÷êè ìàòèìå âèãëÿä

f(x, y) = f(x0, y0) +
1

2

(
A(x− x0)2 + 2B(x− x0)(y − y0) + C(y − y0)2

)
+ · · · (1)

äå ÷èñëà A,B,C �öå äðóãi ÷àñòèííi ïîõiäíi f â òî÷öi z. Êðèòè÷íà òî÷êà z íàçèâà¹òüñÿ
íåâèðîäæåíîþ, ÿêùî âiäïîâiäíà êâàäðàòè÷íà ôîðìà

Q(u, v) = Au2 + 2Buv + Cv2

¹ íåâèðîäæåíîþ, òîáòî ìàòðèöÿ

H(f, z) =

(
f ′′xx(z) f ′′xy(z)
f ′′yx(z) f ′′yy(z)

)
=

(
A B
B C

)
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ìà¹ íåíóëüîâèé âèçíà÷íèê.
Äîáðå âiäîìî, ùî ëiíiéíîþ çàìiíîþ êîîðäèíàò, êîæíà íåâèðîäæåíà êâàäðàòè÷íà ôîðìà

çâîäèòüñÿ äî îäíîãî ç íàñòóïíèõ âèãëÿäiâ

u2 + v2 u2 − v2 − u2 − v2

ìiíiìóì ñiäëî ìàêñèìóì

iíäåêñ 0 iíäåêñ 1 iíäåêñ 2

×èñëî ìiíóñiâ ó öüîìó ðîçêëàäi íàçèâà¹òüñÿ iíäåêñîì êâàäðàòè÷íî¨ ôîðìè. Âîíî íå çàëå-
æèòü âiä êîíêðåòíî¨ ëiíiéíî¨ çàìiíè êîîðäèíàò.

Çãiäíî ëåìè Ìîðñà, ÿêùî, ÿê i âèùå, z �íåâèðîäæåíà êðèòè÷íà òî÷êà ãëàäêî¨ ôóíêöi¨
f , òî â îêîëi öi¹¨ òî÷êè iñíó¹ (âçàãàëi êàæó÷è íåëiíiéíà) çàìiíà êîîðäèíàò, òàêà, ùî â
ðîçêëàä (1) âçàãàëi íå ìiñòèòü ÷ëåíiâ ïîðÿäêiâ 3 i âèùå, òîáòî

f(x, y) = f(x0, y0) +Q(x− x0, y − y0).

Iíøèìè ñëîâàìè, ç òî÷íiñòþ äî ïîñòiéíîãî äîäàíêó, f ¹ ¾ñïðàâæíüîþ¿ êâàäðàòè÷íîþ
ôîðìîþ.

Ïðè öüîìó iíäåêñ êâàäðàòè÷íî¨ ôîðìè Q òàêîæ íå çàëåæèòü çàìiíè êîîðäèíàò i íàçè-
âà¹òüñÿ iíäåêñîì íåâèðîäæåíî¨ êðèòè÷íî¨ òî÷êè

Ãëàäêà ôóíêöiÿ f : M → R íà ãëàäêîìó ìíîãîâèäi M íàçèâà¹òüñÿ ôóíêöi¹þ Ìîðñà,
ÿêùî
• f ïðèéìà¹ ïîñòiéíå çíà÷åííÿ íà êîæíié êîìïîíåíòi çâ'ÿçíîñòi ìåæi ∂M ;
• âñi êðèòè÷íi òî÷êè ôóíêöi¨ f ¹ íåâèðîäæåíèìè.
Ì. Ìîðñ äîâiâ, ùî ìíîæèíà âñiõ ôóíêöié Ìîðñà íà çàìêíóòîìó (êîìïàêòíîìó i áåç

ìåæi) ìíîãîâèäi ¹ âiäêðèòîþ i âñþäè ùiëüíîþ ïiäìíîæèíîþ. Öå îçíà÷à¹, ùî äîâiëüíó
ãëàäêó ôóíêöiþ f : M → R ÿê çàâãîäíî ìàëèì çáóðåííÿì ìîæíà çðîáèòè ôóíêöi¹þ
Ìîðñà.

Íåõàé f : M → R�ôóíêöiÿ Ìîðñà íà êîìïàêòíié ïîâåðõíi M . Ïîçíà÷èìî ÷åðåç
c0, c1, c2 �êiëüêîñòi êðèòè÷íèõ òî÷îê f êîæíîãî iíäåêñó. Òàêèì ÷èíîì, c0 �öå ÷èñëî ëî-
êàëüíèõ ìiíiìóìiâ, c1 �÷èñëî ñiäåë, i c2 �÷èñëî ìàêñèìóìiâ f . Òîäi ìà¹ ìiñöå ñïiââiäíî-
øåííÿ, ÿêå íàçèâà¹òüñÿ ðiâíiñòü Ìîðñà:

c0 − c1 + c2 = χ(M),

äå χ(M)�Åéëåðîâà õàðàêòåðèñòèêà ïîâåðõíi M . Òàêèì ÷èíîì, êiëüêîñòi êðèòè÷íèõ òî-
÷îê ôóíêöi¨ Ìîðñà â êîæíîìó iíäåêñi äîçâîëÿþòü âèçíà÷èòè òîïîëîãi÷íèé òèï ïîâåðõíi
M .

4. Ãðàô Êðîíðîäà-Ðiáà ãëàäêî¨ ôóíêöi¨ òà éîãî çàñòîñóâàííÿ äî òîïîëîãi÷íî¨
êëàñèôiêàöi¨ ôóíêöié Ìîðñà. Íåõàé f : M → R�ôóíêöiÿ Ìîðñà íà êîìïàêòíié
ïîâåðõíi M . �Ñòèñíåìî� êîæíó êîìïîíåíòó çâ'ÿçíîñòi êîæíî¨ ìíîæèíè ðiâíÿ ôóíêöi¨ f â
òî÷êó. Îòðèìàíèé ïðîñòið ìàòèìå ñòðóêòóðó ñêií÷åííîãî ãðàôó, ÿêèé íàçèâà¹òüñÿ ãðàôîì
Êðîíðîäà-Ðiáà ôóíêöi¨ f .

Öåé ãðàô íåñå iíôîðìàöiþ ïðî ¾òîïîëîãi÷íó ñòðóêòóðó¿ ôóíêöi¨, [15], [14]. Çîêðåìà,
ÿêùî íà êîæíîìó êðèòè÷íîìó ðiâíi f ìiñòèòüñÿ ðiâíî îäíà êðèòè÷íà òî÷êà, òî öåé ãðàô
âèçíà÷à¹ f ç òî÷íiñòþ äî òîïîëîãi÷íî¨ åêâiâàëåíòíîñòi.

5. Ðåàëiçàöiÿ ãëàäêèõ ôóíêöié íà ïîâåðõíÿõ ó âèãëÿäi ôóíêöié âèñîòè. Ìîâà
éòèìå ïðî ðåçóëüòàòè O. Burlet òà V. Haab [5], à òàêîæ Î. Î. Êóäðÿâöåâî¨ [16], ïðî òå,
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êîëè äëÿ ãëàäêî¨ ôóíêöi¨ f : M → R íà ïîâåðõíi M iñíó¹ âêëàäåííÿ ÷è çàíóðåííÿ g :
M → R3 òàêîãî âèãëÿäó: g(m) = (x(m), y(m), f(m)), m ∈ M , òîáòî ôóíêöiÿ f ¹ îäíi¹þ ç
êîîðäèíàòíèõ ôóíêöié. Çàãàëüíèé ðåçóëüòàò ïîëÿãà¹ â òîìó, ùî íå êîæíà ãëàäêà ôóíêöiÿ
(íàâiòü ôóíêöiÿ Ìîðñà) ðåàëiçó¹òüñÿ âêëàäåííÿì. Ç iíøîãî áîêó, êîæíà ôóíêöiÿ Ìîðñà
íà îði¹íòîâíié ïîâåðõíi òà êîæíà ãëàäêà ôóíêöiÿ ç içîëüîâàíèìè êðèòè÷íèìè òî÷êàìè
íà íåîði¹íòîâíié ïîâåðõíi ðåàëiçó¹òüñÿ çàíóðåííÿì.

6. Êîìïîíåíòè çâ'ÿçíîñòi ïðîñòîðiâ ôóíêöié Ìîðñà íà êîìïàêòíèõ ïîâåðõíÿõ.
Êîìïîíåíòè çâ'ÿçíîñòi ïðîñòîðiâ ôóíêöié Ìîðñà f : M → R íà îði¹íòîâíèõ ïîâåðõíÿõ
íåçàëåæíî îïèñàíi H. Zieschang, Ñ. Â. Ìàòâå¹âèì, Â. Â. Øàðêî [18]. Öi ðåçóëüòàòè óçà-
ãàëüíåíi Î. Î. Êóäðÿâöåâîþ [16] íà äåôîðìàöi¨, ùî ëèøàþòü íåðóõîìèìè äåÿêi íàáîðè
êðèòè÷íèõ òî÷îê. Êðiì òîãî Ñ. I. Ìàêñèìåíêî [17] îòðèìàâ êëàñèôiêàöiþ ìîðñiâñüêèõ âiä-
îáðàæåíü â êîëî f : M → S1, à òàêîæ ùå îäíå íåçàëåæíå äîâåäåííÿ êëàñèôiêàöi¨ äëÿ
ôóíêöié, [13]. Â öié ëåêöi¨ áóäå äîâåäåíî òåîðåìó êëàñèôiêàöi¨ êîìïîíåíò çâ'ÿçíîñòi, ÿêå
âèêîðèñòîâó¹ òâiðíi ãðóï ãîìåîòîïié ïîâåðõîíü.
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Ind., no. 1183, Hermann & Cie., Paris, 1952, Publ. Inst. Math. Univ. Strasbourg 11, pp.
5�89, 155�156. MR MR0055692 (14,1113a)

[15] À. Ñ Êðîíðîä, Î ôóíêöèÿõ äâóõ ïåðåìåííûõ, Óñïåõè ìàò. íàóê 5 (1950), no. 1(35),
24�134 (russian). MR MR0034826 (11,648c)

[16] Å. À. Êóäðÿâöåâà, Ðåàëèçàöèÿ ãëàäêèõ ôóíêöèé íà ïîâåðõíîñòÿõ â âèäå ôóíêöèé
âûñîòû, Ìàò. ñáîðíèê 190 (1999), no. 3, 29�88 (russian). MR MR1700994 (2000f:57040)

[17] Ñ. È. Ìàêñèìåíêî, Êîìïîíåíòè ïðîñòðàíñòâ îòîáðàæåíèé Ìîðñà, Íåêîòîðûå ïðî-
áëåìû ñîâðåìåíîé ìàòåìàòèêè. Ïðàöi Iíñòèòóòó ìàòåìàòèêè ÍÀÍ Óêðà¨íè 25
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Combinatorial embedding theory
S. Melikhov

Steklov Math. Institute (Moscow)

melikhov@mi.ras.ru

We will review some old and new results, examples and methods in combinatorial theory of
embeddings. (The skype lecture will be in Russian, based on slides written in English.)

One of the first results in this subject was Kuratowski’s graph planarity criterion, which
says that a finite graph is embeddable in R2 (that is, is homeomorphic to a subset of the
plane) if and only if it does not contain a subgraph homeomorphic to either K5, the complete
graph on five vertices, or K3,3, the “utilities graph” (graf “domiki i kolodcy”). (This result
was first published by Kazimierz Kuratowski when he worked in Lviv, and was also obtained
independently around the same time by Lev Pontryagin in Moscow and by Orrin Frink and
Paul A. Smith in New York.) I have long had very uneasy feelings about Kuratowski’s theorem.
Perhaps one reason is that when I first encountered it, in the form of a starred (non-obligatory)
homework problem in the 9th grade, I failed to prove it despite some efforts. (One of my
classmates, Yura Makarychev, did find a proof, which turned out to be remarkably short and
has been published in J. Graph Theory.) But more importantly, I totally could not understand
— what is so special about these two graphs, K5 and K3,3? Looking at the proofs of the
theorem does not help with this question, because all known proofs are by exhaustion of cases.

Another interesting theme in combinatorial embedding theory emerged in the 1980s when
John H. Conway (also known for the Conway knot polynomial, sporadic simple groups, the
Game of Life, etc.) and Cameron Gordon (the 4-dimensional topologist), and independently
Horst Sachs observed that every embedding of the complete graph K6 in R3 links some pair
of disjoint cycles of K6. (Actually, at least one such pair must have an odd linking number.)
One can express this by saying that K6 is “intrinsically linked” or, in another terminology, that
it admits no linkless embedding in R3. Sachs also conjectured that a graph admits a linkless
embedding in R3 if and only if it has no minor among the 7 graphs known as the “Petersen
family”. These are precisely all the graphs that can be obtained from K6 by the so-called Y -∆-
transforms (“preobrazovanie treugol’nik-zvezda”) which graph theory borrowed from the study
of electric circuits. A minor of a graph G is obtained from a subgraph of G by “contracting”
some of its edges. The conjecture of Sachs was proved in 1993 in an incredibly complex series
of papers by Neil Robertson, Paul Seymour and Robin Thomas. But as their proof is also by
exhaustion of cases, one cannot help wondering what is so special about these seven graphs?

To approach these questions, let us consider (regular) cell complexes, which are like simplicial
complexes but built out not only of simplices but also other cells such as pentagons, octahedra,
n-cubes, etc. (More precisely, they can be described as CW-complexes whose attaching maps
are piecewise-linear embeddings.) Let us call a cell complex K dichotomial if to each cell C of K
there corresponds another cell of K whose vertices are precisely all the vertices of K that are not
in C. (The empty set is not counted as a cell.) It turns out that all dichotomial complexes are
homeomorphic to spheres (of various dimensions) [1], so we call them “dichotomial n-spheres”.

Theorem 1. [1] (a) There exist precisely two dichotomial 3-spheres; their 1-skeleta are the
Kuratowski graphs K5 and K3,3.

(b) There exist precisely six dichotomial 4-spheres; their 1-skeleta are 6 out of the 7 graphs
of the Petersen family.
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Around the time of Kuratowski’s theorem (1930) people also realized that just like every
graph “very easily” embeds in the three-dimensional space, every n-dimensional compact poly-
hedron (that is, a space triangulated by a simplicial complex whose simplices have dimensions
≤ n) “easily” embeds in the (2n+1)-dimensional Euclidean space R2n+1. This is usually proved
by picking some triangulation of the polyhedron, sending its vertices “randomly” into R2n+1

(or more precisely, in “general position”: so that no three vertices lie on the same line, no four
vertices lie in the same plane, and so on) and then mapping each simplex linearly. (Exercise:
check that the resulting map is always injective.) It is a bit less trivial to explicitly describe a
specific embedding. One well-known way to do it is based on the following fact: any number
of points on the “moment curve” {(t, t2, t3, . . . , t2n+1) | t ∈ R} is in general position. (Exercise:
check this.) As a starter we will discuss another, purely combinatorial explicit construction,
which does not seem to have been known until recently [2].

It did not take people long time to construct, for every n, an n-dimensional compact polyhe-
dron that does not embed in R2n (in early 1930s). This is actually very surprising, because both
types of non-embedability proofs were highly nontrivial. The algebraic approach by Egbert van
Kampen (who died of brain cancer when he was 33) was only made fully accurate thirty years
later (Shapiro, Wu; see [3]). The geometric approach of A. Flores (who also soon ceased to
publish) is in some way mind-blowing; it was fully accurate from the start, but it only started
being understood in a coordinate-free way sixty years later (T. Bier et al.). Towards the end
of the lecture we will review a fully combinatorial version of the Flores construction [1].

A major open problem in combinatorial embedding theory is that no higher-dimensional
analogue of Kuratowski’s theorem has been found so far, even in the simplest case of embedding
n-dimensional polyhedra in R2n. In fact, the n-skeleta of dichotomial (2n + 1)-spheres are in
some sense “minimal” among n-dimensional cell complexes non-embeddable in R2n, and the
n-skeleta of dichotomial (2n + 2)-spheres are in some sense “minimal” among n-dimensional
cell complexes that admit no linkless embeddings in R2n+1 [1]. (We will discuss these results in
more detail.) However, it remains unknown whether there exist only finitely many dichotomial
m-spheres for any fixed m ≥ 5. A result of Sarkaria implies that only finitely many dichotomial
(2n+ 1)-spheres have simplicial n-skeleta. In particular, only three dichotomial 5-spheres have
simplicial 2-skeleta; however, there are at least 10 further ones with non-simplicial 2-skeleta [1].
Probably, there are many more of them (their 1-skeleta are in some way analogous to, though
far from coinciding with, van der Holst’s “Heawood family” of 78 graphs, which all have Colin
de Verdiere’s parameter µ = 6), and it is a good research project for a student to construct at
least some new ones.

[1] S. Melikhov, Combinatorics of embeddings, arXiv:1103.5457

[2] S. Melikhov, J. Zaja̧c, Contractible polyhedra in products of trees and absolute retracts in
products of dendrites, Proc. Amer. Math. Soc. 141 (2013), 2519–2535; arXiv:1102.0696

[3] S. Melikhov, The van Kampen obstruction and its relatives, Proc. Steklov Inst. Math. 266
(2009), 142–176; arXiv:math.GT/0612082
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Äiàãîíàëi íàðiçíî íåïåðåðâíèõ ôóíêöié òà ¨õ
àíàëîãiâ

Â. Â. Ìèõàéëþê
×åðíiâåöüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Þðiÿ Ôåäüêîâè÷à

vmykhaylyuk@ukr.net

Äëÿ âiäîáðàæåííÿ f : X2 → Y ôóíêöiÿ g : X → Y , g(x) = f(x, x), íàçèâàòèìåìî
äiàãîíàëëþ âiäîáðàæåííÿ f .

Äîñëiäæåííÿ äiàãîíàëåé íàðiçíî íåïåðåðâíèõ ôóíêöié f : X2 → R áåðóòü ñâié ïî÷àòîê
ç êëàñè÷íî¨ ïðàöi Ð. Áåðà [1], ÿêèé ïîêàçàâ, ùî äiàãîíàëi íàðiçíî íåïåðåðâíèõ ôóíêöié
äâîõ äiéñíèõ çìiííèõ ¹, â òî÷íîñòi, ôóíêöiÿìè ïåðøîãî êëàñó Áåðà, òîáòî ïîòî÷êîâèìè
ãðàíèöÿìè íåïåðåðâíèõ ôóíêöié.

Ðàçîì ç òèì, ïðèðîäíî âèíèêàþòü àíàëîãi÷íi çàäà÷i ïðî äiàãîíàëi âiäîáðàæåíü äâîõ
÷è áiëüøî¨ êiëüêîñòi çìiííèõ, ÿêi âiäíîñíî êîæíî¨ çìiííî¨ âîëîäiþòü âëàñòèâîñòÿìè, ùî ¹
ïiäñèëåííÿìè íåïåðåðâíîñòi (ëiïøèöåâiñòþ, äèôåðåíöiéîâíiñòþ, òîùî).

Òåîðåìà 1. Íåõàé X � òîïîëîãi÷íèé ïðîñòið i g : X → R. Òîäi iñíó¹ íàðiçíî íåïå-
ðåðâíå âiäîáðàæåííÿ f : X2 → Z ç äiàãîíàëëþ g.

Ïèòàííÿ Íåõàé X i Z � òîïîëîãi÷íi ïðîñòîðè òàêi, ùî äiàãîíàëü êîæíîãî íàðiçíî
íåïåðåðâíîãî âiäîáðàæåííÿ f : X × X → R ¹ âiäîáðàæåííÿì ïåðøîãî êëàñó Áåðà. ×è
îáîâ'ÿçêîâî êîæíà íàðiçíî íåïåðåðâíà ôóíêöiÿ f : X ×X → R ¹ ôóíêöi¹þ ïåðøîãî êëàñó
Áåðà çà ñóêóïíiñòþ çìiííèõ?

Íåõàé X i Z � òîïîëîãi÷íi ïðîñòîðè. Âiäîáðàæåííÿ f : X → Z íàçèâà¹òüñÿ âiäîáðà-
æåííÿì ñòàáiëüíîãî ïåðøîãî êëàñó Áåðà, ÿêùî iñíó¹ ïîñëiäîâíiñòü (fn)∞n=1 íåïåðåðâíèõ
âiäîáðàæåíü fn : X → , ÿêà ïîòî÷êîâî ñòàáiëüíî çáiãà¹òüñÿ äî f , òîáòî äëÿ êîæíîãî
x ∈ X ïîñëiäîâíiñòü (fn(x))∞n=1 ñòàáiëüíî çáiãà¹òüñÿ äî f(x). Ñóêóïíiñòü óñiõ âiäîáðàæåíü
ñòàáiëüíîãî ïåðøîãî êëàñó Áåðà f : X → Z ìè ïîçíà÷àòèìåìî ÷åðåç Bd

1(X,Z).

Òåîðåìà 2. Íåõàé X � íîðìîâàíèé ïðîñòið i g : X → R. Òîäi íàñòóïíi óìîâè åêâi-
âàëåíòíi:

(i) g ∈ Bd
1(X,R);

(ii) iñíó¹ âiäîáðàæåííÿ f : X2 → R ç äiàãîíàëëþ g, ÿêå íåïåðåðâíå âiäíîñíî ïåðøî¨
çìiííî¨ i ëiïøèöåâå âiäíîñíî äðóãî¨ çìiííî¨;

(iii) iñíó¹ âiäîáðàæåííÿ f : X2 → R ç äiàãîíàëëþ g, ÿêå íåïåðåðâíå âiäíîñíî ïåðøî¨
çìiííî¨ i â êîæíié òî÷öi äiàãîíàëi ∆ = {(x, x) : x ∈ X} òî÷êîâî ëiïøèöåâå âiäíîñíî
äðóãî¨ çìiííî¨.

Òåîðåìà 3. Íåõàé X � ìåòðè÷íèé ïðîñòið i g : X → R. Òîäi íàñòóïíi óìîâè ðiâíî-
ñèëüíi:

(i) iñíó¹ íàðiçíî òî÷êîâî ëiïøèöåâå âiäîáðàæåííÿ f : X2 → R ç äiàãîíàëëþ g;
(ii) iñíó¹ âiäîáðàæåííÿ f : X2 → R ç äiàãîíàëëþ g, ÿêå â êîæíié òî÷öi äiàãîíàëi

∆ = {(x, x) : x ∈ X} òî÷êîâî ëiïøèöåâå âiäíîñíî çìiííèõ x i y;
(iii) g ¹ σ-ëiïøèöåâèì;
(iv) iñíó¹ ïîñëiäîâíiñòü (gn)∞n=1 òî÷êîâî ëiïøèöåâèõ âiäîáðàæåíü gn : X → R, ÿêà

ñòàáiëüíî ïîòî÷êîâî çáiãà¹òüñÿ äî g.
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Òåîðåìà 4. Íåõàé X ⊆ R � ïðîìiæîê i g : X → R. Òîäi íàñòóïíi óìîâè ðiâíîñèëüíi:
(i) iñíó¹ íàðiçíî àáñîëþòíî íåïåðåðâíå âiäîáðàæåííÿ f : X2 → R ç äiàãîíàëëþ g;
(ii) iñíó¹ âiäîáðàæåííÿ f : X2 → R ç äiàãîíàëëþ g, ÿêå íåïåðåðâíå âiäíîñíî ïåðøî¨

çìiííî¨ i â êîæíié òî÷öi äiàãîíàëi ∆ = {(x, x) : x ∈ X} ìà¹ ñêií÷åííó âàðiàöiþ i íåïå-
ðåðâíà âiäíîñíî äðóãî¨ çìiííî¨;

(iii) âiäîáðàæåííÿ g àáñîëþòíîãî ïåðøîãî êëàñó Áåðà.

[1] Baire R.Sur les fonctions de variables reélles // Ann. Mat. Pura Appl., 3, (1899), № 3, 1-123.

[2] Karlova O., Mykhaylyuk V., Sobchuk O. Diagonals of separately continuous functions and their analogs
// Topology Appl. – 2013. – V. 160. – P. 1-8.

[3] Karlova O., Mykhaylyuk V., Sobchuk O.V. Diagonals of separately absolutely continuous mappings coi-
ncide with the sums of absolutely converges series of continuous functions, Proc. Edinburgh Math. Soc.
(2016),DOI:10.1017/s0013091515000103.

[4] Mykhaylyuk V., Sobchuk O. Diagonals of separately pointwise Lipschitz mappings // Journal of
Mathematical Sciences. – 2014. – V. 196, №5. – P. 652-664.
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Discretized configuration spaces: algebraic and
topological aspects

L. P. Plachta

AGH University of Science and Technology (Krakow) and IAPMM NASU (Lviv)

dept25@gmail.com

The purpose of the presented lectures is to introduce the postgraduate students into elemen-
tary theory of configuration spaces and discuss some combinatorial and topological problems
arising in their studying. Configurations spaces arise naturally in the study of different mathe-
matical objects that originate in the following fields of mathematics: embeddings of polyhedra
in manifolds, arrangements of subspaces, knot and braid theory, discrete geometry, combina-
torics etc (see, for example, [4, 5] for fundament and [6,7] for applications of the theory).

In the present lecture, we emphasize mainly on configuration spaces that are related to
some combinatorial objects (graphs, puzzles) and also appearing in robotics. We touch their
topological properties and consider certain algebraic structures associated with them (the braid
groups). We have restricted ourselves to several simple cases: the configuration spaces of
generalized puzzles [4] leading to graph theoretical objets and the configuration space of n
hard discs of the same radii r in the square or in the disc of a bigger radius. We supply our
consideration with several examples.

For convenience, the material of the lectures is divided into three parts.
Part 1. Here we present a general conception of the configuration space F (X,n) of the

space X and outline some topological properties of F (X,n) in the classical case X = R2. For
basic topological properties and the cohomological structure of F (R2, n) see the fundamental
paper [4].

Part 2. The configuration spaces F connected with combinatorial objects (graphs and plane
puzzles P , see [4,6]). We will discuss the topological properties of F in a few simple cases only
and describe the braid group B(P ) = π1(F ) of the puzzle P (see also [4]). We also consider
the k-discretized configuration space of the standard (n − 1)-dimensional simplex. For more
information on this subject, see [2].

Part 3. The configuration space F (n, r) of n hard discs of radius r < 1 in the unit disc D
(or the configuration space Conf(n, r) of n hard discs of radius r in the box). The study of
these objects is now on the beginning stage. See, for example [1, 3, 6].

We supply our consideration with many questions and open problems.

[1] H.Alpert Support of cohomology of disc configuration spaces

[2] A.Abrams, D.Gay and V.Hower Discretized configurations and partial partitions, Proc.
Amer. Math. Soc., 141, 2013, pp.1093–1104.

[3] Yu.Baryshnikov, P.Bubenik, and M.Kahle, On configuration spaces of hard spheres : arXiv
1108.3061v2 [math AT], 2011.

[4] F.R.Cohen, Introduction to configuration spaces and their applications: In Braids, vol 19
of Lect. Notes Ser. Inst. Math. Sci. Natl. Univ. Singap., pp. 183–261. World Sci. Publ.,
Hackensack, NJ, 2010
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[5] E.Fadell and L.Neuwirth Configuration Spaces, Math. Scand. 10, 1962, pp.111-118.

[6] Robert Ghrist. Configuration spaces, braids, and robotics. In Braids, vol. 19 of Lect. Notes
Ser. Inst. Math. Sci. Natl. Univ. Singap., pages 263–304. World Sci. Publ., Hackensack, NJ,
2010.

[7] J.Matoušek, Using the Borsuk-Ulam Theorem: Lecture on Topological Methods in Combi-
natorics and geometry, Springer, 2003.

[8] R.M.Wilson, Graph puzzles, homotopy, and Alternating group J. Combin. Theory, ser. B
16, 1974, pp.86–96.
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Òîïîëîãiÿ ïîòîêiâ íà ïîâåðõíÿõ ç ìåæåþ

Î. Î. Ïðèøëÿê
Êè¨âñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Òàðàñà Øåâ÷åíêà

prishlyak@yahoo.com

Âåêòîðíå ïîëå íà ìíîãîâèäi ìîæíà ðîçãëÿäàòè ÿê ïåðåðiç äîòè÷íîãî ðîçøàðóâàííÿ,
òîáòî çàäàííÿ â êîæíié òî÷öi äîòè÷íîãî âåêòîðà. �õ ÷àñòî çàäàþòü ïîêîîðäèíàòíî - íàáî-
ðîì ôóíêöié â êîæíié êàðòi. Òàêîæ, âåêòîðíi ïîëÿ ìîæíà ðîçãëÿäàòè ÿê äèôåðåíöiþâàííÿ
àëãåáðè ãëàäêèõ ôóíêöié íà ìíîãîâèäi. Òðà¹êòîðiÿ ïîëÿ � öå êðèâà, âåêòîð øâèäêîñòi ÿêî¨
â êîæíié òî÷öi çáiãà¹òüñÿ ç âåêòîðîì âåêòîðíîãî ïîëÿ â öié òî÷öi. Íà çàìêíåíîìèó ìíî-
ãîâèäi äëÿ êîæíîãî ïàðàìåòðó t ìîæíà ïîáóäóâàòè äèôåîìîðôiçì ìíîãîâèäà, ùî çñóâà¹
êîæíó òî÷êó çà òðà¹êòîði¹þ íà ïàðàìåòð t. Ïîòiê � öå îäíîïàðàìåòðè÷íà ãðóïà äèôå-
îìîðôiçìiâ. Íà çàìêíåíîìó ìíîãîâèäi âåêòîðíå ïîëå ïîðîäæó¹ ïîòiê. Íà êîìïàêòíîìó
ìíîãîâèäi ç ìåæåþ âåêòîðíå ïîëå ïîðîäæóå ïîòiê, ÿêùî âîíî äîòèêà¹òüñÿ äî ìåæi. Ïðè
öüîìó âåêòîðíå ïîëå áóäå ïîëåì øâèäêîñòåé ïîòîêó.

Ïîòîêè (âåêòîðíi ïîëÿ) ¹ òîïîëîãi÷íî åêâiâàëåíòíèìè (ìàþòü îäíàêîâó ñòðóêòóðó),
ÿêùî iñíó¹ ãîìåîìîðôiçì ìíîãîâèäà, ùî âiäîáðàæà¹ òðàåêòîði¨ îäíîãî ïîòîêà â òðàåêòîði¨
iíøîãî, çáåðiãàþ÷è íàïðÿìîê ðóõó çà òðà¹êòîðiÿìè.

Íà çàìêíåíèõ ïîâåðõíÿõ ïîòîêè Ìîðñà-Ñìåéëà óòâîðþþòü âiäêðèòó ñêðiçü ùiëüíó
ìíîæèíó íà ìíîæèíi âñiõ ïîòîêiâ. Êðiì òîãî, öi ïîòîêè ¹ ñòðóêòóðíî ñòiéêèìè íà ìíîãî-
âèäàõ äîâiëüíî¨ ðîçìiðíîñòi. Ñåðåä ïîòîêiâ, ó ÿêèõ ìíîæèíà íå áëóêàþ÷èõ òî÷îê ñêëàäà-
¹òüñÿ çi ñêií÷åíîãî ÷èñëà òðà¹êòîðié, ñòðóêòóðíî ñòiéêèìè ¹ ëèøå ïîòîêè Ìîðñà-Ñìåéëà.
Àíàëîãi÷íi ðåçóëüòàòè ìàþòü ìiñöå i äëÿ ìíîãîâèäiâ ç ìåæåþ [2].

Âåêòîðíå ïîëå X íà ãëàäêîìó ìíîãîâèäiM ç ìåæåþ íàçèâà¹òüñÿ ïîëåì Ìîðñà-Ñìåéëà,
âîíî çàäîâîëüíÿ¹ òàêèì óìîâàì: 1) ìíîæèíà íåáëóêàþ÷èõ òî÷îê Ω(X) ñêëàäà¹òüñÿ iç
ñêií÷åíîãî ÷èñëà îñîáëèâèõ òî÷îê i çàìêíåíèõ îðáiò i âñi âîíè ãiïåðáîëi÷íi; 2) ñòiéêi òà
íåñòiéêi ìíîãîâèäiâ äâîõ åëåìåíòiâ ç Ω(X) ïåðåòèíàþòüñÿ òðàíñâåðñàëüíî íà IntM , à ÿêùî
äëÿ äâîõ òàêèõ åëåìåíòiâ iñíó¹ òî÷êà íåòðàñâåðñàëüíîãî ïåðåòèíó íà ìåæi, òî ïðèíàéìi
îäèí ç öèõ åëåìåíòiâ ¹ îñîáëèâîþ òî÷êîþ.

Ïîòiê, ïîðîäæåíèé âåêòîðíèì ïîëåì Ìîðñà-Ñìåéëà, áóäåìî íàçèâàòè ïîòîêîì Ìîðñà-
Ñìåéëà.

Ïðîñòi ïîòîêè Ìîðñà-Ñìåéëà íà äâîâèìiðíîìó äèñêó. Ïîòiê Ìîðñà-Ñìåéëà
íà äâîâèìiðíîìó äèñêó áóäåìî íàçèâàòè ïðîñòèì, ÿêùî ó íüîãî âñi îñîáëèâîñòi ëåæàòü íà
ìåæi.

Ëåìà 1. Ïðîñòèé ïîòiê Ìîðñà-Ñìåéëà íà äâîâèìiðíîìó äèñêó íå ìiñòèòü çàìêíå-
íèõ òðàåêòîðié.

Âñi íåðóõîìi òî÷êè ïîòîêó íà 2-äèñêó ïîäiëÿþòüñÿ òðè òèïà: 1) âèòîêè, 2) ñòîêè, 3)
ñiäëà. Â ïîäàëüøîìó äëÿ ñiäëîâèõ îñîáëèâèõ òî÷îê áóäåìî âèêîðèñòîâóâàòè íàçâè: 1) a-
ñiäëî äëÿ îñîáëèâî¨ òî÷êè â ÿêó âõîäÿòü äâi òðà¹êòîði¨ i ç ÿêî¨ âèõîäèòü îäíà (âîíà ¹
ñòîêîì ïðè îáìåæåííi ïîòîêó íà ìåæó), 2) b-ñiäëî äëÿ îñîáëèâî¨ òî÷êè ç ÿêî¨ âèõîäÿòü
äâi òðà¹êòîði¨ i â ÿêó âõîäèòü îäíà (âîíà ¹ âèòîêîì ïðè îáìåæåííi ïîòîêó íà ìåæó).

Ëåìà 2. Äëÿ ïðîñòîãî ïîòó Ìîðñà-Ñìåéëà íà äâîâèìiðíîìó äèñêó ç s íåðóõîìèìè
òî÷êàìè ÷èñëî ñiäåë l äîðiâíþ¹ l=(s-2)/2.
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Ñåïàðàòðèñíà äiàãðàìà. Ñåïàðàòðèñîþ íàçèâà¹òüñÿ òðà¹êòîðiÿ, ùî âõîäèòü àáî
âèõîäèòü iç ñiäëà òà íå ëåæèòü íà ìåæi äèñêà. Ñåïàðàòðèñíîþ äiàãðàìîþ ïðîñòî¨ ôóí-
êöi¨ íàçèâà¹òüñÿ îði¹íòîâàíèé ãðàô, âåðøèíàìè ÿêîãî ¹ íåðóõîìi òî÷êè ïîòîêó, à ðåáðàìè
òðà¹êòîði¨ ìåæè òà ñåïàðàòðèñè i òàêèé, ùî îði¹íòàöiÿ ðåáåð âiäïîâiäà¹ íàïðÿìêó ðóõó
çà òðà¹êòîðiÿìè i íà ãðàôi âèäiëåíèé öèêë, ùî ñêëàäà¹òüñÿ ç òðà¹êòîðié ìåæè. Äâi ñåïà-
ðàòðèñíi äiàãðàìè íàçèâàþòüñÿ åêâiâàëåíòíèìè, ÿêùî ìiæ ¨õ ãðàôàìè iñíó¹ içîìîðôiçì,
ùî çáåðiãà¹ îði¹íòàöi¨ ðåáåð òà âiäîáðàæà¹ âèäiëåíèé öèêë ó âèäiëåíèé öèêë. Ðåáðà íà
âèäiëåíîìó öèêëi áóäåìî íàçèâàòè ãðàíè÷íèìè, à ñåïàðàòðèñè � âíóòðiøíiìè. Îòæå, òî-
ïîëîãi÷íà åêâiâàëåíòíiñòü âiäîáðàæà¹ ãðàíè÷íi ðåáðà íà ãðàíè÷íi ðåáðà, à âíóòðiøíi � íà
âíóòðiøíi.

Ëåìà 3. Ñåïàðàòðèñíà äiàãðàìà ìà¹ òàêi âëàñòèâîñòi:
1) Äëÿ êîæíî¨ ñåïàðàòðèñè ïðèíàéìíi îäèí ç ¨¨ êiíöiâ ¹ âåðøèíîþ âàëåíòíîñòi 3.
2) ×èñëî ñåïàðàòðèñ l òà ÷èñëî âåðøèí s ïîâ'ÿçàíi ôîðìóëîþ (1).
3) Êîæíà ñåïàðàòðèñà ðîçáèâà¹ âèäiëåííèé öèêë íà äâi ÷àñòèíè (êiíöi ñåïàðàòðèñè

íàëåæàòü êîæíié ç öèõ ÷àñòèí) òàê, ùî â êîæíié ç ÷àñòèí íåïàðíå ÷èñëî âåðøèí; äëÿ
êîæíî¨ iíøî¨ ñåïàðàòðèñè îáèäâà ¨¨ êiíöi íàëåæàòü îäíié ç äâîõ ÷àñòèí.

4) Äëÿ êîæíî¨ âåðøèíè, îáèäâà iíöèäåíòíi ðåáðà ç ãðàíè÷íîãî öèêëó ìàþòü ïî âiä-
íîøåííþ äî öi¹¨ âåðøèíè îäíàêîâèé íàïðÿìîê, òîáòî îáèäâà âõîäÿòü â íå¨ àáî îáèäâà
âèõîäÿòü ç íå¨.

5) ßêùî ÿêiéñü ç âåðøèí iíöèäåíòíi áiëüøå íiæ îäíà ñåïàðàòðèñà, òî âñi öi ñåïàðà-
òðèñè ìàþòü ïî âiäíîøåííþ äî âåðøèíè íàïðÿìîê òàêèé, ÿê i iíöèäåíòíi ¨é ãðàíè÷íi
ðåáðà (öÿ âåðøèíà ¹ ñòîêîì àáî âèòîêîì).

Òîïîëîãi÷íà åêâiâàëåíòíiñòü ïîòîêiâ.

Òåîðåìà 1. (êðèòåðié òîïîëîãi÷íî¨ åêâiâàëåíòíîñòi). Äâà ïðîñòèõ ïîòîêè íà 2-
äèñêó áóäóòü òîïîëîãi÷íî åêâiâàëåíòíèìè òîäi òà òiëüêè òîäi, êîëè ¨õ ñåïàðàòðèñíi
äiàãðàìè içîìîðôíi.

Òåîðåìà 2. (ðåàëiçàöi¨). Îði¹íòîâàíèé ãðàô ç âèäiëåíèì öèêëîì ¹ ñåïàðàòðèñíîþ
äiàãðàìîþ äåÿêî¨ ïðîñòî¨ ôóíêöi¨, ÿêùî âií çàäîâîëüíÿ¹ âëàñòèâîñòÿì 1)-5) ç ëåìè 3.

Êîä ïîòîêó. Çàäàìî öèêëi÷íó íóìåðàöiþ âåðøèí. Âåðøèíîþ ç ïåðøèì íîìåðîì âèáå-
ðåì îäíó ç âåðøèí ç íàéáiëüøîþ âàëåíòíiñòþ (ÿêùî âñi âåðøèíè ìàþòü âàëåíòíiñòü 3 � òî
ñòiê àáî âèòiê). Ñêëàäåìî ñïèñîê, ùî ïî÷èíà¹òüñÿ ç 1, à äàëi çà çðîñòàííÿì íîìåðè ñiäåë,
ùî ¹ êiíöÿìè ñåïàðàòðèñ, iíöèäåíòíèõ âåðøèíi 1. Íàïðèêëàä, 1-3-5. Äàëi, äëÿ âåðøèíè ç
íàéìåíøèì íîìåðîì, ùî íå ¹ ñiäëîì, ñêëàäåìî àíàëîãi÷íèé ñïèñîê, íàïðèêëàä 8-6. Ïðî-
äîâæèìî öþ ïðîöåäóðó äëÿ iíøèõ âåðøèí. Îòðèìà¹ìî, íàáið ñïèñêiâ. ßêùî âåðøèíà 1 ¹
ñòîêîì, òî ¨é ïðèïèøåìî çíàê +, ÿêùî âèòîêîì, òî çíàê �. Áóäåìî êàçàòè, ùî îäèí òàêèé
íàáið ìåíøèé çà iíøèé, ÿêùî â íüîìó äåêiëüêà ïåðøèõ åëåìåíòiâ òàêi ñàìi, ÿê ó äðóãîãî
íàáîðó, à íàñòóïíèé � ìåíøèé. ßêùî, âñi åëåìåíòè ðiâíi, àëå çíàêè ïðè îäèíèöi ðiçíi, òî
íàéìåíøèì áóäåìî ââàæàòè íàáið çi çíàêîì � . Êîäîì ïîòîêó áóäåìî íàçèâàòè íàáið ñïè-
ñêiâ çi çíàêîì áiëÿ 1, ÿêèé íàéìåíøèé ñåðåä óñiõ ìîæëèâèõ íàáîðiâ ñïèñêiâ, ïîáóäîâàíèõ
òàê, ÿê áóëî îïèñàíî âèùå. Ïðèêëàä êîäó: +1-3-5, 8-6.

Òåîðåìà 3. Äâà ïîòîêè òîïîëîãi÷íî åêâiâàëåíòíi òîäi i òiëüêè òîäi, êîëè ó íèõ
îäíàêîâi êîäè.
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ßêùî ó ïîòîêó íåìà¹ ñåïàðàòðèñ, òî âií ìà¹ äâi îñîáëèâèõ òî÷êè � ñòiê i âèòiê. Äëÿ
ïîòîêiâ ç îäíi¹þ ñåïàðàòðèñîþ ìîæëèâi äâà êîäè: �1-3 òà +1-3. Äëÿ ïîòîêiâ ç äâîìà ñå-
ïàðàòðèñàìè ìîæëèâi ÷îòèðè êîäè: 1) �1-3-5; 2) +1-3-5; 3) �1-3, 4-6; 4) �1-3, 6-4. Ïåðøi
äâà êîäè âiäðiçíÿþòüñÿ òiëüêè çíàêîì. Òîìó áóäåìî çàïèñóâàòè ¨õ ÿê ±1− 3− 5, íàñòóïíi
äâà ïîðÿäêîì � çàïèñó¹ìî −1− 3,±4− 6. Äëÿ ïîòîêiâ ç òðüîìà ñåïàðàòðèñàìè ìîæëèâi
÷îòèðíàäöÿòü êîäiâ: 1,2) ±1 − 3 − 5 − 7; 3,4) ±1 − 3 − 7, 4 − 6; 5-8) ±1 − 3 − 5,±4 − 6;
9-12) ±1− 3, 4− 8,±5− 7; 13-14) ±1− 3, 7− 5, 8− 4. Ç ÷îòèðìà ñåïàðàòðèñàìè ìîæëèâi 35
ïîòîêiâ, à ç ï'ÿòüìà ñåïàðàòðèñàìè � 190 ðiçíèõ ïîòîêiâ.

Îïòèìàëüíi ïîòîêè íà ïîâåðõíÿõ ç ìåæåþ. Ïîòiê áåç çàìêíåíèõ òðà¹êòîðié ç
îñîáëèâîñòÿìè íà ìåæi ïîâåðõíi íàçèâà¹òüñÿ îïòèìàëüíèì, ÿêùî âií ìà¹ íàéìåíøå ÷èñëî
íåðóõîìèõ òî÷îê ñåðåä óñiõ òàêèõ ïîòîêiâ íà öié ïîâåðõíi.

Òåîðåìà 4. Ïîòiê íà çâ'ÿçíié êîìïàêòíié ïîâåðõíi çi çâ'ÿçíîþ ìåæåþ, ùî íå ãîìåî-
ìîðôíà ëèñòó Ìüîáióñà, áóäå îïòèìàëüíèì òîäi i òiëüêè òîäi, êîëè âií ìiñòèòü ëèøå
îäíó íåðóõîìó òî÷êó.

Çàóâàæèìî, ùî íà ëèñòi Ìüîáióñà iñíóþòü ïîòîêè áåç íåðóõîìèõ òî÷îê. Íàïðèêëàä,
ÿêùî ëèñò Ìüîáióñà îòðèìàíî ç êâàäðàòó [0, 1]× [0, 1] ñêëåþâàííÿì òî÷îê (0, t) ç òî÷êàìè
(0, 1− t), t ∈ [0, 1], òî ïîòiê ïîðîäæåíèé ïîëåì X = {1, 0} íå ìàòèìå íåðóõîìèõ òî÷îê.

Ñåïàðàòðèñè ðîçáèâàþòü äîñèòü ìàëèé îêië íåðóõîìî¨ òî÷êè íà ÷àñòèíè, ÿêi áóäåìî
íàçèâàòè êóòàìè. Ìîæëèâi òðè òèïè êóòiâ:

Ãiïåðáîëi÷íèé êóò. Â íüîìó êîæíà òðà¹êòîðiÿ ïåðåòèíà¹òüñÿ ç öèì êóòîì ïî îáìå-
æåíîìó çíà÷åííþ ïàðàìåòðó, òîáòî íåðóõîìà òî÷êà íå ¹ ãðàíè÷íîþ òî÷êîþ äëÿ ÷àñòèíè
òðà¹êòîði¨, ùî ëåæèòü â êóòi. Ïî iíøîìó ìîæíà ñêàçàòè, ùî êîæíà òðà¹êòîðiÿ ïåðåòèíà-
¹òüñÿ ç ìåæåþ ìàëîãî îêîëó ó êóòi ó äâîõ òî÷êàõ.

Åëiïòè÷íèé êóò. Â öüîìó êóòi äëÿ äîâiëüíîãî îêîëó íåðóõîìî¨ òî÷êó iñíóþòü òðà¹-
êòîði¨, ùî ïîâíiñòþ ëåæàòü â öüîìó îêîëi i êóòi.

Ïàðàáîëi÷íèé êóò. Â íüîìó êîæíà òðà¹êòîðiÿ ïåðåòèíà¹òüñÿ ç ìåæåþ äîâiëüíîãî ìà-
ëîãî îêîëó â îäíié òî÷öi. Íåðóõîìà òî÷êà ¹ ãðàíè÷íîþ òî÷êîþ êîæíî¨ òðà¹êòîði¨. Ó êóòiâ
ïàðàáîëi÷íîãî òèïó ìîæëèâi äâà âèïàäêè:

1) âñi òðà¹êòîði¨ ïî÷èíàþòüñÿ â íåðóõîìié òî÷öi � êóò-âèòiê,
2) âñi òðà¹êòîði¨ çàêií÷óþòüñÿ â íåðóõîìié òî÷öi � êóò-ñòiê.
Ç îçíà÷åííÿ ñåïàðàòðèñè âèïëèâà¹, ùî iíøèõ êóòiâ íå iñíó¹.

Ëåìà 4. Âñi ñåïàðàòðèñè ðîçáèâàþòü ïîâåðõíþ íà îáëàñòi â êîæíié ç ÿêèõ áóäå
¹äèíèé êóò-ñòiê i ¹äèíèé êóò-âèòiê àáî ¹äèíèé ïàðàáîëi÷íèé êóò, à ðåøòà êóòiâ ¹
ãiïåðáîëi÷íèìè.

Òðà¹êòîðiþ, ùî ëåæèòü íà ìåæi òàêîæ áóäåìî ââàæàòè ñåïàðàòðèñîþ i íàçèâàòè ãðà-
íè÷íîþ ñåïàðàòðèñîþ.

Ïîâíèé ñòðóêòóðíèé iíâàðiàíò ïîòîêó. Ðîçðiçíÿþ÷èì ãðàôîì ïîòîêó áóäåìî
íàçèâàòè îði¹íòîâàíèé ãðàô G, ùî ¹ äâî¨ñòèì ãðàôîì äî ìíîæèíè ñåïàðàòðèñ òà ìåæi
ïîâåðõíi, â ÿêîìó äëÿ êîæíî¨ âåðøèíè çàäàíî öèêëi÷íèé ïîðÿäîê iíöèäåíò íèõ äî íå¨
ðåáåð i çàôiêñîâàíî ïî÷àòêîâó âåðøèíó.

Ëåìà 5. Ðîçðiçíÿþ÷èé ãðàô ìà¹ òàêi âëàñòèâîñòi:
1) Ðåáðî, ÿêå iíöèíäåíòíå äî ïî÷àòêîâî¨ âåðøèíè, îði¹íòîâàíî òàê, ùî âîíî âèõî-

äèòü ç öi¹¨ âåðøèíè.
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2) Äëÿ êîæíî¨ âåðøèíè ìíîæèíó âñiõ iíöèäåíòíèõ ðåáåð ìîæíà ðîçáèòè íå áiëüøå
íiæ íà äâi ãðóïè, òàê ùî ðåáðà â êîæíié ç ãðóï àáî âñi âõîäÿòü â öþ âåðøèíó, àáî âñi
âèõîäÿòü ç íå¨ i òàê, ùî iñíó¹ ðåáðî, ùî ïðè öèêëi÷íîìó îáõîäi ðåáåð, ïî÷èíàþ÷è ç öüîãî
ðåáðà, ñïî÷àòêó iäóòü âñi ðåáðà îäíi¹¨ ãðóïè, à ïîòiì âñi ðåáðà iíøî¨.

3) Iñíó¹ øëÿõ, ÿêèé ïî÷èíà¹òüñÿ i çàêií÷ó¹òüñÿ â ïî÷àòêîâié âåðøèíi, â ÿêîìó êîæíi
äâà ïîñëiäîâíi ðåáðà ¹ òàêîæ ïîñëiäîâíèìè ðåáðàìè â öèêëi÷íîìó ïîðÿäêó â ¨õ ñïiëüíié
âåðøèíi i êîæíå ðåáðî â öüîìó øëÿõó çóñòði÷à¹òüñÿ 2 ðàçè. Öå îçíà÷à¹, ùî ÿêùî âèéòè
ç ïî÷àòêîâî¨ âåðøèíè i â êîæíié âåðøèíi çìiíþâàòè íàïðÿìîê ðóõó çãiäíî öèêëi÷íîãî
ïîðÿäêó ðåáåð â öié âåðøèíi, òî ïðèéäåìî â ïî÷àòêîâó âåðøèíó, îáiéøîâøè âñi ðåáðà äâà
ðàçè (îäèí ðàç çà îði¹íòàöi¹þ i îäèí ðàç ïðîòè).

Òåîðåìà 5. Äâà îïòèìàëüíi ïîòîêè òîïîëîãi÷íî åêâiâàëåíòíi òîäi òà òiëüêè òîäi,
êîëè ¨õ ðîçðiçíÿþ÷è ãðàôè içîìîðôíi.

Òåîðåìà 6. Îði¹íòîâàíèé ãðàô, ç çàäàíèìè öèêëi÷íèìè ïîðÿäêàìè ðåáåð äëÿ êîæíî¨
âåðøèíè i çàäàíîþ ïî÷àòêîâîþ âåðøèíîþ áóäå ðîçðiçíÿþ÷èì ãðàôîì äåÿêîãî ïîòîêó,
ÿêùî âií çàäîâîëüíÿ¹ âëàñòèâîñòÿì 1) � 3) ç ëåìè.
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[5] Ì.Â. Ëîñåâà, À.Î.Ïðèøëÿê. Î ñòðóêòóðíî óñòîé÷èâûõ îáûêíîâåííûõ äèôôåðåí-
öèàëüíûõ óðàâíåíèÿõ íà ïîâåðõíîñòÿõ ñ êðàåì. Æóðíàë îá÷èñë. òà ïðèêëàä. ìàòå-
ìàòèêè. No.1(87),2002.-ñ.45-48
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Ôóíêöi¨ çi çâ'ÿçíèì ãðàôiêîì

Î. Êàðëîâà
×åðíiâåöüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Þðiÿ Ôåäüêîâè÷à

maslenizza.ua@gmail.com

Ñóêóïíiñòü óñiõ íåïåðåðâíèõ ôóíêöié ìiæ ïðîñòîðàìè X òà Y ìè ïîçíà÷à¹ìî ÷å-
ðåç C(X, Y ), à ìíîæèíó óñiõ ôóíêöié çi çâ'ÿçíèì ãðàôiêîì � ÷åðåç CG(X, Y ). Ôóíêöiÿ
f : X → Y ìiæ òîïîëîãi÷íèìè ïðîñòîðàìè íàçèâà¹òüñÿ: ôóíêöi¹þ Äàðáó, f ∈ D(X, Y ),
ÿêùî ìíîæèíà f(C) çâ'ÿçíà äëÿ äîâiëüíî¨ çâ'ÿçíî¨ ìíîæèíè C ⊆ X; çâ'ÿçíîþ, f ∈
Conn(X, Y ), ÿêùî ãðàôiê çâóæåííÿ f |C íà êîæíó çâ'ÿçíó ìíîæèíó C ⊆ X çâ'ÿçíèé.

Ïðè X = Y = R âiðíi íàñòóïíi ñïiââiäíîøåííÿ ìiæ âêàçàíèìè êëàñàìè ôóíêöié:

C(R,R) ⊂ Conn(R,R) = CG(R,R) ⊂ D(R,R),

ÿêi â êëàñi B1-ôóíêöié, òîáòî, ïîòî÷êîâèõ ãðàíèöü ïîñëiäîâíîñòåé íåïåðåðâíèõ ôóíêöié,
ïåðåòâîðþþòüñÿ ó òàêi: C(R,R) ⊂ Conn(R,R) = CG(R,R) = D(R,R). Äåòàëüíèé îãëÿä
âèùåâêàçàíèõ ñïiââiäíîøåíü ìîæíà çíàéòè â [2, 3].

Ôóíêöiÿ f : X → Y ìiæ òîïîëîãi÷íèìè ïðîñòîðàìè X òà Y íàçèâà¹òüñÿ ñëàáêî  iáñî-
íîâîþ [4], ÿêùî äëÿ êîæíîãî x ∈ X âiðíå âêëþ÷åííÿ f(x) ∈ f(G) äëÿ äîâiëüíî¨ âiäêðèòî¨
çâ'ÿçíî¨ ìíîæèíè G ⊆ X, òàêî¨, ùî x ∈ G.

Òåîðåìà 1. Íåõàé X = Rn, n ∈ N i Y � T1-ïðîñòið. Òîäi êîæíà ñëàáêî  iáñîíîâà
Fσ-âèìiðíà ôóíêöiÿ f : X → Y ìà¹ çâ'ÿçíèé ãðàôiê.

Òåîðåìà 2. Íåõàé X � ñïàäêîâî áåðiâñüêèé ïðîñòið, Y � ìåòðèçîâíèé ïðîñòið i
f : X → Y � ïîòî÷êîâà ãðàíèöÿ ïîñëiäîâíîñòi íåïåðåðâíèõ ôóíêöié. ßêùî âèêîíó¹òüñÿ
îäíà ç óìîâ: (1) X � çâ'ÿçíèé i ëîêàëüíî çâ'ÿçíèé ïðîñòið i f � ñëàáêî  iáñîíîâå, àáî (2)
X � ëiíiéíî çâ'ÿçíèé ïðîñòið i f � ôóíêöiÿ Äàðáó, òî f ìà¹ çâ'ÿçíèé ãðàôiê.

Çàóâàæèìî, ùî ìíîæèíà âñiõ B1-ôóíêöié Äàðáó f : R → R çàìêíåíà âiäíîñíî ðiâíî-
ìiðíèõ ãðàíèöü [1]. Íàñòóïíå ïèòàííÿ âiäêðèòå.

Ïèòàííÿ. Íåõàé f : R2 → R � ðiâíîìiðíà ãðàíèöÿ ïîñëiäîâíîñòi B1-ôóíêöié Äàðáó
fn : R2 → R. ×è ¹ f ôóíêöi¹þ Äàðáó?

Ôóíêöiÿ f : X → Y ìà¹ âëàñòèâiñòü l-Äàðáó, ÿêùî îáðàç f(C) äîâiëüíî¨ ëiíiéíî
çâ'ÿçíî¨ ìíîæèíè C ⊆ X çâ'ÿçíèé. Ñóêóïíiñòü óñiõ l-Äàðáó ôóíêöié ìiæ ïðîñòîðàìè
X òà Y ìè ïîçíà÷à¹ìî ÷åðåç Dl(X, Y ). Íàñòóïíèé ðåçóëüòàò äà¹ ÷àñòêîâó âiäïîâiäü íà
ñôîðìóëüîâàíå ïèòàííÿ.

Òåîðåìà 3. Íåõàé X � òîïîëîãi÷íèé ïðîñòið, Y � ìåòðè÷íèé ïðîñòið i (fn)∞n=1 � ïî-
ñëiäîâíiñòü Fσ-âèìiðíèõ ôóíêöié ç êëàñó Dl(X, Y ), ÿêà ðiâíîìiðíî çáiãà¹òüñÿ äî ôóíêöi¨
f : X → Y . Òîäi f � Fσ-âèìiðíà ôóíêöiÿ ç êëàñó Dl(X, Y ).

[1] Bruckner A. Di�erentiation of Real Functions [2nd ed.], Providence, RI: American Mathematical
Society, 1994.

[2] Ciesielski K. Jastrz�ebski J. Darboux-like functions whithin the classes of Baire-one, Baire-two and

additive functions, Topol. Appl. 103 (2000), 203-219.

[3] Gibson R., Natkaniec T. Darboux-like functions, Real Analysis Exch. 22 (2) (1996/97), 492-533.

[4] Kellum K. Functions that separate X × R, Houston J. Math. 36 (2010), 1221-1226.
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Âiäêðèòi ãåîìåòðè÷íi òà òîïîëîãi÷íi ïèòàííÿ
ìàòåìàòè÷íîãî àíàëiçó

Þ. Çåëiíñüêèé
Iíñòèòóò ìàòåìàòèêè ÍÀÍ Óêðà¨íè, Êè¨â, Óêðà¨íà

zel@imath.kiev.ua

Â ëåêöi¨ áóäå ðîçãëÿíóòî ðÿä çàäà÷ òåîði¨ âiäîáðàæåíü, ÿêi òiñíî ïîâ'ÿçàíi ç çàäà÷àìè
êîìïëåêñíîãî òà îïóêëîãî àíàëiçó.

Çàäà÷à 1. ×è ìîæíà íà êîæíîìó n-âèìiðíîìó ìíîãîâèäi çàäàòè íåïåðåðâíó iíâîëþ-
öiþ?

Çàäà÷à 2. ×è ìîæíà íà êîæíîìó n-âèìiðíîìó ìíîãîâèäi M çàäàòè íåïåðåðâíå âiäî-
áðàæåííÿ, êîæíà òî÷êà îáðàçó ÿêîãî ìiñòèòü íå áiëüøå íiæ äâà ïðîîáðàçè, à îáðàç f(M)
äîïóñêà¹ âêëàäåííÿ â n-âèìiðíèé åâêëiäiâ ïðîñòið?

Îçíà÷åííÿ 1. Ñêàæåìî, ùî ìíîæèíà E ⊂ Rn m-íàïiâîïóêëà âiäíîñíî òî÷êè
x ∈ Rn\E, ÿêùî çíàéäåòüñÿ m-âèìiðíà ïiâïëîùèíà P , òàêà ùî x ∈ P i P ∩ E = ∅.

Îçíà÷åííÿ 2. Ñêàæåìî, ùî ìíîæèíà m-íàïiâîïóêëà, ÿêùî âîíà m-íàïiâîïóêëà âiä-
íîñíî êîæíî¨ òî÷êè x ∈ R\E.

Çàäà÷à 3. ßêà ìiíiìàëüíà êiëüêiñòü êóëü â òðèâèìiðíîìó åâêëiäîâîìó ïðîñòîði ç öåí-
òðàìè íà ñôåði çàáåçïå÷èòü íàëåæíiñòü öåíòðà ñôåðè äî ¨õ 1-íàïiâîïóêëî¨ îáîëîíêè?

Çàäà÷à 4. ×è iñíó¹ ñêií÷åíà êiëüêiñòü êóëü â åâêëiäîâîìó ïðîñòîði Rn, n > 3 ç öåí-
òðàìè íà ñôåði, ÿêà çàáåçïå÷èòü íàëåæíiñòü öåíòðà ñôåðè äî ¨õ 1-íàïiâîïóêëî¨ îáîëîíêè?

Çàäà÷à 5. Íåõàé K ⊂ Cn � ëiíiéíî îïóêëèé êîìïàêò ç íåòðèâiàëüíîþ ãðóïîþ êî-
ãîìîëîãié H i(K). ×è âiðíî, ùî ãðóïè êîãîìîëîãié Hj(K) òàêîæ íåòðèâiàëüíi äëÿ âñiõ
j, 0 < j < i?

Äëÿ âñiõ âiäîìèõ ïðèêëàäiâ öå òàê.
Çàäà÷à 6.(ïðîáëåìà ñôåðè). ×è iñíó¹ ëiíiéíî îïóêëèé êîìïàêò â C2 (àáî 2-îïóêëèé

êîìïàêò â R4), óñi ãðóïè êîãîìîëîãié ÿêîãî ñïiâïàäàþòü ç âiäïîâiäíèìè ãðóïàìè äâîâè-
ìiðíî¨ ñôåðè?

Çàäà÷à 7. Íåõàé C � òàêà çàìêíóòà æîðäàíîâà êðèâà íà ïëîùèíi R2, ùî äëÿ äîâiëüíî¨
àëãåáðà¨÷íî¨ çàìêíóòî¨ êðèâî¨ L ïîðÿäêó n ç âëàñòèâîñòi �ïåðåòèí C ∩L ìiñòèòü m òî÷îê�
âèïëèâà¹, ùî C ∩ L ìiñòèòü íå ìåíøå íiæ m + 1 òî÷êó. ×è iñíó¹ òàêå ÷èñëî m, ùî ç
âèêîíàííÿ âêàçàíî¨ óìîâè âèïëèâà¹ òå ùî C áóäå àëãåáðà¨÷íîþ êðèâîþ ïîðÿäêó n?

Çàäà÷à 8. Íåõàé â ïîïåðåäíié çàäà÷i êðèâà L áóäå êîëîì i m = 3. ×è âiðíî, ùî C
òàêîæ áóäå êîëîì?

Çàäà÷à 9. Íåõàé â çàäà÷i 5 êðèâà L áóäå åëiïñîì i m = 5. ×è âiðíî, ùî C òàêîæ áóäå
åëiïñîì?

[1] Þ.Á.Çåëèíñêèé Âûïóêëîñòü. Èçáðàííûå ãëàâû, Ïðàöi Iíñòèòóòó ìàòåìàòèêè
ÍÀÍ Óêðà¨íè, 92, 280 ñ., 2012.
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Êîë÷àíè, aëãåáðè òà ñïðÿæåíi ôóíêòîðè

Ê. Þñåíêî
Iíñòèòóò Ìàòåìàòèêè òà Ñòàòèñòèêè, Óíiâåðñèòåò Ñàí Ïàóëî, Ñàí Ïàóëî, Áðàçèëiÿ

iusenko@ime.usp.br

Ïðî ëåêöi¨

Öiëëþ äàíîãî êóðñó ëåêöi¨ ¹ ïåðâèííå çíàéîìñòâî ÷èòà÷à ç áàçîâèìè ïîíÿòòÿìè òåîði¨
êàòåãîðié òà òåîðié çîáðàæåíü ñêií÷åííîâèìiðíèõ àëãåáð. Ìè âèâ÷à¹ìî êîíöåïöiþ ñïðÿ-
æåíèõ ôóíêòîðiâ, à òàêîæ äåìîíñòðó¹ìî, ùî êîíñòðóêöiþ �êîë÷àí� � �àëãåáðà� ìîæíà
iíòåðïðåòóâàòè ÿê ïàðó ñïðÿæåíèõ ôóíêòîðiâ ìiæ ïåâíèìè êàòåãîðiÿìè.

Ëåêöi¨ ìàéæå íå ìiñòÿòü äîâåäåíü, òåîðåòè÷íi âèêëàäêè ñóïðîâîäæóþòüñÿ ïðèêëàäàìè,
à iíîäi ââîäÿòüñÿ ó âèãëÿäi âïðàâ. Äëÿ áiëüø ãëèáîêîãî çíàéîìñòâà ç òåîði¹þ êàòåãîðié òà
òåîði¹þ çîáðàæåíü ñêií÷åííîâèìiðíèõ àëãåáð ìè ðåêîìåíäó¹ìî (çàöiêàâëåíîìó ÷èòà÷åâi)
çâåðíóòèñÿ äî ïîñiáíèêiâ/îíëàéí-ðåñóðñiâ, âêàçàíèõ ïiñëÿ Ëåêöi¨ 2 òà Ëåêöi¨ 3.

1 Ùî òàêå êàòåãîði¨ òà ôóíêòîðè?

�Perhaps the purpose of categorical algebra is
to show that which is trivial is trivially trivial�

� Peter Freyd

1.1 Êàòåãîði¨

Áiëüøiñòü ìàòåìàòè÷íèõ òåîðié ìà¹ ñïðàâó ç ñèòóàöiÿìè, êîëè íàÿâíi ïåâíi âiäîáðàæåííÿ
ìiæ îá'¹êòàìè ïåâíî¨ ïðèðîäè. Ìíîæèíà îá'¹êòiâ ñàìà ïî ñîái �ñòàòè÷íà�, à ðîçãëÿä âiä-
îáðàæåíü ìiæ îá'¹êòàìè ïðèâíîñèòü �äèíàìiêó�. Çàçâè÷àé íàêëàäàþòüñÿ ïðèðîäíi îáìå-
æåííÿ íà âèä âiäîáðàæåíü ìiæ îá'¹êòàìè: íàïðèêëàä, äóæå ðiäêî ìà¹ ñåíñ ðîçãëÿäàòè
óñi ìîæëèâi âiäîáðàæåííÿ ìiæ ãðóïàìè, íàòîìiñòü ÷àñòî îáìåæóþòüñÿ âèâ÷åííÿì ëèøå
ãîìîìîðôiçìiâ ãðóï.

Êîíöåïöiÿ êàòåãîði¨ áóëà ââåäåíà Ñàìóåëåì Åéëåíáåðãîì òà Ñàóíäåðñîì ÌàêËåéíîì
ÿê iíñòðóìåíò îäíî÷àñíîãî äîñëiäæåííÿ i îá'¹êòiâ, i âiäîáðàæåíü ìiæ íèìè (ÿêi íàçèâà-
þòüñÿ ìîðôiçìàìè). Âèùåçãàäàíà êîíöåïöiÿ ¹ àáñòðàêòíîþ, ïðîòå äóæå çðó÷íîþ. Ïåðåä
òèì, ÿê äàòè ñòðîãi âèçíà÷åííÿ, ìè ðîçãëÿíåìî äåêiëüêà ïðîñòèõ ïðèêëàäiâ.

Ïðèêëàä 1.

• Êàòåãîðiÿ Sets: îá'¹êòè � ìíîæèíè, à ìîðôiçìè � äîâiëüíi ôóíêöi¨ ìiæ ìíîæèíàìè;

• Groups: îá'¹êòè � ãðóïè, ìîðôiçìè � ãîìîìîðôiçìè ãðóï;

• AbGroups: îá'¹êòè � êîìóòàòèâíi ãðóïè, ìîðôiçìè � ãîìîìîðôiçìè ãðóï;

• Rings: îá'¹êòè � êiëüöÿ, ìîðôiçìè � ãîìîìîðôiçìè êiëåöü;
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• Algk: îá'¹êòè � àëãåáðè íàä k, ìîðôiçìè � ãîìîìîðôiçìè àëãåáð;

• Top: îá'¹êòè � òîïîëîãi÷íi ïðîñòîðè, ìîðôiçìè � íåïåðåðâíi ôóíêöi¨;

• M�ds: îá'¹êòè � ãëàäêi ìíîãîâèäè, ìîðôiçìè � äèôåðåíöiéîâíi âiäîáðàæåííÿ ìiæ
ìíîãîâèäàìè;

• Vectk: îá'¹êòè � âåêòîðíi ïðîñòîðè íàä k, ìîðôiçìè � ëiíiéíi îïåðàòîðè.

Âàðòî çàçíà÷èòè, ùî â óñiõ öèõ ïðèêëàäàõ ìè ìîæåìî ôîðìóâàòè êîìïîçèöiþ ìîðôi-
çìiâ, i öÿ êîìïîçèöiÿ ¹ àñîöiàòèâíîþ (îñêiëüêè â óñiõ ïðèêëàäàõ ìîðôiçìè� öå ôóíêöi¨
ìiæ ìíîæèíàìè ç ïåâíèìè îáìåæåííÿìè, à êîìïîçèöiÿ ôóíêöié àñîöiàòèâíà). Íàñïðàâäi,
àñîöiàòèâíiñòü � öå ¹äèíà àêñiîìà, íåîáõiäíà äëÿ âèçíà÷åííÿ êàòåãîði¨:

Îçíà÷åííÿ 1. Êàòåãîðiÿ C ñêëàäà¹òüñÿ ç íàñòóïíîãî:

• Êëàñó îá'¹êòiâ Ob(C). Ñèòóàöiþ �X îá'¹êò â C� çàïèñó¹ìî X ∈ Ob(C) àáî X ∈ C;

• Êëàñó ìîðôiçìiâ Mor(C). Êîæåí ìîðôiçì f � öå ïåâíå âiäîáðàæåííÿ âiä X ∈ C
äî Y ∈ C. Ôîðìàëüíî Mor(C) � öå äèç'þíêòèâíå îá'¹äíàííÿ êëàñiâ Mor(X, Y ) ïî

óñiì ìîæëèâèì X, Y ∈ C. Ïîçíà÷èìî ìîðôiçì f ñòðiëêîþ X
f−−→ Y . Áóäåìî òàêîæ

ïîçíà÷àòè ìîðôiçìè ìiæ X òà Y ÿê C(X, Y );

• Ïðàâèëà êîìïîçèöi¨ ìîðôiçìiâ

Mor(X, Y )×Mor(Y, Z)→Mor(X,Z),

(f, g) 7→ fg,

ÿêå ïåðåâîäèòü äâà ìîðôiçìè X
f−−→ Y , Y

f−−→ Z â ìîðôiçì X
fg−−→ Z;

• Äëÿ êîæíîãî X ∈ C iñíó¹ òîòîæíié ìîðôiçì X → X;

Çàäàíà ñòðóêòóðà ïîâèííà çàäîâîëüíÿòè íàñòóïíèì àêñiîìàì:

• Êîìïîçèöiÿ ìîðôiçìiâ àñîöiàòèâíà;

• Êîìïîçèöiÿ äîâiëüíîãî ìîðôiçìó f : X → Y ç òîòîæíiì ðiâíà f .

1.2 Ôóíêòîðè

Ðîçãëÿäàþ÷è äåêiëüêà êàòåãîðié îäíî÷àñíî, ôóíêòîðè äîçâîëÿþòü �ïî¹äíóâàòè� ¨õ.

Îçíà÷åííÿ 2. Êîâàðiàíòíèé (âiäïîâiäíî êîíòðàâàðiàíòíèé) ôóíêòîð F ç êàòå-
ãîði¨ C â êàòåãîðiþ D � öå ïðàâèëî, çà ÿêèì äîâiëüíîìó îá'¹êòó X ∈ C ñòàâèòüñÿ ó âiä-
ïîâiäíiñòü îá'¹êò F (X) ∈ D, a äîâiëüíîìó ìîðôiçìó f : X → Y ñòàâèòüñÿ ó âiäïîâiäíiñòü
ìîðôiçì F (f) : F (X) → F (Y ) (âiäïîâiäíî F (f) : F (Y ) → F (X)) òàêèé, ùî âèêîíóþòüñÿ
íàñòóïíi àêñiîìè:

• F (idX) = idF (X) äëÿ äîâiëüíîãî X ∈ C;

• F çáåðiãà¹ êîìïîçèöiþ ìiæ ìîðôiçìàìè, òîáòî äëÿ äîâiëüíèõ f : X → Y , g : Y → Z
ìà¹ìî F (f ◦ g) = F (f) ◦F (g) (ÿêùî F êîâàðiàíòíèé) òà F (f ◦ g) = F (g) ◦F (f) (ÿêùî
F êîíòðàâàðiàíòíèé).
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Ïðèêëàä 2.

• Âêëþ÷åííÿ ïiäêàòåãîði¨. Íåõàé C ïiäêàòåãîðiÿ êàòåãîði¨ D. Öå îçíà÷à¹, ùî îá'-
¹êòè òà ìîðôiçìè â C òàêîæ ¹ îá'¹êòàìè òà ìîðôiçìàìè â D, ÿêi ìàþòü äîäàòêîâó
ñòðóêòóðó òà çàäîâîëüíÿþòü ïåâíèì îáìåæåííÿì íà öþ ñòðóêòóðó. Êîæíå âêëþ÷å-
ííÿ çàäà¹ ôóíêòîð C ↪→ D, ùî äi¹ òîòîæíî íà îá'¹êòàõ òà ìîðôiçìàõ. Íàïðèêëàä,
ìà¹ìî ôóíêòîð

AbGroups ↪→ Groups.

• Çàáóâàþ÷èé ôóíêòîð: Âèçíà÷èìî ôóíêòîð F : Groups → Set, ÿêèé ïåðåâîäèòü
äîâiëüíó ãðóïó ó âiäïîâiäíó ìíîæèíó, íà ÿêié çàäàíà ãðóïîâà ñòðóêòóðà, à äîâiëü-
íèé ãîìîìîðôiçì ìiæ ãðóïàìè â ôóíêöiþ ìiæ âiäïîâiäíèìè ìíîæèíàìè. Ôóíêòîð
�çàáóâà¹� ãðóïîâó ñòðóêòóðó (îá'¹êòiâ òà ìîðôiçìiâ). Àíàëîãi÷íî ìà¹ìî çàáóâàþ÷èé
ôóíêòîð Vectk → Sets, ÿêèé ïåðåâîäèòü äîâiëüíèé âåêòîðíèé ïðîñòið â ìíîæèíó
óñiõ éîãî âåêòîðiâ, à äîâiëüíå ëiíiéíå âiäîáðàæåííÿ ìiæ ïðîñòîðàìè ó âiäïîâiäíó
ôóíêöiþ íà ìíîæèíàõ âåêòîðiâ. Ôàêòè÷íî ìè çàáóâà¹ìî, ùî ìîæåìî äîäàâàòè âå-
êòîðè, ìíîæèòè ¨õ íà ñêàëÿðè, à òàêîæ òå, ùî ëiíiéíi âiäîáðàæåííÿ ¹ ëiíiéíèìè.
Ïîäiáíèì ñïîñîáîì ìîæíà âèçíà÷èòè çàáóâàþ÷i ôóíêòîðè: Algk → Set, Top→ Set,
Ring→ Set,R-Mod→ Set,...,Algk → AbGroup (ôóíêòîð, ùî çàáóâà¹ ìíîæåííÿ).

• Âiëüíèé ôóíêòîð: Äëÿ äîâiëüíî¨ ìíîæèíè X âèçíà÷èìî F (X) ÿê âiëüíó ãðóïó,
ïîðîäæåíó ìíîæèíîþ A. Äîâiëüíà ôóíêöiÿ f : X → Y , ÿêà ïåðåâîäèòü x ∈ X
â f(x) ∈ Y , âèçíà÷à¹ ãîìîìîðôiçì ãðóï F (f) : F (X) → F (Y ). Ëåãêî ïåðåêîíà-
òèñÿ, ùî äëÿ òàêîãî ñïiâñòàâëåííÿ F (fg) = F (f)F (g), a îòæå âîíî çàäà¹ ôóí-
êòîð F : Sets → Groups. Àíàëîãi÷íî ìîæíà âèçíà÷èòè iíøi �âiëüíi� ôóíêòîðè:
Sets → Vectk, Sets → Ring,. . . , Sets → Top (ìíîæèíà X íàäiëÿ¹òüñÿ äèñêðåòíîþ
òîïîëîãi¹þ), òà áàãàòî iíøèõ.

• Ôóíêòîð Áóëåàí. Âèçíà÷èìî ôóíêòîð P : Sets→ Sets, çàäàþ÷è P [X] ÿê ìíîæèíó
óñiõ ïiäìíîæèí ìíîæèíè X. Òåïåð, ÿêùî f : X → Y ôóíêöiÿ ìiæ ìíîæèíàìè, à
U ⊂ X, âèçíà÷èìî P [f ](U) ÿê îáðàç U ïiä äi¹þ f .

• Pîçãëÿíåìî ïðèêëàä êîíòðàâàðiàíòíîãî ôóíêòîðà: ôóíêòîð äóàëüíîñòi

Vectk → Vectk,

ÿêèé ïåðåâîäèòü äîâiëüíèé âåêòîðíèé ïðîñòið V ó âåêòîðíèé ïðîñòið V ∗ óñiõ ëiíiéíèõ
ôóíêöiîíàëiâ â V . Ëiíiéíèé îïåðàòîð L : U → V ïåðåâîäèòüñÿ â ñïðÿæåíèé îïåðàòîð
L∗ : V ∗ → U∗ (ùî ïåðåâîäèòü äîâiëüíèé ëiíiéíèé ôóíêöiîíàë ϕ ∈ V ∗ â ëiíiéíèé
ôóíêöiîíàë u 7→ ϕ(L(u)) íà U).

• Iíøèé ïðèêëàä êîíòðàâàðiàíòíîãî ôóíêòîðà � öå ôóíêòîð Top→ Rings, ÿêèé êî-
æíîìó òîïîëîãi÷íîìó ïðîñòîðó X ñòàâèòü ó âiäïîâiäíiñòü êiëüöå íåïåðåðâíèõ ôóí-
êöié C0(X,R), à äîâiëüíîìó íåïåðåðâíîìó âiäîáðàæåííþ f : X → Y ñòàâèòüñÿ ó
âiäïîâiäíiñòü òàê çâàíå ïóëáåê (pull-back) âiäîáðàæåííÿ f ∗ : C0(Y,R) → C0(X,R)
(àäæå êîìïîçèöiÿ ôóíêöi¨ íà Y ç âiäîáðàæåííÿì f çàäà¹ ôóíêöiþ íà X).
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1.3 Åêâiâàëåíòíiñòü êàòåãîðié

Êîëè äâi êàòåãîði¨ C òà D íàçèâàþòüñÿ åêâiâàëåíòíèìè? Ïðèðîäíüî ñêàçàòè, ùî C òà D
içîìîðôíi, ÿêùî iñíóþòü ôóíêòîðè F : C → D òà G : D → C òàêi, ùî ¹ îáåðíåíèìè îäèí
äî îäíîãî. Íàñïðàâäi, òàêå âèçíà÷åííÿ äîñèòü âóçüêå, ïîÿñíèìî íà ïðèêëàäi ÷îìó:

Ïðèêëàä 3. Íåõàé D êàòåãîðiÿ ñêií÷åííîâèìiðíèõ âåêòîðíèõ ïðîñòîðiâ íàä k, a C
¨ ¨ ïiäêàòåãîðiÿ, ùî ìiñòèòü îäèí âåêòîðíèé ïðîñòið kn (âåêòîðiâ ñòîâï÷èêiâ) äëÿ êîæíî¨
ðîçìiðíîñòi n. Âiäìiòèìî, ùî Mor(kn, km) ìîæíà îòîòîæíèòè ç ìàòðèöÿìè Matm,n ïðè-
ðîäíiì ÷èíîì. Êàòåãîði¨ C òà D íå içîìîðôíi, îñêiëüêè D ìiñòèòü óñi ìîæëèâi âåêòîðíi
ïðîñòîðè. Ïðîòå äîâiëüíèé n-âèìiðíèé âåêòîðíèé ïðîñòið V içîìîðôíèé kn (ïiñëÿ âèáîðó
áàçèñó), îòæå êàòåãîði¨ C â ïåâíîìó ñåíñi äîñòàòíüî, i ìè ìîæåìî ðîçãëÿäàòè C òà D ÿê
åêâiâàëåíòíi êàòåãîði¨.

Äëÿ ôîðìàëiçàöi¨ îñòàííüîãî ïðèêëàäó ðîçãëÿíåìî íàñòóïíå âèçíà÷åííÿ

Îçíà÷åííÿ 3. Êîâàðiàíòíèé ôóíêòîð F : C → D íàçèâà¹òüñÿ åêâiâàëåíòíiñòþ êà-
òåãîðié, ÿêùî

• F ñóòò¹âî ñþð'¹êòèâíèé, òîáòî äîâiëüíèé îá'¹êò â D içîìîðôíèé (ïðîòå íå îáî-
â'ÿçêîâî ðiâíèé!) îá'¹êòîâi âèãëÿäó F (X) äëÿ ïåâíîãî X ∈ C.

• F ïîâíèé òà òî÷íèé, òîáòî iñíó¹ ái¹êöiÿ

MorC(X, Y ) 'MorD(F (X), F (Y )),

äëÿ äîâiëüíèõ X, Y ∈ C.

Ðîçãëÿíåìî êàòåãîði¨ ç Ïðèêëàäó 3. Ïåðåêîíàéìîñÿ, ùî ôóíêòîð âêëàäåííÿ êàòåãî-
ðié F : C → D � öå ôóíêòîð åêâiâàëåíòíîñòi êàòåãîðié. Ñïðàâäi, ÿêùî V äîâiëüíèé
n-âèìiðíèé ïðîñòið, òî V içîìîðôíèé kn. Ôiêñóþ÷è áàçèñ e1, . . . , en, ìè îòðèìó¹ìî içîìîð-
ôiçì V → kn, ÿêèé ïåðåâîäèòü äîâiëüíèé âåêòîð v ∈ V â ñòîâï÷èê êîîðäèíàò v â áàçèñi
{ei}, à îòæå F ñóòò¹âî ñþð'¹êòèâíèé. Ëåãêî ïåðåêîíàòèñÿ, ùî F òàêîæ ïîâíèé i òî÷íèé,
òîìó F � öå åêâiâàëåíòíiñòü êàòåãîðié.

1.4 Âïðàâè

Âïðàâà 1. Íåõàé C äîâiëüíà êàòåãîðiÿ. Ïîêàæiòü íàñòóïíå:

a) òîòîæíié ìîðôiçì idX : X → X ¹äèíèé äëÿ êîæíîãî îá'¹êòà X ∈ C;

b) äîâiëüíèé içîìîðôiçì â C ìà¹ ¹äèíèé çâîðîòíié;

c) íåõàé f : X → Y òà f : Y → Z äâà ìîðôiçìè. Ïîêàæiòü, ùî, ÿêùî äâà ç ìîðôiçìiâ
f, g òà f ◦ g içîìîðôiçìè, òî òðåòié òàêîæ içîìîðôiçì. (Òàêà âëàñòèâiñòü íàçèâà¹òüñÿ
äâà-ç-òðüîõ).

Âïðàâà 2. Íåõàé I äîâiëüíà ÷àñòêîâî âïîðÿäêîâàíà ìíîæèíà (ïîñåò), â ÿêié ÷àñòêî-
âèé ïîðÿäîê çàäà¹òüñÿ âiäíîøåííÿì �. Ïîâ'ÿæåìî ç I êàòåãîðiþ CI , â ÿêié îá'¹êòè � öå
åëåìåíòè ìíîæèíè I, à äëÿ äâîõ äîâiëüíèõ i, j ∈ I, Mor(i, j) � ïîðîæíÿ ìíîæèíà, ÿêùî
i � j òà ìà¹ îäèí åëåìåíò, ÿêùî i � j. Âèêîðèñòîâóþ÷è ðåôëåêñèâíiñòü òà òðàíçèòèâíiñòü
âiäíîøåííÿ �, âèçíà÷òå êîìïîçèöiþ ìîðôiçìiâ â CI òà ïîêàæiòü, ùî îïèñàíà êîíñòðóêöiÿ
ñïðàâäi âèçíà÷à¹ êàòåãîðiþ CI .
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Âïðàâà 3. Íåõàé I òà J äâà ïîñåòè. Ïîêàæiòü, ùî äîâiëüíèé ôóíêòîð ìiæ êàòåãîðiÿìè
CI òà CJ çàäà¹òüñÿ ãîìîìîðôiçìîì (òîáòî ôóíêöi¹þ, ùî çáåðiãà¹ ïîðÿäîê) ïîñåòiâ f : I →
J .

Âïðàâà 4. Íåõàé X äîâiëüíèé òîïîëîãi÷íèé ïðîñòið, à I(X) � öå ìíîæèíà óñiõ çà-
ìêíóòèõ ïiäìíîæèí âX. Ïîêàæiòü, ùî I(X) öå ïîñåò (ç âiäíîøåííÿì ïîðÿäêó âêëþ÷åííÿì
ïiäìíîæèí). Âèçíà÷òå êàòåãîðiþ Top(X) ÿê CI(X) ç Âïðàâè 2.

Âïðàâà 5. Íåõàé V âåêòîðíèé ïðîñòið íàä R. Ïîêàæiòü, ùî ïðîöåäóðà êîìïëåêñèôi-
êàöi¨ V 7→ V ⊗R C âèçíà÷à¹ ôóíêòîð VectR → VectC.

Âïðàâà 6. Íåõàé C,D äîâiëüíi êàòåãîði¨, à F : C → D ôóíêòîð. Ïîêàæiòü íàñòóïíå:

a) F ïåðåâîäèòü içîìîðôiçìè â içîìîðôiçìè;

b) ÿêùî F ïîâíèé i òî÷íèé, à F (f) : F (X) → F (Y ) içîìîðôiçì â D, òî f : X → Y
içîìîðôiçì C.

Âïðàâà 7. Íåõàé G äîâiëüíà ãðóïà, à [G,G] ¨ ¨ êîìóòàòîð. Ïîêàæiòü, ùî G/[G,G]
àáåëåâà ãðóïà, à ñïiâñòàâëåííÿ G 7→ G/[G,G] âèçíà÷à¹ ôóíêòîð Ab : Group→ AbGroup.

Âïðàâà 8. Âèçíà÷èìî Top∗ ÿê êàòåãîðiþ, îá'¹êòàìè ÿêî¨ ¹ ïàðè (X, x0), X � òîïî-
ëîãi÷íèé ïðîñòið, x0 ∈ X âèäiëåíà òî÷êà, à ìîðôiçìè f : (X, x0) → (Y, y0) íåïåðåðâíi
âiäîáðàæåííÿ f : X → Y òàêi, ùî f(x0) = y0. Ïåðåêîíàéòåñü, ùî Top∗ öå êàòåãîðiÿ, à
ñïiââiäíîøåííÿ π1 : Top∗ → Group, ÿêå ç ïàðîþ (X, x0) ïîâ'ÿçó¹ ôóíäàìåíòàëüíó ãðóïó
π1(X, x0), çàäà¹ êîâàðiàíòíèé ôóíêòîð.

Âïðàâà 9. Âèçíà÷èìî CHaus ÿê êàòåãîðiþ, îá'¹êòàìè ÿêî¨ ¹ êîìïàêòíi Ãàóñäîðôîâi
ïðîñòîðè, à ìîðôiçìè � íåïåðåðâíi âiäîáðàæåííÿ. Òà âèçíà÷èìî âiäîáðàæåííÿ β : Top→
CHaus, ÿêå äîâiëüíîìó òîïîëîãi÷íîìó ïðîñòîðó X ñòàâèòü ó âiäïîâiäíiñòü êîìïàêòèôi-
êàöiþ Ñòîóíà-×åõà βX (�ìàêñèìàëüíèé� êîìïàêòíèé Ãàóñäîðôiâ ïðîñòið, �ïîðîäæåíèé�
X). Ïîêàæiòü, ùî β âèçíà÷à¹ ôóíêòîð.

Âïðàâà 10. Íåõàé R, S êiëüöÿ (íå îáîâÿçêîâî êîìóòàòèâíi). Ðîçãëÿíåìî êàòåãîði¨ ïðà-
âèõ ìîäóëiâ íàä öèìè êiëüöÿìè C = ModR òà D = ModS (äå ìîðôiçìè � öå ãîìîìîðôiçìè
ìîäóëiâ). Ïîêàæiòü, ùî, ôiêñóþ÷è (R, S)-áiìîäóëü X, ìîæíà âèçíà÷èòè äâà ôóíêòîðè
F : C → D òà G : D → C íàñòóïíèì ÷èíîì:

F (Y ) = Y ⊗R X, Y ∈ D,
G(Z) = HomS(X,Z), Z ∈ C.

2 Ñïðÿæåííÿ ìiæ ôóíêòîðàìè

2.1 Íàòóðàëüíi òðàíñôîðìàöi¨

�I did not invent category theory to talk about
functors. I invented it to talk about natural
transformations.�

� Saunders Mac Lane
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Ùî òàêå íàòóðàëüíà òðàíñôîðìàöiÿ? Öå âiäîáðàæåííÿ îäíîãî ôóíêòîðà â iíøèé! Ðîç-
ãëÿíåìî ïðîñòèé ïðèêëàä, ÿêèé ïîÿñíþ¹ öå äîâîëi çàãàëüíå âèçíà÷åííÿ. Íàãàäà¹ìî, ùî
äëÿ äîâiëüíîãî âåêòîðíîãî ïðîñòîðó V iñíó¹ (�íàòóðàëüíå�) ëiíiéíå âiäîáðàæåííÿ

φV :V → V ∗∗

v 7→ (f 7→ f(v)).

ßêùî dimV < ∞, òî íåâàæêî ïåðåêîíàòèñÿ, ùî φV içîìîðôiçì. Ó ÷îìó ïîëÿãà¹ íàòó-
ðàëüíiñòü âiäîáðàæåííÿ φV ? Íàñïðàâäi, ÿêùî dimV <∞, òî ïðîñòîðè V òà V ∗ içîìîðôíi,
ïðîòå íå iñíó¹ êàíîíi÷íîãî içîìîðôiçìó áåç âèáîðó áàçèñó â ïðîñòîði V . Ç iíøîãî áîêó, içî-
ìîðôiçì φV íå ïîòðåáó¹ íiÿêîãî äîäàòêîâîãî âèáîðó. Ùîá ôîðìàëiçóâàòè öþ êîíñòðóêöiþ,
ðîçãëÿíåìî áiëüøå äåòàëüíî âëàñòèâîñòi âiäîáðàæåííÿ φV . Äîâiëüíå ëiíiéíå âiäîáðàæåííÿ
L : U → V ïîðîäæó¹ ëiíiéíå âiäîáðàæåííÿ L∗∗ : U∗∗ → V ∗∗, ÿêå ðàçîì ç âiäîáðàæåííÿìè
φU , φV ïîðîäæó¹ íàñòóïíó äiàãðàìó

U U∗∗

V V ∗∗

φU

L L∗∗

φV

Àïðiîði íåìà¹ ïðè÷èí, ùîá ñòâåðäæóâàòè, ùî äiàãðàìà êîìóòàòèâíà (ÿêùî φU äîâiëüíå ëi-
íiéíå âiäîáðàæåííÿ, î÷åâèäíî, ùî äiàãðàìà íå ¹ êîìóòàòèâíîþ). Ïðîòå äiàãðàìà íàñïðàâäi
¹ êîìóòàòèâíîþ! Ïîêàæåìî öå. Íåõàé u ∈ U , ïåðåâiðèìî ùî

φV (L(u)) = L∗∗(φU(u)). (1)

Ôóíêöiîíàë â ëiâié ÷àñòèíi ñïiââiäíîøåííÿ (1) äîâiëüíîìó ëiíiéíîìó ôóíêöiîíàëó f ∈ V ∗
ñòàâèòü ó âiäïîâiäíiñòü çíà÷åííÿ f(L(u)). Òîäi ÿê ôóíêöiîíàë ç ïðàâî¨ ÷àñòèíè ïåðåâîäèòü
äîâiëüíèé ëiíiéíèé ôóíêöiîíàë f ∈ V ∗ â

φU(u)(L∗(f)) = L∗(f)(u) = f(L(u)).

Ðåêîìåíäó¹ìî ÷èòà÷åâi ïðîàíàëiçóâàòè ñàìîñòiéíî öi ïåðåòâîðåííÿ.

Îçíà÷åííÿ 4. Íåõàé F,G : C → D äâà êîâàðiàíòíèõ ôóíêòîðè. Íàòóðàëüíà òðàíñ-
ôîðìàöiÿ α : F → G ìiæ íèìè � öå ïðàâèëî, çà ÿêèì ç êîæíèì îá'¹êòîì X ∈ C
àñîöiþ¹òüñÿ ìîðôiçì αX : F (X)→ G(X) òàêèé, ùî äëÿ äîâiëüíî ìîðôiçìó f : X1 → X2 â
C íàñòóïíà äiàãðàìà êîìóòó¹

F (X1) G(X1)

F (X2) G(X2)

F (f)

αX1

G(f)

αX2

ßêùî αX içîìîðôiçì äëÿ äîâiëüíîãî îá'¹êòó X, òî α íàçèâà¹òüñÿ íàòóðàëüíèì içîìîð-
ôiçìîì.
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Ïðîàíàëiçó¹ìî ïîïåðåäíié ïðèêëàä â êîíòåêñòi öüîãî îçíà÷åííÿ. Ðîçãëÿíåìî Vectk
� êàòåãîðiþ âåêòîðíèõ ïðîñòîðiâ íàä ïîëåì k, òà äâà ôóíêòîðè: Id : Vectk → Vectk
(òîòîæíié), òà D : Vectk → Vectk (ïîäâiéíà äóàëüíiñòü), ÿêèé ïåðåâîäèòü äîâiëüíèé
âåêòîðíèé ïðîñòið V â éîãî ïîäâiéíèé äóàëüíèé V ∗∗, à äîâiëüíèé ìîðôiçì L : U → V â
L∗∗ : U∗∗ → V ∗∗.

Âïðàâà 11. Ïîêàæiòü, ùî U → φU çàäà¹ íàòóðàëüíó òðàíñôîðìàöiþ ìiæ ôóíêòîðà-
ìè Id òà D, a ðîçãëÿäàþ÷è ïiäêàòåãîðiþ FVectk ⊂ Vectk ñêií÷åííîâèìiðíèõ âåêòîðíèõ
ïðîñòîðiâ U → φU çàäà¹ íàòóðàëüíèé içîìîðôiçì ìiæ âiäïîâiäíèìè çâóæåííÿìè ôóíêòî-
ðiâ.

2.2 Ñïðÿæåíi ôóíêòîðè

Íàãàäà¹ìî, ùî ìiæ êàòåãîðiÿìè Sets òà Vectk ¹ äâà ôóíêòîðè: âiëüíèé F : Sets→ Vectk
òà çàáóâàþ÷èé G : Vectk → Sets. G(V ) � öå ìíîæèíà óñiõ âåêòîðiâ äëÿ çàäàíîãî âå-
êòîðíîãî ïðîñòîðó V , à F (X) � öå âåêòîðíèé ïðîñòið íàä ïîëåì k ç áàçèñîì X äëÿ
çàäàíî¨ ìíîæèíè X (òîáòî F (X) � öå óñi ôîðìàëüíi ëiíiéíi êîìáiíàöi¨

∑
i λixi ç λi ∈ k òà

xi ∈ X, íàäiëåíi î÷åâèäíèìè îïåðàöiÿìè ìiæ âåêòîðàìè). Äîâiëüíà ôóíêöiÿ g : X → G(V )
îäíîçíà÷íî ïðîäîâæó¹òüñÿ äî ëiíiéíîãî îïåðàòîðà f : F (X) → V (îïåðàòîð f çàäà¹òüñÿ
íàñòóïíèì ÷èíîì f(

∑
i λixi) =

∑
i λig(xi)). Òàêà âiäïîâiäíiñòü η : g 7→ f ìà¹ îáåðíåíó

âiäïîâiäíiñòü µ : f 7→ f � X (ÿêà äîâiëüíîìó ëiíiéíîìó îïåðàòîðîâi f : F (X)→ V ñòàâèòü
ó âiäïîâiäíiñòü f � X : X → G(V ), çâóæóþ÷è f íà áàçèñ X). Òàêèì ÷èíîì, η = ηX,V
âèçíà÷à¹ ái¹êöiþ

η : Sets(X,G(V )) ∼= Vectk(F (X), V ) (2)

Áiëüø òîãî, öÿ ái¹êöiÿ âèçíà÷åíà �êàíîíi÷íèì� ÷èíîì äëÿ óñiõ ìíîæèí X òà âåêòîðíèõ
ïðîñòîðiâ V , òîáòî ïîêîìïîíåíòíî ηX,V çàäà¹ íàòóðàëüíó òðàíñôîðìàöiþ ôóíêòîðiâ, ÿêùî
÷àñòèíè ñïiââiäíîøåííÿ (2) ðîçãëÿäàòè ÿê ôóíêòîðè âiä çìiííèõ X òà V . Áiëüø äåòàëüíó
iíòåðïðåòàöiþ ìè äàìî ó âèçíà÷åííi ñïðÿæåííÿ.

Îçíà÷åííÿ 5. Íåõàé çàäàíî äâà ôóíêòîðè F : C → D òà G : D → C. Ñïðÿæåííÿ ìiæ
F òà G � öå çàäàííÿ äëÿ äîâiëüíî¨ ïàðè (A ∈ C, B ∈ D) ái¹êöi¨ ηA,B ìiæ ìíîæèíàìè ìîð-
ôiçìiâ C(A,G(B)) òà D(F (A), B), ÿêi íàòóðàëüíi ïî A òà ïî B. Â öüîìó âèïàäêó ôóíêòîð
F íàçèâà¹òüñÿ ëiâèì ñïðÿæåíèì äî G, à ôóíêòîð G íàçèâà¹òüñÿ ïðàâèì ñïðÿæåíèì
äî F .

Íåñêëàäíî ïåðåêîíàòèñÿ, ùî íàòóðàëüíiñòü ái¹êöi¨ η îçíà÷à¹, ùî äëÿ óñiõ f : A → A′

òà g : B → B′ íàñòóïíi äiàãðàìè êîìóòóþòü

C(A,G(B)) D(F (A), B)

C(A′, G(B)) D(F (A′), B)

f∗

ηA,B

(F (f))∗

ηA′,B

,

òà
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C(A,G(B)) D(F (A), B)

C(A,G(B′)) D(F (A), B′)

(G(g))∗

ηA,B

g∗

ηA,B′

.

Â äiàãðàìàõ ìè âèêîðèñòàëè êîðîòêi ïîçíà÷åííÿ g∗ = D(F (A), g) (îïåðàöiÿ êîìïîçèöi¨ ç
ìîðôiçìîì g), à f ∗ = C(f,G(B)) (îïåðàöiÿ ïåðåä-êîìïîçèöi¨ ç ìîðôiçìîì f).

Çàóâàæåííÿ 1. Íàçâà �ñïðÿæåíèé ôóíêòîð� âèíèêëà ÿê ïåâíå óçàãàëüíåííÿ ïîíÿòòÿ
�ñïðÿæåíèé îïåðàòîð�. Ñïðàâäi, ðîçãëÿíåìî ìíîæèíó ìîðôiçìiâ ÿê áiôóíêòîð

Mor : Cop × C → Sets

òà ïîðiâíÿ¹ìî âèçíà÷åííÿ ñïðÿæåíîãî ôóíêòîðà ç âèçíà÷åííÿì ñïðÿæåíîãî îïåðàòîðà â
êîìïëåêñíîìó âåêòîðíîìó ïðîñòîði V çi ñêàëÿðíèì äîáóòêîì

〈·, ·〉 : V c × V → C,

äå V c ïîçíà÷à¹ âåêòîðíèé ïðîñòið, â ÿêîìó äiÿ ïîëÿ C ïåðåä-êîìïîçèöiéîâàíà ç êîìïëå-
êñíèì ñïðÿæåííÿì.

Ïðèêëàä 4.

a) Ïàðè ôóíêòîðiâ �âiëüíèé-çàáóâàþ÷èé� � öå òèïîâèé ïðèêëàä ñïðÿæåííÿ ìiæ ôóí-
êòîðàìè. Âiëüíèé ôóíêòîð � ëiâèé ñïðÿæåíèé äî çàáóâàþ÷îãî, à çàáóâàþ÷èé � ïðà-
âèé ñïðÿæåíèé. Îäèí ç ïðèêëàäiâ ìè ðîçãëÿäàëè íà ïî÷àòêó öüîãî ðîçäiëó. Ïîäiáíèé
ïðèêëàä: âiëüíèé ôóíêòîð F : Sets → Groups � ëiâèé ñïðÿæåíèé äî çàáóâàþ÷îãî
ôóíêòîðà G : Group → Sets. Ñïðàâäi, äîâiëüíèé ãîìîìîðôiçì ãðóï F (X) → U
îäíîçíà÷íî òà íàòóðàëüíî (ïåðåâiðòå!) çàäà¹òüñÿ ôóíêöi¹þ X → G(U). Àíàëîãi-
÷íî ìîæíà áóäóâàòè ïðèêëàäè ñïðÿæåíèõ ôóíêòîðiâ äëÿ âiëüíèõ êiëåöü, âiëüíèõ
R-ìîäóëiâ i òàêå iíøå.

b) Çàáóâàþ÷èé ôóíêòîð G : Top → Sets ìà¹ i ëiâèé i ïðàâèé ñïðÿæåíi ôóíêòîðè. Ëi-
âèé ñïðÿæåíèé ôóíêòîð L íàäiëÿ¹ ìíîæèíó X äèñêðåòíîþ òîïîëîãi¹þ, îñêiëüêè óñi
âiäîáðàæåííÿ L(X)→ Y íåïåðåðâíi (äëÿ äîâiëüíîãî Y ∈ Top). À ïðàâèé ñïðÿæåíèé
ôóíêòîð R íàäiëÿ¹ X òðèâiàëüíîþ òîïîëîãi¹þ.

c) Íåõàé I òà J äâà ïîñåòè. Äîâiëüíèé ôóíêòîð F : CI → CJ � öå ôóíêöiÿ, ùî çáåðiãà¹
ïîðÿäîê (äèâ. Âïðàâà 3). Òîäi ïàðà ñïðÿæåíèé ôóíêòîðiâ F : CI → CJ , G : CJ → CI
� öå ïàðà ôóíêöié, ÿêi çáåðiãàþòü ïîðÿäîê, òà çàäîâîëüíÿþòü

CI(F (a), b) ∼= CJ(a,G(b))

äëÿ óñiõ a ∈ I òà b ∈ J . Ç iíøîãî áîêó, öå îçíà÷à¹, ùî

F (a) �J b⇔ a �I G(b).

Îñòàíí¹ âiäíîøåííÿ íàçèâà¹òüñÿ âiäïîâiäíiñòþ Ãàëóà ìiæ ïîñåòàìè (äèâ. âïðàâè â
êiíöi ðîçäiëó äëÿ êîíêðåòíèõ ïðèêëàäiâ òàêî¨ âiäïîâiäíîñòi).
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d) Ôóíêòîð Ab : Group → AbGroup (äèâ. Âïðàâó 7) ëiâèé ñïðÿæåíèé äî ôóíêòîðà
âêëàäåííÿ G : AbGroup→ Group.

f) Ôóíêòîð êîìïàêòèôiêàöi¨ Ñòîóíà-×åõà β : Top→ CHaus ëiâèé ñïðÿæåíèé äî ôóí-
êòîðà âêëàäåííÿ êàòåãîðié CHaus ↪→ Top.

g) Tensor-Hom ñïðÿæåííÿ. Íåõàé U, V,W òðè âåêòîðíi ïðîñòîðè. Ñòàíäàðòíèé ôàêò
ëiíiéíî¨ àëãåáðè ãîâîðèòü, ùî iñíó¹ içîìîðôiçì

Hom(U ⊗ V,W ) ∼= Hom(U,Hom(V,W )),

äå Hom(·, ·) ïîçíà÷à¹ âåêòîðíèé ïðîñòið óñiõ ëiíiéíèõ îïåðàòîðiâ. Ïîäiáíå ñïiââiäíî-
øåííÿ (içîìîðôiçì àáåëåâèõ ãðóï) âiðíå i äëÿ ìîäóëiâ íàä êiëüöÿìè (äèâ. Âïðàâó
10):

HomS(Y ⊗R X,Z) ∼= HomR(Y,HomS(X,Z)).

À îòæå ôóíêòîð−⊗RX (äèâ. Âïðàâó 10) � ëiâèé ñïðÿæåíèé äî ôóíêòîðà HomS(X,−).

Ñïðàâåäëèâà íàñòóïíà òåîðåìà.

Òåîðåìà 1. Çàäàííÿ ñïðÿæåííÿ ìiæ äâîìà ôóíêòîðàìè F : C → D òà G : D → C
åêâiâàëåíòíå çàäàííþ íàòóðàëüíèõ òðàíñôîðìàöié η : IdC → GF òà ε : FG→ IdD òàêèõ,
ùî íàñòóïíi äiàãðàìè êîìóòóþòü:

F FGF

F

Fη

εF , òà

G GFG

G

ηG

Gε .

Íàòóðàëüíà òðàíñôîðìàöiÿ η íàçèâà¹òüñÿ îäèíèöåþ ñïðÿæåííÿ, à ε êîîäèíèöåþ
ñïðÿæåííÿ.

Ïðèêëàä 5. Ðîçãëÿíåìî ñïðÿæåíó ïàðó ("âiëüíèé-çàáóâàþ÷èé") ôóíêòîðiâ F : Sets→
Vectk, G : Vectk → Sets. Íåñêëàäíî ïåðåêîíàòèñÿ, ùî äëÿ äîâiëüíî¨ ìíîæèíè X ∈ Sets
îäèíèöÿ ñïðÿæåííÿ ηX : X → GF (X) çàäà¹òüñÿ âêëàäåííÿì áàçèñó, à äëÿ äîâiëüíîãî
âåêòîðíîãî ïðîñòîðó V êîîäèíèöÿ εV : FG(V ) → V çàäà¹òüñÿ ïðîäîâæåííÿì òîòîæíîãî
âiäîáðàæåííÿ íà áàçèñi ïðîñòîðó FG(V ).

2.3 Âïðàâè

Âïðàâà 12. Íåõàé çàäàíî òðè ôóíêòîðè F,G,H : C → D. ßêùî α : F → G i β : G→ H
íàòóðàëüíi òðàíñôîðìàöi¨, òî êîìïîçèöiÿ βα : F → H òàêîæ íàòóðàëüíà. Ïîêàæiòü, ùî
ôóêòîðè F : C → D ôîðìóþòü êàòåãîðiþ F(C,D), äå ìíîæèíà ìîðôiçìiâ ìiæ äîâiëüíè-
ìè ôóíêòîðàìè çàäà¹òüñÿ íàòóðàëüíèìè òðàíñôîðìàöiÿìè. ßêå íàòóðàëüíå ïåðåòâîðåííÿ
çàäà¹ òîòîæíié ìîðôiçì?

Âïðàâà 13. Íåõàé X òîïîëîãi÷íèé ïðîñòið. Âèçíà÷èìî ïîñåò I(X) ÿê ìíîæèíó óñiõ
çàìêíóòèõ ïiäìíîæèí X (äèâ Âïðàâè 2 òà 4), à ïîñåò J(X) ÿê ìíîæèíó óñiõ ïiäìíîæèí X.
Ïîêàæiòü, ùî ôóíêòîð âêëàäåííÿ êàòåãîðié CI(X) ↪→ CJ(X) ìà¹ ëiâèé ñïðÿæåíèé ôóíêòîð,
ÿêèé ïåðåâîäèòü äîâiëüíó ïiäìíîæèíó A â ¨¨ çàìèêàííÿ Ā.
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Âïðàâà 14. Íåõàé I � öå ïîñåò óñiõ iäåàëiâ â êîìóòàòèâíîìó êiëüöi C[x1, . . . , xn], à J
öå ìíîæèíà óñiõ ïiäìíîæèí â Cn. Âèçíà÷èìî f : I → J ÿê ôóíêöiþ, ùî ïåðåâîäèòü iäåàë
â ìíîæèíó ñïiëüíèõ íóëiâ éîãî åëåìåíòiâ, òà g : J → I, ùî ïåðåâîäèòü ìíîæèíó òî÷îê
â iäåàë ïîëiíîìiâ, ÿêi îáíóëÿþòüñÿ íà íié. Ïîêàæiòü, ùî f òà g ôîðìóþòü âiäïîâiäíiñòü
Ãàëóà (ÿêùî ðîçãëÿíóòè äóàëüíèé äî îäíîãî ç ïîñåòiâ), à îòæå çàäàþòü ïàðó ñïðÿæåíèõ
ôóíêòîðiâ ìiæ âiäïîâiäíèìè êàòåãîðiÿìè.

Âïðàâà 15. Ïîêàæiòü, ùî ôóíêòîð êîìïëåêñèôiêàöi¨ VectR → VectC (äèâ. Âïðàâó
5) ëiâèé ñïðÿæåíèé äî ôóíêòîðà çâóæåííÿ ñêàëÿðiâ VectC → VectR.

Âïðàâà 16. Íåõàé G : Algk → Vectk çàáóâàþ÷èé ôóíêòîð. Îïèøiòü ëiâèé ñïðÿæå-
íèé äî ôóíêòîðà F . (Âêàçiâêà: ïî çàäàíîìó âåêòîðíîìó ïðîñòîðó V ïîáóäóéòå òåíçîðíó
àëãåáðó T (V ) = k ⊕ V ⊕ (V ⊗ V )⊕ . . . òà ïîêàæiòü, ùî âiäïîâiäíiñòü V 7→ T (V ) âèçíà÷à¹
ëiâèé ñïðÿæåíèé äî ôóíêòîðà F ).

Âïðàâà 17. Îïèøiòü îäèíèöþ òà êîîäèíèöþ ñïðÿæåííÿ ìiæ êàòåãîðiÿìè AbGroup
òà Group.

Âïðàâà 18. Îïèøiòü îäèíèöþ òà êîîäèíèöþ ñïðÿæåííÿ äëÿ ïðèêëàäiâ, íàâåäèõ â
öüîìó ðîçäiëi.
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áàãàòî êîðèñíî¨ iíôîðìàöi¨ ïî òåîði¨ êàòåãîðié.

3 Àëãåáðè òà ¨õ çîáðàæåííÿ, çâ'ÿçîê ç êîë÷àíàìè

3.1 Êîðîòêî ïðî àëãåáðè, ¨õ ðàäèêàë, áàçîâi àëãåáðè.

Ïðîòÿãîì öüîãî ðîçäiëó ìè ââàæàòèìåìî, ùî A � öå ñêií÷åííîâèìiðíà àëãåáðà íàä àëãå-
áðè÷íî çàìêíåíèì ïîëåì k, òîáòî A � öå ñêií÷åííîâèìiðíèé ïðîñòið, íàäiëåíèé àñîöià-
òèâíèì ìíîæåííÿì ç îäèíèöåþ.

Ïðèêëàä 6.

a) A = k.

b) Ïðèêëàäè íåñêií÷åííîâèìiðíèõ àëãåáð: aëãåáðà k[x] óñiõ ïîëiíîìiâ âiä îäíi¹¨ çìií-
íî¨ x ç êîåôiöi¹íòàìè â ïîëi k òà àëãåáðà k[x1, . . . , xn] óñiõ ïîëiíîìiâ âiä çìiííèõ
x1, . . . , xn.
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c) Àëãåáðà k[x]/(x2) �äóàëüíèõ ÷èñåë� ñêëàäà¹òüñÿ ç óñiõ ïàð âèãëÿäó a+b∗x, äå a, b ∈ k,
à x åëåìåíò òàêèé, ùî x2 = 0. Íåñêëàäíî ïåðåêîíàòèñÿ ùî dim k[x]/(x2) = 2.

d) ßêùî A � àëãåáðà, òî ìíîæèíà Mn(A) óñiõ n×n ìàòðèöü ç êîåôiöi¹íòàìè â A � öå
òàêîæ àëãåáðà çi çâè÷àéíèìè îïåðàöiÿìè äîäàâàííÿ òà ìíîæåííÿ ìàòðèöü. ßêùî A
ñêií÷åííîâèìiðíà, òî Mn(A) òàêîæ ñêií÷åííîâèìiðíà. Çîêðåìà ðîçìiðíiñòü àëãåáðè
Mn(k) ðiâíà n2.

e) Ïiäìíîæèíà

Un(k) =


k k . . . k
0 k . . . k
...

... . . .
...

0 0 . . . k


óñiõ âåðõíüîòðèêóòíèõ ìàòðèöü â Mn(k) � öå ïiäàëãåáðà â Mn(k).

f) Àñîöiàòèâíå êiëüöå k〈x1, x2〉 óñiõ ïîëiíîìiâ âiä äâîõ íåêîìóòàòèâíèõ çìiííèõ x1 òà
x2 � öå íåñêií÷åííîâèìiðíà àëãåáðà (íàçèâà¹òüñÿ âiëüíîþ àëãåáðîþ).

g) Íåõàé G � ñêií÷åííà ãðóïà ç îäèíèöåþ e. Ãðóïîâà àëãåáðà k[G] � öå àëãåáðà ç
áàçèñîì {ag | g ∈ G} òà ìíîæåííÿì agah = agh. Íàïðèêëàä, ÿêùî G � öèêëi÷íà
ãðóïà ïîðÿäêó m, òî k[G] ' k[x]/(xm − 1).

Íàãàäà¹ìî, ùî ðàäèêàë àëãåáðè J(A) � öå ïåðåòèí óñiõ ìàêñèìàëüíèõ ïðàâèõ iäåàëiâ
â A. Ìîæíà ïîêàçàòè, ùî ðàäèêàë J(A) � öå ïåðåòèí óñiõ ìàêñèìàëüíèõ ëiâèõ iäåàëiâ,
à îòæå J(A) äâîñòîðîííié iäåàë. Àëãåáðà A íàçèâà¹òüñÿ íàïiâïðîñòîþ, ÿêùî J(A) = 0.
Íåñêëàäíî ïåðåêîíàòèñÿ, ùî J(A/J(A)) = 0.

Âïðàâà 19. Íåõàé A = U2(K) =

(
k k
0 k

)
. Ïîêàæiòü, ùî

J(A) =

(
0 k
0 0

)
,

òà îïèøiòü ðàäèêàë àëãåáðè Un(k).

Âïðàâà 20. Íåõàé A = Md1(k) ⊕ · · · ⊕Mdn(k) (äå Mdi(k) � öå àëãåáðà ìàòðèöü íàä
ïîëåì k ðîçìiðîì di íà di). Ïîêàæiòü, ùî A íàïiâïðîñòà.

Âïðàâà 21. Ïîêàæiòü, ùî ãðóïîâà àëãåáðà k[G] ñêií÷åííî¨ ãðóïè G íàïiâïðîñòà.

Âïðàâà 22. Íåõàé f : A → B � ãîìîìîðôiçì àëãåáð. Ïîêàæiòü, ùî f(J(A)) ⊆ J(B).
ßêùî f cþð'¹êòèâíèé, ïîêàæiòü, ùî f(J(A)) = J(B).

Âïðàâà 20 ñòâåðäæó¹, ùî äîâiëüíà àëãåáðà âèãëÿäó

A = Md1(k)⊕ · · · ⊕Mdn(k) (3)

íàïiâïðîñòà. Íàñïðàâäi çâîðîòí¹ òâåðäæåííÿ òåæ âiðíå: òåîðåìà Äæîçåôà Âåääåðáåðíà
ãîâîðèòü, ùî äîâiëüíà íàïiâïðîñòà ñêií÷åííîâèìiðíà àëãåáðà ìà¹ âèãëÿä (3), à îòæå äëÿ
äîâiëüíî¨ àëãåáðè A ìà¹ìî íàñòóïíå:

A/J(A) 'Md1(k)⊕ · · · ⊕Mdn(k). (4)
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Íàçèâàòèìåìî àëãåáðó A áàçîâîþ, ÿêùî â ðîçêëàäi (4) óñi di ðiâíi 1, òîáòî A/J(A) '
∏

i k.
Íàïðèêëàä, àëãåáðà A = Un(K) áàçîâà, îñêiëüêè â öüîìó âèïàäêó A/J(A) ' k × · · · × k︸ ︷︷ ︸

n êîïié

(äèâ. âïðàâó (19)).

Âïðàâà 23. Ïîêàæiòü, ùî àëãåáðàA = k[x]/(xm) áàçîâà, à ¨¨ ðàäèêàë J(A) ïîðîäæåíèé
x.

Âïðàâà 24. Ïîêàæiòü, ùî àëãåáðà A =

(
k k[x]/x2

0 k[x]/x2

)
áàçîâà, à ¨¨ ðàäèêàë ìà¹ âèãëÿä

J(A) =

(
0 k[x]/x2

0 xk[x]/x2

)
.

3.2 Êîðîòêî ïðî çîáðàæåííÿ ñêií÷åííîâèìiðíèõ àëãåáð

Çîáðàæåííÿì àëãåáðè A (ëiâèé A-ìîäóëü) íàçèâàòèìåìî âåêòîðíèé ïðîñòið V ðàçîì ç
ãîìîìîðôiçìîì àëãåáð ρ : A→ End(V ).

Ïðèêëàä 7.

a) V = 0.

b) V = A, à ρ : A → EndA âèçíà÷åíèé íàñòóïíèì ÷èíîì: ρ(a) îïåðàòîð ëiâîãî ìíî-
æåííÿ íà a, òîáòî ρ(a)b = ab (çâè÷àéíèé äîáóòîê). Òàêå çîáðàæåííÿ íàçèâà¹òüñÿ
ðåãóëÿðíèì.

c) ßêùî A = k, òîäi íåñêëàäíî ïåðåêîíàòèñÿ, ùî äîâiëüíå çîáðàæåííÿ A� öå äîâiëüíèé
âåêòîðíèé ïðîñòið íàä k, â ÿêîìó A äi¹ ìíîæåííÿì íà ñêàëÿðè ïîëÿ k.

ßêùî çàäàíî äâà çîáðàæåííÿ (V1, ρ1) òà (V2, ρ2) àëãåáðè A, òî ìîðôiçì ìiæ íèìè
çàäà¹òüñÿ ëiíiéíèì îïåðàòîðîì φ : V1 → V2 òàêèì, ùî íàñòóïíà äiàãðàìà êîìóòó¹

V1 V1

V2 V2

φ

ρ1(a)

φ

ρ2(a)

äëÿ óñiõ a ∈ A.
Òàêèì ÷èíîì, ìîæíà ñôîðìóâàòè êàòåãîðiþ RepA çîáðàæåíü àëãåáðèA. Áàçîâi àëãåáðè

âiäiãðàþòü ôóíäàìåíòàëüíó ðîëü â òåîði¨ çîáðàæåíü ñêií÷åííîâèìiðíèõ àëãåáð çàâäÿêè
íàñòóïíié òåîðåìi

Òåîðåìà 2. Äëÿ äîâiëüíî¨ ñêií÷åííîâèìiðíî¨ àëãåáðè A iñíó¹ áàçîâà ñêií÷åííîâèìiðíà
àëãåáðà B òàêà, ùî êàòåãîði¨ RepA òà RepB åêâiâàëåíòíi (äèâ. îçíà÷åííÿ 3).

Îòæå âèâ÷åííÿ çîáðàæåíü óñiõ ñêií÷åííîâèìiðíèõ àëãåáð �çâîäèòüñÿ� äî âèâ÷åííÿ çî-
áðàæåíü áàçîâèõ àëãåáð. Â íàñòóïíèõ äâîõ ïiäñåêöiÿõ ìè ïåðåêîíà¹ìîñü â òîìó, ùî äî-
âiëüíà áàçîâà àëãåáðà A içîìîðôíà ôàêòîð-àëãåáði àëãåáðè øëÿõiâ ïåâíîãî êîë÷àíó.
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3.3 Êîë÷àíè òà àëãåáðè øëÿõiâ

Êîë÷àí Q � öå îði¹íòîâíèé ãðàô. Ìè áóäåìî çàäàâàòè êîë÷àí Q ìíîæèíîþ âåðøèí Q0,
ìíîæèíîþ ðåáåð (ñòðiëîê) Q1, à äëÿ çàäàíî¨ ñòðiëêè h ∈ Q1, ïîçíà÷àòèìåìî s(h), t(h)
âåðøèíó ¨¨ ïî÷àòêó òà êiíöÿ:

s(h) t(h).h

Çîáðàæåííÿ êîë÷àíóQ� öå çàäàííÿ äëÿ êîæíî¨ âåðøèíè i ∈ Q0 âåêòîðíîãî ïðîñòîðó
Vi à äëÿ êîæíî¨ ñòðiëêè h ∈ Q1 � ëiíiéíîãî âiäîáðàæåííÿ Vh : Vs(h) → Vt(h).

Òåîðiÿ çîáðàæåíü êîë÷àíiâ òiñíî ïîâ'ÿçàíà ç òåîði¹þ çîáðàæåíü àëãåáð. Äëÿ êîæíîãî
êîë÷àíó Q iñíó¹ àëãåáðà kQ (òàê çâàíà àëãåáðà øëÿõiâ Q òàêà, ùî çîáðàæåííÿ êîë÷àíó
Q �òàêi ñàìi� ÿê i çîáðàæåííÿ àëãåáðè kQ (âiäïîâiäíi êàòåãîði¨ içîìîðôíi).

Àëãåáðà øëÿõiâ kQ êîë÷àíó Q � öå àëãåáðà íàä ïîëåì k, áàçèñ ÿêî¨ ñôîðìîâàíèé
óñiìà îði¹íòîâàíèìè øëÿõàìè â Q (âêëþ÷àþ÷è òðèâiàëüíi øëÿõè pi, i ∈ Q0), à ìíîæåííÿ
çàäà¹òüñÿ êîíêàòåíàöi¹þ øëÿõiâ: ab � öå øëÿõ, â ÿêîìó ñïî÷àòêó òðåáà ïðîéòè øëÿõ b, à
ïîòiì øëÿõ a. ßêùî äâà øëÿõè íå ìîæóòü áóòè ç÷åïëåíi, òî ¨õ äîáóòîê âèçíà÷à¹òüñÿ ÿê
0.

Ïðèêëàä 8. Àëãåáðà øëÿõiâ êîë÷àíó

1 2h

ìà¹ áàçèñ ç 3-õ åëåìåíòiâ p1, p2 (òðèâiàëüíi øëÿõè â âåðøèíàõ) òà h (øëÿõ äîâæèíè 1), ç
íàñòóïíèì ìíîæåííÿì p2

i = pi, i = 1, 2, p1p2 = p2p1 = 0, p1h = hp2 = h, hp1 = p2h = h2 = 0.

Òîìó íåñêëàäíî ïåðåêîíàòèñÿ, ùî iñíó¹ içîìîðôiçì kQ ∼=
(
k k
0 k

)
, ÿêèé çàäà¹òüñÿ

p1 7→
(

1 0
0 0

)
, p2 7→

(
0 0
0 1

)
, h 7→

(
0 1
0 0

)
.

Âïðàâà 25. Ïîêàæiòü, ùî àëãåáðà kQ ïîðîäæåíà pi, i ∈ Q0 òà ah, h ∈ Q1 ç íàñòóïíèìè
ñïiââiäíîøåííÿìè:

1) p2
i = pi, pipj = 0 ÿêùî i 6= j;

2) ahps(h) = ah ahpj = 0, ÿêùî j 6= s(h);

2) pt(h)ah = ah piah = 0, ÿêùî i 6= t(h).

Âïðàâà 26. Ïîêàæiòü, ùî ðàäèêàë àëãåáðè kQ ïîðîäæåíèé óñiìà ñòðiëêàìè â êîë÷àíi
Q.

Âïðàâà 27. Âèêîðèñòîâóþ÷è Âïðàâó 26, ïîêàæiòü, ùî kQ/J(kQ) '
∏

i∈Q0
k. À îòæå

kQ � öå áàçîâà àëãåáðà äëÿ äîâiëüíîãî êîë÷àíó Q.
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3.4 Êîë÷àí áàçîâî¨ àëãåáðè.

Íåõàé A� ñêií÷åííî-âèìiðíà àëãåáðà. Íàãàäàåìî, ùî åëåìåíò àëãåáðè e íàçèâà¹òüñÿ iäåì-
ïîòåíòîì, ÿêùî e2 = e. Äâà iäåìïîòåíòè e, f ∈ A íàçèâàþòüñÿ îðòîãîíàëüíèìè ÿêùî
ef = fe = 0. Iäåìïîòåíò e íàçèâà¹òüñÿ ïðèìiòèâíèì, ÿêùî e íåìîæëèâî ðîçêëàñòè â
ñóìó e = e1 + e2, äå e1, e2 � íåíóëüîâi iäåìïîòåíòè â A. Iäåìïîòåíò e íàçèâàòèìåìî öåí-
òðàëüíèì, ÿêùî ae = ea äëÿ óñiõ a ∈ A. Íàçèâàòèìåìî àëãåáðó A çâ'ÿçíîþ, ÿêùî A
íåìîæëèâî ïðåäñòàâèòè ÿê ïðÿìèé äîáóòîê äâîõ àëãåáð, åêâiâàëåíòíî, ÿêùî 0 òà 1 � öå
¹äèíi öåíòðàëüíi iäåìïîòåíòè â A.

Íåõàé A� áàçîâà ñêií÷åííî-âèìiðíà àëãåáðà, à {e1, . . . , en}� ïîâíà ìíîæèíà ïðèìiòèâ-
íèõ îðòîãîíàëüíèõ iäåìïîòåíòiâ â A. Êîë÷àí Ãàáðiåëÿ QA, ïîâ'ÿçàíèé ç A, âèçíà÷èìî
íàñòóïíèì ÷èíîì:

• �âåðøèíè� â QA çàíóìåðó¹ìî åëåìåíòàìè ìíîæèíè {e1, . . . , en};

• êiëüêiñòü �ñòðiëîê� ìiæ âåðøèíàìè, íóìåðîâàíèìè ei òà ej, ðiâíà dim ei(J(A)/J2(A))ej.

Íåñêëàäíî äîâåñòè, ùî êîë÷àí QA íå çàëåæèòü âiä âèáîðó ïîâíî¨ ìíîæèíè ïðèìiòèâíèõ
iäåìïîòåíòiâ â A.

Ïðèêëàä 9.

• Íåõàé A = k[x]/(xm). Ëåãêî ïîêàçàòè, ùî e = 1 � ¹äèíèé íåíóëüîâèé iäåìïîòåíò
â A. Âèêîðèñòîâóþ÷è Âïðàâó 23, ìà¹ìî J(A) = (x), òîìó J2(A) = (x2), à îòæå
e dim(J(A)/J2(A))e = 1. Òîìó QA ìà¹ íàñòóïíó ôîðìó:

1 α

• Íåõàé A =

(
k k[x]/x2

0 k[x]/x2

)
. Íåñêëàäíî ïåðåêîíàòèñÿ, ùî{
e1 =

(
1 0
0 0

)
, e2 =

(
0 0
0 1

)}
� ïîâíà ìíîæèíà ïðèìiòèâíèõ îðòîãîíàëüíèõ iäåìïîòåíòiâ (òîìó QA ìà¹ äâi âåð-
øèíè), i

J(A) =

(
0 k[x]/x2

0 xk[x]/x2

)
, J2(A) =

(
0 xk[x]/x2

0 0

)
(äèâ. Âïðàâó 24). À îòæå dim J(A)/J2(A) = 2, òîìó QA ìà¹ äâi ñòðiëêè. Ïðÿìèìè
îá÷èñëåííÿìè ìà¹ìî

dim ei(J(A)/J2(A))ej =

{
1, (i, j) = (1, 2) àáî (i, j) = (2, 2),
0, â ïðîòèëåæíîìó âèïàäêó.

Òîìó QA ìà¹ íàñòóïíó ôîðìó:

21 α
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ßêùî Q � äîâiëüíèé ñêií÷åííèé êîë÷àí, íåõàé RQ � äâîñòîðîííié iäåàë â àëãåáði øëÿ-
õiâ kQ, ïîðîäæåíèé ñòðiëêàìè Q. Íàçèâàòèìåìî äâîñòîðîííié iäåàë I ⊂ kQ äîïóñòèìèì,
ÿêùî

Rm
Q ⊆ I ⊆ R2

Q,

äëÿ ïåâíîãî m ≥ 2. Iíøèìè ñëîâàìè, I äîïóñòèìèé, ÿêùî íå ìiñòèòü æîäíî¨ ñòðiëêè
Q òà ìiñòèòü óñi øëÿõè äîâæèíîþ ≥ m. ßêùî I äîïóñòèìèé, òî ôàêòîð àëãåáðó kQ/I
íàçèâàòèìåìî îáìåæåíîþ àëãåáðîþ øëÿõiâ.

Íàñòóïíà òåîðåìà çàäà¹ êàíîíi÷íèé âèãëÿä áàçîâèõ ñêií÷åííîâèìiðíèõ àëãåáð.

Òåîðåìà 3. Íåõàé A � áàçîâà, çâ'ÿçíà, ñêií÷åííîâèìiðíà àëãåáðà. Iñíó¹ äîïóñòèìèé
iäåàë I â kQA òàêèé, ùî A ∼= kQA/I.

Âïðàâà 28. Ïîáóäóéòå êîë÷àí Ãàáðiåëÿ àëãåáðè A = Un(k).

Âïðàâà 29. Íåõàé A = U3(k), à C ¨ ¨ ïiäàëãåáðà, ùî ñêëàäà¹òüñÿ ç óñiõ ìàòðèöü

λ =

 λ11 λ12 λ13

0 λ22 λ23

0 0 λ33


òàêèõ, ùî λ11 = λ22 = λ33. Ïîêàæiòü, ùî C içîìîðôíà kQ/I, äå I = 〈α2, β2, αβ〉 � öå iäåàë
â kQ, à Q � íàñòóïíèé êîë÷àí

1α β
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4 Àëãåáðà øëÿõiâ ÿê ëiâèé ñïðÿæåíèé ôóíêòîð

�Adjoint functors arise everywhere.�

� Saunders Mac Lane

Â ïîïåðåäíié ëåêöi¨ ìè ïåðåêîíàëèñÿ, ùî êîë÷àíè (òà ¨õ çîáðàæåííÿ) âiäiãðàþòü ôóí-
äàìåíòàëüíó ðîëü â ñòðóêòóði òà òåîði¨ çîáðàæåíü ñêií÷åííîâèìiðíèõ àëãåáð. Â öié ëåêöi¨
ìè ñïðîáó¹ìî ïîêàçàòè, ùî êîíñòðóêöiþ �êîë÷àí� � �àëãåáðà� (Q 7→ kQ, A 7→ QA) ìîæíà
ðîçãëÿäàòè ÿê ïàðó ñïðÿæåíèõ ôóêòîðiâ ìiæ ïåâíèìè êàòåãîðiÿìè.

Ðîçãëÿíåìî êàòåãîðiþ Quiv, äå îá'¹êòè � öå ñêií÷åííi êîë÷àíè, à ìîðôiçìè � öå âêëà-
äåííÿ êîë÷àíiâ (òîáòî âêëàäåííÿ ìíîæèí âåðøèí òà âiäïîâiäíèõ ìíîæèí ñòðiëîê, ÿêùî
ìîæëèâî). Íåõàé Quivac � êàòåãîðiÿ àöèêëi÷íèõ êîë÷àíiâ. Ðîçãëÿíåìî êàòåãîðiþ SBAlg,
äå îá'¹êòè � öå ñêií÷åííîâèìiðíi áàçîâi àëãåáðè, à ìîðôiçìè � öå ñþð'¹êòèâíi ãîìîìîð-
ôiçìè àëãåáð.

Âïðàâà 30. Ïîêàæiòü, ùî Quiv òà SBAlg � êàòåãîði¨, Quivac � ïîâíà ïiäêàòåãîðiÿ
â Quiv. À âiäïîâiäíiñòü Q 7→ kQ ïîðîäæó¹ êîíòðàâàðiàíòíèé ôóíêòîð k[−] : Quivac →
SBAlg.

Íåñêëàäíî ïåðåêîíàòèñÿ, ùî âiäïîâiäíiñòü A 7→ QA íå ïîðîäæó¹ ôóíêòîð ìiæ êà-
òåãîðiÿìè SBAlg òà Quiv. Äiéñíî, âèáið ïîâíî¨ ìíîæèíè ïðèìiòèâíèõ îðòîãîíàëüíèõ
iäåìïîòåíòiâ â A, âçàãàëi-òî, êàæó÷è íå ¹äèíèé, à âèáið áàçèñó â ïðîñòîði e(J(A)/J2(A))f
(ñòðiëêè ìiæ e òà f) íå êàíîíi÷íèé. Ìè ðîçãëÿíåìî ïåâíó ïðîìiæíó êàòåãîðiþ ìiæ �êîë-
÷àíàìè� òà �àëãåáðàìè� òàêó, ùî âiäïîâiäíå âiäîáðàæåííÿ ¹ ôóíêòîðîì.

4.1 Ôàêòîð-êàòåãîðiÿ SBAlgn

Êîíñòðóêöiÿ ôàêòîð-êàòåãîði¨ àíàëîãi÷íà êîíñòðóêöi¨ ôàêòîð-ìíîæèíè ÷è ôàêòîð-àëãåáðè.
Íåõàé çàäàíà äîâiëüíà êàòåãîðiÿ C. Ïðèïóñòèìî, ùî âiäíîøåííÿ åêâiâàëåíòíîñòi ∼ çàäà-
¹òüñÿ íà ìîðôiçìàõ Mor(C). Òîáòî äëÿ äîâiëüíèõ X, Y ∈ C ìíîæèíà Mor(X, Y ) ðîçáè-
âà¹òüñÿ íà êëàñè åêâiâàëåíòíîñòi [α], ÿêi çàäîâîëüíÿþòü óìîâi: ÿê òiëüêè [α] = [α′], òî
[βα] = [βα′] òà [αβ] = [α′β], ÿêùî êîìïîçèöiÿ âiäïîâiäíèõ ìîðôiçìiâ ìà¹ ñåíñ. Òîäi ìè
ìîæåìî ñôîðìóâàòè íîâó êàòåãîðiþ C/ ∼, ÿêó áóäåìî íàçèâàòè ôàêòîð-êàòåãîði¹þ.
Îá'¹êòè C/ ∼ òi æ ñàìi, ùî i îá'¹êòè êàòåãîði¨ C, à ìíîæèíà ìîðôiçìiâMorC/∼(X, Y ) � öå
ìíîæèíà êëàñiâ åêâiâàëåíòíîñòi ìîðôiçìiâ MorC(X, Y ) ïî âiäíîøåííþ äî ∼. Êîìïîçèöiÿ
ìîðôiçìiâ çàäà¹òüñÿ ïðàâèëîì [β][α] = [βα].

Âèçíà÷èìî íàñòóïíå âiäíîøåííÿ åêâiâàëåíòíîñòi â êàòåãîði¨ SBAlg. Íåõàé A,B ∈
SBAlg òà α1, α2 ∈ Mor(A,B). Êàçàòèìåìî, ùî α1 òà α2 � n-ãëèáîêi (ïîçíà÷àþ÷è öå
÷åðåç α1 ∼n α2), ÿêùî

(α1 − α2)(J i(A)) ⊆ J i+1(B), 0 ≤ i ≤ n,

äå J0(A) = A.

Âïðàâà 31. Ïîêàæiòü, ùî ∼n � öå âiäíîøåííÿ åêâiâàëåíòíîñòi â êàòåãîði¨ SBAlg.
(Âêàçiâêà: ñêîðèñòàéòåñÿ Âïðàâîþ 22).
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Òàêèì ÷èíîì, ìîæíà ñôîðìóâàòè ôàêòîð-êàòåãîðiþ

SBAlgn = SBAlg/ ∼n .

Ïîçíà÷àòèìåìî Πn : SBAlg→ SBAlg/ ∼n âiäïîâiäíèé ôàêòîð-ôóíêòîð (ÿêèé ¹ òîòîæíiì
íà îá'¹êòàõ, à êîæåí ìîðôiçì α : A → B ïåðåâîäèòü â éîãî êëàñ åêâiâàëåíòíîñòi [α]n ïî
âiäíîøåííþ äî ∼n).

4.2 Êàòåãîðiÿ Vêîë÷àíiâ

Ñêií÷åííèé (òî÷êîâèé) Vêîë÷àí

V Q = (V Q0, V Q1)

çàäà¹òüñÿ ñêií÷åííîþ ìíîæèíîþ âåðøèí V Q∗0 = {∗} ∪ V Q0, äå V Q0 = {e1, . . . , en}, ðàçîì
ç ñêií÷åííîâèìiðíèìè âåêòîðíèìè ïðîñòîðàìè V Qe,f äëÿ êîæíî¨ ïàðè âåðøèí e, f ∈ V Q∗0
òàêèìè, ùî V Q∗,e = V Qe,∗ = 0 äëÿ óñiõ e. Âåðøèíó ∗ íàçèâàòèìåìî òî÷êîþ.

Ïîçíà÷àòèìåìî ΣV Q âiëüíèé k-ìîäóëü, ïîðîäæåíèé V Q0, ÿêèé ìè ðîçãëÿäàòèìåìî ÿê
íàïiâïðîñòó àëãåáðó, âèçíà÷àþ÷è

ei · ej =

{
1, i = j,
0 i 6= j

.

Ñèìâîëàìè V Q1 ìè ïîçíà÷àòèìåìî ïðÿìó ñóìó
⊕

e,f∈V Q0
V Qe,f , íà ÿêié íàòóðàëüíèì ÷è-

íîì âèçíà÷åíà ñòðóêòóðà ΣV Q-áiìîäóëÿ.
Ìîðôiçì ñêií÷åííèõ Vêîë÷àíiâ ρ : V Q→ V R çàäà¹òüñÿ

• òî÷êîâèì âiäáðàæåííÿì ρ0 : V Q∗0 → V R∗0 (òîáòî òàêèì, ùî ρ0(∗) = ∗), ùî çâóæó¹òüñÿ
äî ái¹êöi¨ ìiæ åëåìåíòàìè V Q0 òà V R0, ÿêi íå âiäîáðàæàþòüñÿ â ∗.

• ëiíiéíèì âiäîáðàæåíÿì ρe,f : V Qe,f → V Rρ0(e),ρ0(f) äëÿ êîæíî¨ ïàðè âåðøèí e, f ∈
V Q∗0.

Êàçàòèìåìî, ùî ρ ñþð'¹êòèâíå, ÿêùî êîæíå âiäîáðàæåííÿ ρe,f ñþð'¹êòèâíå.

Çàóâàæåííÿ 2. Ìîæíà ïåðåâiðèòè, ùî ρ � öå ìîðôiçì V Q→ V R òîäi i òiëüêè òîäi,
ÿêùî

ρV Q =
⊕

e,f∈V Q0

ρe,f : V Q1 → V R1

� öå ãîìîìîðôiçì ΣV Q-áiìîäóëiâ.

Âèçíà÷èìî êàòåãîðiþ SVQuiv, â ÿêié îá'¹êòè � öå ñêií÷åííi Vêîë÷àíè, à ìîðôiçìè �
öå ìîðôiçìè Vêîë÷àíiâ. Êàçàòèìåìî, ùî Vêîë÷àí V Q = (V Q0, V Q1) àöèêëi÷íèé, ÿêùî
iñíó¹ n > 0 òàêå, ùî

V Q1 ⊗Σ · · · ⊗Σ V Q1︸ ︷︷ ︸
n

= 0.

Ñèìâîëîì SVQuivac ïîçíà÷àòèìåìî ïîâíó ïiäêàòåãîðiþ àöèêëi÷íèõ Vêîë÷àíiâ.

Âïðàâà 32. Âèçíà÷òå ïðèðîäíié êîíòðàâàðiàíòíèé ôóíêòîð ìiæ êàòåãîðiÿìè Quiv òà
SVQuiv.
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4.3 Ôóíêòîð �àëãåáðà øëÿõiâ�.

Ç ïàðîþ (Σ, V ) (äå Σ � öå äîâiëüíà àëãåáðà, à V � öå Σ-áiìîäóëü) ïîâ'ÿæåìî òåíçîðíó
àëãåáðó T (Σ, V ) íàñòóïíèì ÷èíîì

T (Σ, V ) = Σ⊕ V ⊕ V ⊗Σ V ⊕ . . . .

Òåíçîðíà àëãåáðà çàäîâîëüíÿ¹ íàñòóïíié óíiâåðñàëüíié âëàñòèâîñòi.

Òâåðäæåííÿ 1. Íåõàé A òà Σ � k-àëãåáðè, à V � Σ-áiìîäóëü. Ïðèïóñòèìî, ùî ¹
äâi ôóíêöi¨

ϕ0 : Σ→ A, ϕ1 : V → A

òàêi, ùî

1. ϕ0 � öå ãîìîìîðôiçì k-àëãåáð;

2. ϕ1 � öå ãîìîìîðôiçì Σ-áiìîäóëiâ (ÿêùî A ðîçãëÿäàòè ÿê Σ-áiìîäóëü, ïîðîäæåíèé
âiäîáðàæåííÿì ϕ0).

Òîäi iñíó¹ ¹äèíèé ãîìîìîðôiçì k-àëãåáð ϕ : T (Σ, V )→ A òàêèé, ùî ϕ|Σ = ϕ0, ϕ|V = ϕ1.

Íåõàé V Q = (V Q∗0, V Qe,f ) � öå ñêií÷åííèé, àöèêëi÷íèé Vêîë÷àí. Íàçèâàòèìåìî àë-
ãåáðîþ øëÿõiâ (i ïîçíà÷àòèìåìî k[V Q]) âiäïîâiäíó òåíçîðíó àëãåáðó T (ΣV Q, V Q1). Íå-
ñêëàäíî ïåðåêîíàòèñÿ, ùî k[V Q] áàçîâà, à îòæå k[V Q] ∈ SBAlg. Íåõàé ρ : V Q → V R �
öå ñþð'¹êòèâíå âiäîáðàæåííÿ Vêîë÷àíiâ. Àíàëîãi÷íî äî ïîïåðåäíüîãî òâåðäæåííÿ ìîæíà
îòðèìàòè âiäîáðàæåííÿ ϕ0, ϕ1. Ñïðàâäi, k[V R] = T (ΣV R, V R1), îñêiëüêè ρ0 cþð'¹êòèâ-
íå âiäîáðàæåííÿ íà âåðøèíàõ, òîìó âîíî ïîðîäæó¹ ñþð'¹êòèâíèé ãîìîìîðôiçì àëãåáð
ϕ0 : ΣV Q � ΣV R ⊂ k[V R]. Ç iíøîãî áîêó, ρ1 ãåíåðó¹ âiäîáðàæåííÿ

ϕ1 : V Q1 → V R1 ⊂ k[V R].

Âïðàâà 33. Ïåðåâiðòå, ùî ϕ1 � öå ãîìîìîðôiçì ΣV Q-áiìîäóëiâ.

Òîìó, çãiäíî ç Òâåðäæåííÿì 1, îòðèìó¹ìî ¹äèíèé ãîìîìîðôiçì k-àëãåáð k[ρ] : k[V Q]→
k[V R]. Îñêiëüêè ρ ñþð'¹êòèâíå âiäîáðàæåííÿ, òî k[ρ] � öå òåæ ñþð'¹êòèâíèé ãîìîìîðôiçì
àëãåáð (ïåðåâiðòå!).

Òàêèì ÷èíîì, ìè îòðèìó¹ìî:

Òâåðäæåííÿ 2. Íàâåäåíà êîíñòðóêöiÿ ïîðîäæó¹ êîâàðiàíòíi ôóíêòîðè:

k[−] :SVquivac → SBAlg,

Kn[−] = Πn ◦ k[−] :SVquivac → SBAlgn.

Çàóâàæåííÿ 3. Âiäçíà÷èìî, ùî êîìïîçèöiÿ ôóíêòîðiâ k[−] ◦ V [−] � öå ôóíêòîð ç
Âïðàâè 30.
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4.4 Ôóíêòîð �Êîë÷àí Ãàáðiåëÿ�

Òåïåð ìè âèçíà÷èìî ôóíêòîð â iíøîìó íàïðÿìêó. Íåõàé A � ñêií÷åííîâèìiðíà àëãåáðà.
Íàãàäà¹ìî òåîðåìó Âåääåðáåðíà-Ìàëüöåâà (â ñêîðî÷åíîìó âèãëÿäi):

Òåîðåìà 4. Iñíó¹ ïiäàëãåáðà Σ â A òàêà, ùî A = Σ⊕J(A) ÿê k-âåêòîðíèé ïðîñòið òà
Σ ∼= A/J(A) ÿê àëãåáðè. Äëÿ äîâiëüíèõ äâîõ ïiäàëãåáð Σ òà Σ′ òàêèõ, ùî A = Σ⊕J(A) =
Σ′ ⊕ J(A), iñíó¹ w ∈ J(A) òàêå, ùî

Σ′ = (1 + w)Σ(1 + w)−1.

Êëþ÷îâà iäåÿ � âèçíà÷èòè �âåðøèíè� ÿê îðáiòè ïiä äi¹þ J(A). Íåõàé A ∈ SBAlg, J(A)
� ¨¨ ðàäèêàë, à πA : A� A/J(A) êàíîíi÷íà ïðîåêöiÿ. Ãîìîìîðôiçì àëãåáð s : A/J(A) ↪→ A
íàçèâàòèìåìî ðîç÷åïëåííÿì πA, ÿêùî πA ◦ s = idJ(A). Ïîçíà÷èìî ñèìâîëîì SA ìíîæèíó
óñiõ ðîç÷åïëåíü, à ñèìâîëîì EA óñi ìîæëèâi ìíîæèíè ïðèìiòèâíèõ îðòîãîíàëüíèõ iäåì-
ïîòåíòiââ A. Íàãàäà¹ìî, ùî, çãiäíî ç òåîðåìîþ Âåääåðáåðíà-Ìàëüöåâà, SA íåïîðîæíÿ.
Îñêiëüêè A áàçîâà, òî A/J(A) ∼=

∏n
i=1 k. Òîìó äîâiëüíå ðîç÷åïëåííÿ s ∈ SA çàäà¹ ïîâíó

ìíîæèíó ïðèìiòèâíèõ îðòîãîíàëüíèõ iäåìïîòåíòiâ {s(j1), . . . , s(jn)} ∈ EA, äå j1, . . . , jn �
öå ¹äèíà ìíîæèíà ïðèìiòèâíèõ îðòîãîíàëüíèõ iäåìïîòåíòiâ â A/J(A). Ïîçíà÷èìî íàâå-
äåíó âiäïîâiäíiñòü Φ : SA → EA.

Âïðàâà 34. Ïîêàæiòü, ùî Φ � öå ái¹êöiÿ.

Äîâiëüíèé åëåìåíò w ∈ J(A) çàäà¹ àâòîìîðôiçì

a 7→ (1 + w)a(1 + w)−1, a ∈ A.

Ïîçíà÷àòèìåìî òàêèé àâòîìîðôiçì 1+w(−), âiäïîâiäíî âèêîðèñòîâóâàòèìåìî òàêå ïîçíà÷å-
ííÿ 1+wa := (1+w)a(1+w)−1. Íåõàé G(A)/InnAut(A) � öå ãðóïà óñiõ òàêèõ àâòîìîðôiçìiâ
(ïîçíà÷àòèìåìî öþ ãðóïó G, ÿêùî çðîçóìiëî, ïðî ÿêó àëãåáðó éäåòüñÿ). Ïîçíà÷àòèìåìî
Ga = {1+wa |w ∈ J(A)} îðáiòó åëåìåíòó a ∈ A ïiä äi¹þ ãðóïè G(A).

Íåõàé A � öå áàçîâà ñêií÷åííîâèìiðíà àëãåáðà, òà s ∈ SA � äîâiëüíå ðîç÷åïëåííÿ.
Íåõàé Φ(s) ∈ EA � âiäïîâiäíà ìíîæèíà ïðèìiòèâíèõ îðòîãîíàëüíèõ iäåìïîòåíòiâ â A.
Âèçíà÷èìî Vêîë÷àí GQ(A) àëãåáðè A íàñòóïíèì ÷èíîì:

GQ(A)0 := {∗} ∪ {Ge | e ∈ Φ(s)},

GQ(A)Ge,Gf := e
J(A)

J2(A)
f, äëÿ ôiêñîâàíèõ e, f ∈ Φ(s).

Âïðàâà 35. Ïîêàæiòü, ùî Vêîë÷àí GQ(A) êîðåêòíî âèçíà÷åíèé. Òîáòî GQ(A) íå
çàëåæèòü âiä âèáîðó ðîç÷åïëåííÿ s ∈ SA.

Íåõàé A,B � öå àëãåáðè ç âiäïîâiäíèìè ãðóïàìè àâòîìîðôiçìiâ G = G(A) òàH = G(B).
Äëÿ çàäàíîãî ãîìîìîðôiçìó àëãåáð α : A � B âèçíà÷èìî ìîðôiçì Vêîë÷àíiâ GQ(α) :
GQ(A)→ GQ(B) íàñòóïíèì ÷èíîì:

GQ(α)(Ge) =Hα(e);

GQ(α)Ge,Gf :e
J(A)

J2(A)
f → α(e)

J(B)

J2(B)
α(f)

e(j + J2(A))f 7→ α(e)(α(j) + J2(B))α(f).
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Âïðàâà 36. Ïîêàæiòü, ùî âèçíà÷åíå âiäîáðàæåííÿ Vêîë÷àíiâ êîðåêòíå. Áiëüø òîãî,
öåé ìîðôiçì Vêîë÷àíiâ ñþð'¹êòèâíèé.

Òàêèì ÷èíîì, ìà¹ìî

Òâåðäæåííÿ 3. Íàâåäåíà êîíñòðóêöiÿ çàäà¹ êîâàðiàíòíèé ôóíêòîð

GQ(−) : SBAlg→ SVquiv.

Âïðàâà 37. Äëÿ äîâiëüíîãî n ≥ 1 äîâåäiòü, ùî iñíó¹ ¹äèíèé ôóíêòîð

G Qn(−) : SBAlgn → SVquiv

òàêèé, ùî íàñòóïíà äiàãðàìà êîìóòó¹

SBAlg SVquiv

SBAlgn

Πn

GQ(−)

G Qn(−)

Ïîáóäóéòå ôóíêòîð G Qn(−).

4.5 Ñïðÿæåííÿ ìiæ ôóíêòîðàìè.

Ïîçíà÷èìî ñèìâîëîì SBAlgac ïîâíó ïiäêàòåãîðiþ áàçîâèõ àëãåáð òàêèõ, ùî Vêîë÷àí
GQ(A) àöèêëi÷íèé. Ïiäñóìîâóþ÷è êîíñòðóêöi¨, íàâåäåíi âèùå, ìè ìà¹ìî íàñòóïíó äià-
ãðàìó

Quivac SVQuivac SBAlgac

SBAlgac/ ∼1

V [−] k[−]

GQ(−)

Àëãåáðà øëÿõiâ

Π1

K1[−]

GQ1(−)

Òóò ôóíêòîð K1[−] ïîçíà÷à¹ êîìïîçèöiþ ôóíêòîðiâ Π1 ◦ k[−]. À ôóíêòîð GQ1(−) � öå
çâóæåííÿ ôóíêòîðà, ïîáóäîâàíîãî ó Âïðàâi 37 íà ïiäêàòåãîðiþ SBAlgac.

Ñïðàâåäëèâà íàñòóïíà òåîðåìà.

Òåîðåìà 5. Ôóíêòîð K1[−] � ëiâèé ñïðÿæåíèé äî ôóíêòîðà GQ1(−).
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Âïðàâà 38. ßê íàñëiäîê ç ïîïåðåäíüî¨ òåîðåìè, ïîêàæiòü, ùî äîâiëüíà àëãåáðà A ∈
SBAlg � öå ôàêòîð - àëãåáðà øëÿõiâ ïåâíîãî êîë÷àíó.

Âïðàâà 39. Îïèøiòü îäèíèöþ òà êîîäèíèöþ ñïðÿæåííÿ, íàâåäåíîãî â Òåîðåìi 5. Îïè-
øiòü îáðàç ôóíêòîðà K1[−]. Öåé ôóíêòîð ïîâíèé òà òî÷íèé?

Ïîäÿêè

Àâòîð äÿêó¹ Ñåðãiþ Ìàêñèìåíêó çà çàïðîøåííÿ ïiäãîòóâàòè îôôëàéí ëåêöi¨ òà çà ïðåçåí-
òàöiþ äàíîãî êóðñó íà XI-é ëiòíié øêîëi �Àëãåáðà, Òîïîëîãiÿ, Àíàëiç� (1�14 ñåðïíÿ, 2016,
Îäåñà, Óêðà¨íà). À òàêîæ âäÿ÷íèé Íàòàëi¨ Ãîëîùàïîâié òà Âîëîäèìèðó Òåñêî çà óâàæíó
âè÷èòêó òåêñòó òà ñëóøíi çàóâàæåííÿ.
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Çâàæåíi ïðîñòîðè àíàëiòè÷íèõ ôóíêöié íà
áàíàõîâîìó ïðîñòîði

Ë. Àòàìàíþê
Ïðèêàðïàòñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Âàñèëÿ Ñòåôàíèêà, Iâàíî-Ôðàíêiâñüê,

Óêðà¨íà

Íåõàé X - êîìïëåêñíèé áàíàõîâèé ïðîñòið i U çáàëàíñîâàíà âiäêðèòà ìíîæèíà â X.
Ðîçãëÿíåìî çëi÷åíó ñiì'þ íåïåðåðâíèõ íåâiä'¹ìíèõ âàã V = {v : U → [0,∞[: äëÿ êîæíîãî
x ∈ U iñíó¹ v ∈ V òàêà, ùî v(x) > 0}. Íàâåäåìî äåêiëüêà îçíà÷åíü (äèâèòèñü òàêîæ
â [1], [2], [5]).

Îçíà÷åííÿ 1. Ïðîñòîðîì çâàæåíèõ àíàëiòè÷íèõ ôóíêöié áóäåìî íàçèâàòè ïðîñòið
HV (U), âñiõ àíàëiòè÷íèõ ôóíêöié f ç U òàêèõ, ùî

pv(f) := {sup v(x)|f(x)| : x ∈ U} <∞

äëÿ âñiõ v ∈ V.

Îçíà÷åííÿ 2. Ìíîæèíà A ⊆ U íàçèâà¹òüñÿ U -îáìåæåíîþ, ÿêùî âîíà ¹ îáìåæåíîþ i
d(A,X \ U) > 0.

Îçíà÷åííÿ 3. Ïðîñòið HV0(U) := {f ∈ HV (U) : äëÿ êîæíîãî v ∈ V, v|f | ïðÿìó¹ äî
íóëÿ íà íåñêií÷åíîñòi, ïîçà U-îáìåæåíèìè ìíîæèíàìè }.

Ïîçíà÷èìî P(nX) ïðîñòið íåïåðåðâíèõ n-îäíîðiäíèõ ïîëiíîìiâ, íàäiëåíèõ íîðìîþ ‖P‖ :=
sup{|P (x)| : x ∈ X, ‖x‖ ≤ 1}. Äëÿ êîæíîãî n ∈ N0 ìè îçíà÷èìî PV (nX) := P(nX)∩HV (U)
i PV0(nX) := P(nX) ∩ HV0(U). ßêùî ñiì'ÿ íåïåðåðâíèõ âàã ñêëàäà¹òüñÿ ç îäíîãî åëåìåí-
òà V = {v} òàêîãî, ùî v(x) > 0 äëÿ âñiõ x ∈ U, òîäi HV (U) i HV0(U), íàäiëåíi íîðìîþ
‖ ·‖v := pv, ¹ áàíàõîâèìè ïðîñòîðàìè (ïîçíà÷èìî ¨õ ÿê Hv(U) i Hv0(U) âiäïîâiäíî). Áiëüøå
òîãî, ÿêùî v ≡ 1 òîäi Hv(U) = H∞(U).

Îçíà÷åííÿ 4. Âàãîþ ṽ : U → [0;∞[, àñîöiéîâàíîþ ç v, áóäåìî íàçèâàòè âàãó, âèçíà-
÷åíó òàêèì ÷èíîì

ṽ(x) =
1

{sup |f(x)| : f ∈ Hv(U), ‖f‖v ≤ 1}
=

1

‖δx‖(Hv(U))′
,

äå δx ¹ ôóíêöiîíàëîì çíà÷åííÿ â òî÷öi.

Îçíà÷åííÿ 5. Íàçâåìî âàãó v ðàäiàëüíîþ, ÿêùî âèêîíó¹òüñÿ ðiâíiñòü v(x) = v(λx)
äëÿ êîæíîãî λ ∈ C ç |λ| = 1.

Îçíà÷åííÿ 6. Áóäåìî ââàæàòè, ùî çëi÷åíà ñiì'ÿ âàã V çàäîâîëüíÿ¹ óìîâó I, ÿêùî
äëÿ êîæíî¨ U - îáìåæåíî¨ ìíîæèíè A iñíó¹ v ∈ V òàêà, ùî infx∈A v(x) > 0.

Íàñòóïíå òâåðäæåííÿ, êîòðå â [5] äîâåëè Äàíiåëü �àðàíäî i Ïàâëî Ñåâiëiÿ-Ïåðiñ ïîêà-
çó¹, ÿêi óìîâè ïîâèííi çàäîâîëüíÿòè âàãè, ùîá ïðîñòið HV (X) áóâ àëãåáðîþ.
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Òåîðåìà 1. Íåõàé U ¹ çáàëàíñîâàíà âiäêðèòà ìíîæèíà â X i V - ñiì'ÿ ðàäiàëüíèõ,
îáìåæåíèõ âàã, ùî çàäîâîëüíÿ¹ óìîâó I. Ïðîñòið çâàæåíèõ ãîëîìîðôíèõ ôóíêöié HV (X)
áóäå àëãåáðîþ òîäi i òiëüêè òîäi, êîëè äëÿ êîæíî¨ âàãè v áóäå iñíóâàòè âàãà w̃ ∈ V i
C > 0 òàêi, ùî äëÿ âñiõ x ∈ U âèêîíó¹òüñÿ íåðiâíiñòü

v(x) ≤ Cw̃(x)2.

Íåõàé U = X - áàíàõîâèé ïðîñòið, v ¹ âàãîþ íà X, çàäàíîþ ó âèãëÿäi v(x) = e−r‖x‖, r ∈
(0; 1), x ∈ X i V = {v}. Òîäi ïðîñòið Hv(X) àíàëiòè÷íèõ ôóíêöié f : X → C òàêèõ, ùî

‖f‖v = sup
x∈X

e−r‖x‖|f(x)| <∞

¹ áàíàõîâèì ïðîñòîðîì.
Ïîêàæåìî, ùî äàíà âàãà ¹ ðàäiàëüíîþ. Âiçüìåìî t ∈ C ç |t| = 1, òîäi v(tx) = e−r‖tx‖ =
e−r|t|‖x‖ = v(x). Çíàéäåìî ṽ(x0) äëÿ äîâiëüíîãî ôiêñîâàíîãî x0. Çãiäíî îçíà÷åííÿ,

ṽ(x0) =
1

‖δx0‖(Hv(X))∗
,

äå
‖δx0‖(Hv(X))∗ = sup

‖f‖v≤1

|f(x0)|

Íåðiâíiñòü ‖f‖v ≤ 1 îçíà÷à¹, ùî supx∈X e
−r‖x‖|f(x)| ≤ 1. Îñêiëüêè îñòàííÿ íåðiâíiñòü

âèêîíó¹òüñÿ äëÿ âñiõ x ∈ X, òî, çîêðåìà, i äëÿ x = x0, òîáòî e−r‖x0‖|f(x0)| ≤ 1, äëÿ âñiõ
f : ‖f‖v ≤ 1. Îòîæ, îäåðæó¹ìî |f(x0)| ≤ 1

e−r‖x0‖
, äëÿ âñiõ f : ‖f‖v ≤ 1. À öå i îçíà÷à¹, ùî

sup
‖f‖v≤1

|f(x0)| ≤ 1

e−r‖x0‖
,

òîáòî
‖δx0‖(Hv(X))∗ ≤

1

e−r‖x0‖.

Çâiäñè ìà¹ìî, ùî

e−r‖x0‖ ≤ 1

‖δx0‖(Hv(X))∗
= w̃(x0).

Îòæå, ÿêùî v(x) = e−r‖x‖, âiçüìåìî w(x) = e−
r
2
‖x‖ i áóäå âèêîíóâàòèñü íåðiâíiñòü:

v(x) = w2(x) ≤ w̃2(x).

Òàêèì ÷èíîì, ç òåîðåìè 1, âèïëèâà¹ íàñòóïíå òâåðäæåííÿ.

Òâåðäæåííÿ 1. Çâàæåíèé ïðîñòið HV (X), äå ñiì'ÿ âàã V = {vr}, vr = e−r‖x‖, 0 <
r ≤ 1, r ∈ Q ¹ àëãåáðîþ Ôðåøå.

Ïîçíà÷èìî
‖P‖ = sup{|P (x)|, ‖x‖ ≤ 1}, P ∈ P(nX),

òîäi

‖P‖v = sup
x∈X

e−r‖x‖|P (x)| = sup
x∈X

e−r‖x‖|P
( x

‖x‖
)
|‖x‖n ≤ sup

x∈X
e−r‖x‖‖x‖n‖P‖ ≤ nnr−ne−n.

51



Îòîæ, îäåðæó¹ìî
r−1e−1‖P‖ ≤ ‖P‖v ≤ r−nnne−n‖P‖. (1)

Íåõàé ϕ ¹ ëiíiéíèì ìóëüòèïëiêàòèâíèì ôóíêöiîíàëîì íà (HV (X))′. Ïîçíà÷èìî ÷åðåç ϕn
çâóæåííÿ ϕ íà ïiäïðîñòið n-îäíîðiäíèõ ïîëiíîìiâ Pv(nX). Òîäi ϕn ¹ îáìåæåíèì ëiíiéíèì
ôóíêöiîíàëîì íà Pv(nX) i

‖ϕn‖v = sup{|ϕ(P )| : P ∈ Pv(nX), ‖P‖v ≤ 1}.

Âðàõîâóþ÷è íåðiâíiñòü (1), îòðèìà¹ìî

n−nrnen‖ϕn‖ ≤ ‖ϕn‖v ≤ re‖ϕn‖.

[1] Bierstedt K.D., Bonet J., Galbis A. Weighted spaces of holomorphic functions on balanced
domains. Michigan Math., 40 (1993), 271-297.

[2] Bierstedt K.D., Bonet J., Taskinen J. Associated weights and spaces of holomorphic functi-
ons. Studia Math., 127(2) (1998), 137-168.

[3] Garcia D., Maestre M., Rueda P. Weigted spaces of holomorphic functions on Banach spaces.
Studia Math., 138(1) (2000), 5-16.

[4] Aron R.M., Cole B., Gamelin T.W. Spectra of algebras of analytic functions on a Banach
space. J. Reine Angew. Math. 415, 51�93 (1991)

[5] Carando D., Sevilla-Peris, P. Math. Z. Spectra of weighted algebras of holomorphic functions
263: 887(2009)
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On the embeddings and closures of a topological
λ-polycyclic monoid

S. Bardyla, O. Gutik

Faculty of Mathematics, National University of Lviv, Universytetska 1, Lviv, 79000, Ukraine

sbardyla@yahoo.com, ovgutik@yahoo.com

We prove that for every cardinal λ > 2 any continuous homomorphism from a topological
semigroup Pλ into an arbitrary countably compact topological semigroup is annihilating and
there exists no a Hausdorff feebly compact topological semigroup which contains Pλ as a dense
subsemigroup. We give sufficient conditions when a topological inverse λ-polycyclic monoid Pλ
is absolutely H-closed in the class of topological inverse semigroups and construct an example
of a topological inverse monoid S which contains the polycyclic monoid P2 as a dense discrete
subsemigroup.

Theorem 1. For every cardinal λ > 2 any continuous homomorphism from a topological
semigroup Pλ into a topological semigroup S such that S × S is a Tychonoff pseudocompact
space is annihilating, and hence S does not contain the λ-polycyclic monoid Pλ.

Theorem 2. For arbitrary cardinal λ > 2 there exists no Hausdorff feebly compact topo-
logical semigroup which contains the λ-polycyclic monoid Pλ as a dense subsemigroup.

Theorem 3. Let λ be a cardinal > 2 and τ be a Hausdorff inverse semigroup topology on
Pλ such that U(0) ∩ L is an infinite set for every open neighborhood U(0) of zero 0 in (Pλ, τ)
and every maximal chain L of the semilattice E(Pλ). Then (Pλ, τ) is absolutely H-closed in
the class of topological inverse semigroups.

[1] S. Bardyla and O. Gutik, On a semitopological polycyclic monoid, Algebra Discr. Math. 21
(2016), no. 2, 163–183.

[2] S. Bardyla and O. Gutik, On a complete topological inverse polycyclic monoid, Carpathian
Math. Publ. (submitted), arXiv:1603.08147.
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Î ïî÷òè ãåîäåçè÷åñêèõ îòîáðàæåíèÿõ ïðîñòðàíñòâ
àôôèííîé ñâÿçíîñòè

Â. Å. Áåðåçîâñêèé1, É. Ìèêåø2, Å. Â. ×åðåâêî3

1Óìàíñêèé íàöèîíàëüíèé óíèâåðñèòåò ñàäîâîäñòâà, 2Óíèâåðñèòåò Ïàëàöêîãî, Îëîìîóö,
×åõèÿ, 3Îäåññêèé íàöèîíàëüíûé ýêîíîìè÷åñêèé óíèâåðñèòåò, Îäåññà, Óêðàèíà

berez.volod@rambler.ru
josef.mikes@upol.cz
cherevko@usa.com

Ðàññìîòðèì êàíîíè÷åñêèå ïî÷òè ãåîäåçè÷åñêèå îòîáðàæåíèÿ π2 : An → An, êîòîðûå
óäîâëåòâîðÿþò óñëîâèþ âçàèìíîñòè [1], [2]. Òàêèå îòîáðàæåíèÿ õàðàêòåðèçóþòñÿ óðàâíå-
íèÿìè:

P h
ij(x) = σi(x)F h

j (x) + σj(x)F h
i (x), (1)

F h
αF

α
i = eδhi (e = ±1), (2)

F h
i,j = γiδ

h
j + µiF

h
j +

e

4
Nh
iαF

α
j , (3)

γi + µαF
α
i , (4)

ãäå P h
ij(x) � òåíçîð äåôîðìàöèè ñâÿçíîñòåé, γi(x), µi(x) � íåêîòîðûå êîâàðèàíòíûå âåêòî-

ðû,Nh
ij(x) � òåíçîð Íåéåíõåéåñà e-ñòðóêòóðû F h

i (x). Çàïÿòîé ìû îáîçíà÷àåì êîâàðèàíòíóþ
ïðîèçâîäíóþ, ñîãëàñîâàííóþ ñî ñâÿçíîñòüþ àôèííîãî ïðîñòðàíñòâà An.

Íàìè äîêàçàíà

Òåîðåìà 1. Åñëè ïðè ïî÷òè ãåîäåçè÷åñêèõ îòîáðàæåíèÿõ âòîðîãî òèïà, îïðåäåëÿ-
åìûõ óðàâíåíèÿìè (1)-(4), ñîõðàíÿåòñÿ òåíçîð Ðèìàíà, òî êîâåêòîð σi óäîâëåòâîðÿåò
óñëîâèÿì

σi,j =
e

n− 1
F β
α

(
Bα
iβk −

1

n+ 1

(
Bα
iβk −Bα

kβi

))
.

Òåíçîð Bh
ijk èìååò ñïåöèàëüíóþ ñòðóêòóðó, è âûðàæàåòñÿ ÷åðåç òåíçîðû γi, µi, F

h
i , N

h
ij.

[1] Ñèíþêîâ Í. Ñ. Ãåîäåçè÷åñêèå îòîáðàæåííÿ ðèìàíîâûõ ïðîñòðàíñòâ Ì., Íàóêà, 1979
- 256 c.

[2] Mike�s J., Berezovski V. E., at al. Di�erential geometry of special mappings, Olomouc:
Palacky University, 2015, 566 p.
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Îá îöåíêå ïëîùàäè îáðàçà êðóãà

Â. Â. Áèëåò1, Ð. Ð. Ñàëèìîâ2

1 Èíñòèòóò ïðèêëàäíîé ìàòåìàòèêè è ìåõàíèêè ÍÀÍ Óêðàèíû, ã. Ñëàâÿíñê
2 Èíñòèòóò ìàòåìàòèêè ÍÀÍ Óêðàèíû, ã. Êèåâ

biletvictoriya@mail.ru, ruslan623@yandex.ru

Çàäà÷à îá èñêàæåíèè ïëîùàäåé ïðè êâàçèêîíôîðìíûõ îòîáðàæåíèÿõ áåðåò ñâîå íà-
÷àëî â ðàáîòå Á. Áîÿðñêîãî, ñì. [1]. Ðÿä ðåçóëüòàòîâ â ýòîì íàïðàâëåíèè ïîëó÷åí â ðà-
áîòàõ [2], [3], [4]. Âïåðâûå âåðõíÿÿ îöåíêà ïëîùàäè îáðàçà êðóãà ïðè êâàçèêîíôîðìíûõ
îòîáðàæåíèÿõ âñòðå÷àåòñÿ â ìîíîãðàôèè Ì. À. Ëàâðåíòüåâà, ñì. [5]. Â ìîíîãðàôèè [6],
ñì. ïðåäëîæåíèå 3.7, ïîëó÷åíî óòî÷íåíèå íåðàâåíñòâà Ëàâðåíòüåâà â òåðìèíàõ óãëîâîé
äèëàòàöèè.

Ïóñòü G � îáëàñòü â êîìïëåêñíîé ïëîñêîñòè C. Íàïîìíèì, ÷òî îòîáðàæåíèå f : G→ C
íàçûâàåòñÿ ðåãóëÿðíûì â òî÷êå z0 ∈ G, åñëè â ýòîé òî÷êå f èìååò ïîëíûé äèôôåðåíöèàë
è åãî ßêîáèàí Jf = |fz|2 − |fz̄|2 6= 0. Ãîìåîìîðôèçì f êëàññà Ñîáîëåâà W 1,1

loc íàçûâàåòñÿ
ðåãóëÿðíûì, åñëè Jf > 0 ïî÷òè âñþäó. Ãîâîðÿò, ÷òî ãîìåîìîðôèçì f : G → C îáëàäàåò
N -ñâîéñòâîì (Ëóçèíà), åñëè äëÿ ëþáîãî ìíîæåñòâà E ⊂ G èç óñëîâèÿ |E| = 0 ñëåäóåò,
÷òî |f(E)| = 0. Äàëåå ïîëàãàåì

Br = {z ∈ C : |z| 6 r}, B = {z ∈ C : |z| 6 1}.

Òåîðåìà 1. (ñì. [7]) Ïóñòü f : B→ B � ðåãóëÿðíûé ãîìåîìîðôèçì êëàññà Ñîáîëåâà
W 1,1

loc , îáëàäàþùèé N-ñâîéñòâîì. Òîãäà ïðè p = 2 èìååò ìåñòî îöåíêà

|f(Br)| 6 π exp

−4π

1∫
r

dt

δp(t)

 ,

à ïðè p > 2 �

|f(Br)| 6 π

1 + (2π)p−1(p− 2)

1∫
r

dt

δp(t)

−
2
p−2

,

ãäå

δp(r) =

∫
γr

D
1
p−1
p (z) |dz|

p−1

, γr = {z ∈ C : |z| = r}

è

Dp(z) =
|fθ(reiθ)|p

rpJf (reiθ)
, z = reiθ, 0 6 θ < 2π,

− p-óãëîâàÿ äèëàòàöèÿ.

[1] Áîÿðñêèé Á. Â., Ãîìåîìîðôíûå ðåøåíèÿ ñèñòåì Áåëüòðàìè // ÄÀÍ ÑÑÑÐ. � 1955. �
� 102. � Ñ. 661 � 664.
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[2] Astala K., Area distortion of quasiconformal mappings // Acta Math. � 1994. � V. 173. �
P. 37 � 60.

[3] Eremenko A., Hamilton D. H., On the area distortion by quasiconformal mappings // Proc.
Amer. Math. Soc. � 1995. � V. 123. � P. 2793 � 2797.

[4] Gehring F. W., Reich E., Area distortion under quasiconformal mappings // Ann. Acad.
Sci. Fenn. Ser. A I Math. � 1966. � V. 388. � P. 1 � 15.

[5] Ëàâðåíòüåâ Ì. À., Âàðèàöèîííûé ìåòîä â êðàåâûõ çàäà÷àõ äëÿ ñèñòåì óðàâíåíèé
ýëëèïòè÷åñêîãî òèïà, Ì., 1962, 136 ñ.

[6] Bojarski B., Gutlyanskii V., Martio O., Ryazanov V., In�nitesimal Geometry of
Quasiconformal and Bi-Lipschitz Mappings in the Plane, Tracts in Mathematics 19, Warsaw
- Donetsk - Helsinki, 2013, 216 p.

[7] Bilet V., Salimov R., The estimation of the area of a disk image for Sobolev classes,
arXiv:1604.07618, 6 p. (in Russian).
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Çàñòîñóâàííÿ içîòîïíèõ ôóíêöié

Î. Ï. Áîíäàð
ÊËÀ ÍÀÓ

bondarkla@ukr.net

Â.Â.Øàðêî [1] äîâiâ çáiã ãîìîëîãi÷íèõ iíâàðiàíòiâ ïðàâèëüíèõ ìiíiìàëüíèõ ôóíêöié
Ìîðñà íà îäíîçâ'ÿçíîìó çàìêíåíîìó ìíîãîâèäi, çàñòîñóâàâøè içîòîïíiñòü ôóíêöié Ìîðñà.
Âií âêàçàâ íåîáõiäíó i äîñòàòíþ óìîâó ñïðÿæåíîñòi (ïî ñóòi, - içîòîïíîñòi) òàêèõ ôóíêöié
íà ìíîãîâèäàõ âèìiðíîñòi, áiëüøî¨ çà 5.

Içîòîïíi ôóíêöi¨ [4], ùî óçàãàëüíþþòü içîòîïíi ôóíêöi¨ Ìîðñà, ¹ îäíèì ç iíñòðóìåíòiâ
ðîçâ'ÿçàííÿ ïðîáëåìè [2] ïðèíàëåæíîñòi ôóíêöié îäíié îðáiòi ïiä äi¹þ ãðóïè

GDiff = Diff(M)×Diff+(R1),

ùî äi¹ íà ìíîæèíi C∞(M) âñiõ äèôåðåíöiéîâíèõ ôóíêöié íàM íàñòóïíèì ÷èíîì: (H, h)f =
h ◦ f ◦H−1, äå H ∈ Diff(M) - ãðóïà äèôåîìîðôiçìiâ ìíîãîâèäó M , h ∈ Diff+(R1) - äè-
ôåîìîðôiçìè ïðÿìî¨ R1, ùî çáåðiãàþòü îði¹íòàöiþ, f ∈ C∞(M).

Òâåðäæåííÿ 1. Içîòîïíi ôóíêöi¨ f0 i f1, ïîðîäæåíi içîòîïi¹þ Ht(0 ≤ t ≤ 1) (Àçè-
ìîâ [3]) n-âèìiðíîãî ìíîãîâèäó çi çâè÷àéíèìè ðó÷êàìè iíäåêñiâ λ i λ + 1, ïðèêëå¹íèìè
íåçàëåæíî, òà ìíîãîâèäó ç êðóãëîþ ðó÷êîþ iíäåêñó λ(λ > 0), íå íàëåæàòü îäíié îðáiòi
ïiä äi¹þ ãðóïè GDiff . À ñàìå, ïðè 0 ≤ t < t1 ôóíêöiÿ ft ìà¹ äâi íåâèðîäæåíi êðèòè÷íi
òî÷êè, â îêîëi ÿêèõ ó âiäïîâiäíié ñèñòåìi êîîðäèíàò

ft = −x2
1 − ...− x2

λ + x2
λ+1 + ...+ x2

n

äëÿ îäíi¹¨ êðèòè÷íî¨ òî÷êè i

ft = −x2
1 − ...− x2

λ − x2
λ+1 + x2

λ+2...+ x2
n

äëÿ iíøî¨,
ïðè t1 < t < t2 ôóíêöiÿ ft ìà¹ îäíó âèðîäæåíó êðèòè÷íó òî÷êó, â îêîëi ÿêî¨

ft = x1(−x2
1 − ...− x2

λ + x2
λ+1 + ...+ x2

n),

ïðè t2 < t ≤ 1 ôóíêöiÿ ft ìà¹ îäíå êðèòè÷íå êîëî, â íîðìàëüíîìó ïåðåðiçi êîæíî¨
òî÷êè ÿêîãî

ft = −x2
1 − ...− x2

λ + x2
λ+1 + ...+ x2

n−1.

[1] Â.Â.Øàðêî, Ôóíêöèè íà ìíîãîîáðàçèÿõ (àëãåáðàè÷åñêèå è òîïîëîãè÷åñêèå àñïåêòû),-
Êèåâ: Íàóê. äóìêà, (1990), 296ñ.

[2] Â.Â.Øàðêî. Ãëàäêàÿ è òîïîëîãè÷åñêàÿ ýêâèâàëåíòíîñòü ôóíêöèé íà ïîâåðõíîñòÿõ,-
Óêð. ìàò. æóðí.-55,N.5,(2003),-Ñ.687-700.

[3] D.Asimov. Round handles and non-singular Morse-Smale �ows, Ann. Math. -
102,N.1,(1975),-P.41-54.

[4] Î.Ï.Áîíäàðü. Îá îïðåäåëåíèè èçîòîïíûõ ôóíêöèé,-Òåçè äîïîâiäåé ìiæíàðîäíî¨ êîí-
ôåðåíöi¨ "Ãåîìåòðiÿ â Îäåñi - 2015 (2015), Ñ.67.
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Classification of pairs of linear mappings up to
topological equivalence

N.V. Budnytska, T.V. Rybalkina

Institute of Mathematics, Kyiv, Ukraine

nadya vb@ukr.net, rybalkina t@ukr.net

We consider pairs of linear mappings (A,B) of the form

V
A

W
B

(1)

in which is //oo or // ;// V and W are finite dimensional unitary or Euclidean spaces.
We say that the pair of linear mappings (1) transforms to

V ′
A′

W ′
B′

(with the same orientation of arrows) by bijections ϕ1 : V → V ′ and ϕ2 : W → W ′ if

A′ϕ1 = ϕ2A and B′ϕ2 = ϕ1B for the case //oo

A′ϕ1 = ϕ2A and B′ϕ1 = ϕ2B for the case ////

We say that two pairs of linear mappings (A,B) and (A′,B′) are linearly equivalent if ϕ1

and ϕ2 are linear bijections and topologically equivalent if ϕ1 and ϕ2 are homeomorphisms.
Classification of pairs of linear mappings up to linear equivalence follows from [1] for the

case //oo and from [2] (Section XII) for the case //// .
Classification of pairs of linear mappings up to topological equivalence is obtained in [4] for

the case //oo and in [3] for the case //// .

[1] N. M. Dobrovoloskaya, V. A. Ponomarev, A pair of counter operators, Uspehi Mat. Nauk
20 (no. 6) (1965), 80–86 (in Russian).

[2] F. R. Gantmacher, The Theory of Matrices, vol. 2, AMS Chelsea, 2000.

[3] V. Futorny, T. Rybalkina, V. V. Sergeichuk, A regularizing decomposition of matrix pencils
and a topological classification of pairs of linear mappings, Linear Algebra Appl. 450 (2014),
121-137.

[4] T. V. Rybalkina, Topological classification of pairs of counter linear maps, Mat. Stud. 39
(2013), 21-28 (in Ukrainian).
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Sharp estimates of products of inner radii of
non-overlapping domains in the complex plane

L. Vygivska, I. Denega

Institute of mathematics of NAS of Ukraine, Kyiv

ludmila@ukr.net, iradenega@yandex.ru

The report is devoted to investigation of one problem of geometric function theory of a
complex variable. Let N, R be a set of natural and real numbers, respectively, C be a complex
plane, C = C

⋃
{∞} be a one point compactification and R+ = (0,∞).

Definition 1. A finite set of arbitrary domains {Bk}nk=1, n ∈ N, n > 2 such, as Bk ⊂ C,
Bk ∩Bm = ∅, k 6= m, k,m = 1, n is called a system of non-overlapping domains.

Denote for different points ak, k = 1, n on the unit circle

αk :=
1

π
arg

ak+1

ak
, αn+1 := α1, k = 1, n.

Definition 2. Let

r(B, a) =

exp(lim
z→a

(gB(z, a) + log |z − a|)), a 6=∞

exp(lim
z→a

(gB(z, a)− log |z|)), a =∞

be a inner radius of the domain B ⊂ C with respect to the point a ∈ B, gB(z, a) is Green’s
function for the domain B. Inner radius is a generalization of conformal radius for multiply
connected domains.

Consider an extremal problem which was formulated in 1994 in the paper [1, P. 68, N 9.2]
in the list of unsolved problems and then repeated in 2014 in monograph [2, P. 330, N 16].

Problem 1. Consider the product

In(γ) = rγ (B0, 0)
n∏
k=1

r (Bk, ak) ,

where B0, B1,...,Bn (n ≥ 2) are pairwise disjoint domains in C, a0 = 0, |ak| = 1, k = 1, n, and
0 < γ ≤ n. Show that it attains its maximum at a configuration of domains Bk and points ak
possessing rotational n-symmetry.

The proof is due to Dybinin for γ = 1 [3] and to Kuz’mina for 0 < γ < 1 [4]. Kovalev [5]
solved this problem under the additional assumption that the angles between neighbouring line
segments [0, ak] do not exceed 2π/

√
γ and n ≥ 5. We obtained estimate of the product In(γ)

for some γ > n.

Theorem 1. Let n ∈ N, n > 4, γ ∈ (0, γn], γ4 = 4, 17, γ5 = 5, 71, γ6 = 7, 5, γ7 = 9, 53,
γ8 = 11, 81 and γn = 0, 12n2 if n > 9. Then for any system of different points which lie on
the unit circle |ak| = 1, k = 1, n, such that 0 < αk 6 2/

√
γ, k = 1, n and any system of

non-overlapping domains Bk, ak ∈ Bk ⊂ C, k = 1, n, a0 = 0 ∈ B0 ⊂ C, the following inequality
holds

rγ (B0, 0)
n∏
k=1

r (Bk, ak) 6

(
4

n

)n (
4γ
n2

) γ
n(

1− γ
n2

)n+ γ
n

(
1−

√
γ

n

1 +
√
γ

n

)2
√
γ

. (1)
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Equality sign is attained if ak and Bk, k = 0, n, are, respectively, poles and circular domains
of the quadratic differential

Q(w)dw2 = −(n2 − γ)wn + γ

w2(wn − 1)2
dw2.

The Theorem 1 strengthens main result of the paper [5]. Taking into account Theorem 1
we have the following statements.

Corollary 1. [5] Let n ∈ N, n > 5, γ ∈ (0, γn], γn = n. Then for any system of different
points which lie on the unit circle |ak| = 1, k = 1, n, such that 0 < αk 6 2/

√
γ, k = 1, n

and any system of non-overlapping domains Bk, ak ∈ Bk ⊂ C, k = 0, n, the following sharp
estimate holds (1), where equality sign is attained in the same case as in Theorem 1.

Corollary 2. [6] Let n ∈ N, n > 4, γ ∈ (0, γn], γn = n. Then for any system of different
points which lie on the unit circle |ak| = 1, k = 1, n, such that 0 < αk 6 2/

√
γ, k = 1, n and

any system of non-overlapping domains Bk, ak ∈ Bk ⊂ C, k = 0, n, the following inequality
holds (1), where equality sign is attained in the same case as in Theorem 1.

[1] V. N. Dubinin, Symmetrization method in geometric function theory of complex variables.
Successes Mat. Science. 49, no.1 (295), 3–76, 1994 (in Russian); translation in Russian
Math. Surveys, 49, no.1, 1–79, 1994.

[2] V. N. Dubinin, Condenser capacities and symmetrization in geometric function theory,
Birkhäuser/Springer, Basel, 2014.

[3] V. N. Dubinin, Separating transformation of domains and problems on extremal decompo-
sition. Notes scientific. sem. Leningr. Dep. of Math. Inst. AN USSR. 168, 48–66, 1988 (in
Russian); translation in J. Soviet Math. 53, no.3, 252–263, 1991.

[4] G. V. Kuzmina, Extremal metric method in problems of the maximum of product of powers
of conformal radii of non-overlapping domains with free parameters. Notes scientific. sem.
Leningr. Dep. of Math. Inst. AN USSR. 302, 52–67, 2003 (in Russian); translation in
Journal of Mathematical Sciences (New York), 129:3, 3843–3851, 2005.

[5] L. V. Kovalev, On the problem of extremal decomposition with free poles on a circle.
Dal’nevostochnyi Mat. Sb., 2, 96–98, 1996 (in Russian).

[6] A. K. Bakhtin, I. V. Denega, Addendum to a theorem on extremal decomposition of the
complex plane, Bulletin de la société des sciences et des lettres de Lódź, Recherches sur les
déformations, V. LXII, no.2, 83–92, 2012.
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On the differences of the Nevanlinna coefficients of
the radial projection of zeros and poles of

a meromorphic function of completely regular
growth in C \ {0}

O. Vyshynskyi

Ivan Franko National University of Lviv, Ukraine

vyshynskyi@ukr.net

Let λ be a growth function of moderate growth, that is there exists positive M such that
λ(2r) ≤ Mλ(r) for all r ≥ 1. Let f be a meromorphic in C∗ = C \ {0} function not vanishing
identically, {bj} be the poles of f, γj = arg bj. Denote (see [1]) for k ∈ Z

n1
k(r, f) =

∑
1<|bj |≤r

e−ikγj , n2
k(r, f) =

∑
1
r
≤|bj |<1

e−ikγj , r > 1.

Let N i
k(r, f, 1/f) =

r∫
1

nik(t, 1/f)− nik(t, 1/f)

t
dt, i = 1, 2, r ≥ 1. Consider the value

4Nk(r, f, 1/f) = N1
k (r, f, 1/f)−N2

k (r, f, 1/f), k ∈ Z.

The functions nk(r, 1/f) and nk(r, f) are also known as the Fourier-Stieltjes coefficients of the
radial projection of the zeros and poles of function f . While the functions Nk(r, 1/f) and
Nk(r, f) can also be called the Nevanlinna coefficients of the radial projection of the zeros and
poles of function f . For a given meromorphic in C∗ function f, as r tends to +∞ the functions
4Nk(r, f) in some general sense describe the difference in the distribution of zeros and poles
while approaching the origin z = 0 and the point at infinity z =∞.

For completely regularly growing in C∗ function f ([1]), a sufficient condition for the exis-

tence of limits of
4Nk(r, f, 1/f)

λ(r)
on some sequences {rj}, rj →∞, as well as relations for these

quantities are obtained.
These relations also allow to establish a connection between the growth indicators (see [1])

of f .

[1] M. Goldak, A. Khrystiyanyn, Holomorphic functions of completely regular growth in the
punctured plane // Visnyk Lviv. Univ. Ser. Mech. Math., 2011, Issue 75, p. 91-96. (in
Ukrainian)
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Ïðî âëàñòèâîñòi i çàñòîñóâàííÿ W n-çîáðàæåííÿ
òî÷îê îäèíè÷íîãî ãiïåðêóáà

Â. Âîëîøèíà
Íàöiîíàëüíèé ïåäàãîãi÷íèé óíiâåðñèòåò iìåíi Ì.Ï.Äðàãîìàíîâà

wictorria@gmail.com

Âñòóï. Äîñëiäæåííÿ âèñâiòëþ¹ íîâi éìîâiðíiñíi ôåíîìåíè, îòðèìàíi ïðè óçàãàëüíåííi
íà n-âèìiðíèé âèïàäîê ðåçóëüòàòiâ Ì. Â. Ïðàöüîâèòîãî òà Ã. Ì. Òîðáiíà ïðî âëàñòèâî-
ñòi ðîçïîäiëiâ âèïàäêîâèõ âåëè÷èí òèïó Äæåññåíà-Âiíòíåðà, çîêðåìà ïîðîäæåíèõ íåçàëå-
æíèìè ñèìâîëàìè Q- òà Q∗-çîáðàæåíü. Ó ðîáîòàõ Î.Â. Øêîëüíîãî [6] ïîêàçàíî, ùî çà
óìîâè âèêîíàííÿ N -âëàñòèâîñòi, âèêîíóþòüñÿ ðîçøèðåííÿ òåîðåìè Äæåññåíà�Âiíòíåðà
òà Ëåâi [3, 5] ïðî ÷èñòîòó ðîçïîäiëó âèïàäêîâîãî âåêòîðà ç íåçàëåæíèìè ñèìâîëàìè W n-
çîáðàæåííÿ òà éîãî íåïåðåðâíiñòü. Ïðè öüîìó, çîêðåìà, çà óìîâè iñíóâàííÿ áiëüø íiæ
ç÷èñëåííî¨ êiëüêîñòi W 2-çîáðàæåíü äëÿ õî÷à á îäíi¹¨ òî÷êè êâàäðàòà E2, òàêi íàñëiäêè íå
ìàòèìóòü ìiñöÿ.

Íàìè áóëî äîñëiäæåíî ðÿä íàéâàæëèâiøèõ âëàñòèâîñòåé W n-çîáðàæåííÿ, à òàêîæ
îòðèìàíî íåîáõiäíó é äîñòàòíþ óìîâó àáñîëþòíî¨ íåïåðåðâíîñòi ðîçïîäiëó âèïàäêîâîãî
âåêòîðà ç íåçàëåæíèìè ñèìâîëàìè W n-çîáðàæåííÿ.

1. W n-çîáðàæåííÿ òî÷îê n-âèìiðíîãî îäèíè÷íîãî ãiïåðêóáà. Ðîçãëÿíåìî n-
âèìiðíèé (n ≥ 2) îäèíè÷íèé ãiïåðêóá En = [0; 1] × [0; 1] × ... × [0; 1] ⊂ Rn. Âèêîíà¹ìî
ïîäië En íà r (r ≥ 2) çàìêíåíèõ ïðîñòîði Rn ìíîæèí ∆Wn

0 ,∆Wn

1 , ...,∆Wn

r−1. Öi ìíîæèíè
íàçâåìî öèëiíäðàìè ïåðøîãî ðàíãó. Ïðè öüîìó ìàþòü âèêîíóâàòèñÿ óìîâè:

r−1⋃
i=0

∆Wn

i = En, λ
(

∆Wn

i

⋂
∆Wn

j

)
= 0, i 6= j, i, j ∈ 0, r − 1,

λ
(
∆Wn

0

)
: λ
(
∆Wn

1

)
: ... : λ

(
∆Wn

r−1

)
= q0 : q1 : ... : qr−1,

äå qi > 0,
r−1∑
i=0

qi = 1, à λ � n-âèìiðíà ìiðà Ëåáåãà.

Âñi îòðèìàíi íà ïåðøîìó êðîöi ìíîæèíè, òîáòî ∆Wn

α1
, äå α1 ∈ 0, r − 1 íà äðóãîìó

êðîöi äiëÿòüñÿ íà r ÷àñòèí, çàìêíåíèõ ó Rn: ∆Wn

α10, ∆Wn

α11, ...,∆
Wn

α1[r−1]. Öi ìíîæèíè íàçâåìî
öèëiíäðàìè äðóãîãî ðàíãó. Ïîäië âèêîíó¹òüñÿ òàê, ùîá:

r−1⋃
i=0

∆α1i = En, λ
(

∆Wn

α1i

⋂
∆Wn

α1j

)
= 0, i 6= j, i, j ∈ 0, r − 1,

λ
(
∆Wn

α10

)
: λ
(
∆Wn

α11

)
: ... : λ

(
∆Wn

α1[r−1]

)
= q0 : q1 : ... : qr−1

äëÿ äîâiëüíîãî ôiêñîâàíîãî α1.
Íà k-ìó (k ∈ N) êðîöi êîæíà ìíîæèíà ∆Wn

α1α2...αk−1
, α1, α2, ..., αk−1 ∈ 0, r − 1 (òîáòî,

äîâiëüíèé öèëiíäð k-ãî ðàíãó) çíîâó äiëèòüñÿ íà r ÷àñòèí:

∆Wn

α1α2...αk−10,∆
Wn

α1α2...αk−11, ...,∆
Wn

α1α2...αk−1[r−1].

Îòðèìàíi ìíîæèíè ìè íàçâåìî öèëiíäðàìè k-ãî ðàíãó W n-çîáðàæåííÿ òî÷îê îäèíè÷íîãî
ãiïåðêóáà. Êîæíà ç ÿêèõ ìà¹ áóòè çàìêíåíîþ â Rn.

Ïðè öüîìó äëÿ äîâiëüíîãî ôiêñîâàíîãî íàáîðó α1, α2, ..., αk−1 ∈ 0, r − 1 ìàþòü âèêîíó-
âàòèñÿ óìîâè:
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1.
r−1⋃
i=0

∆Wn

α1...αk−1i
= ∆Wn

α1...αk−1
.

2. λ
(

∆Wn

α1...αk−1i

⋂
∆Wn

α1...αk−1j

)
= 0, i 6= j.

3. λ
(

∆Wn

α1...αk−10

)
: λ
(

∆Wn

α1...αk−11

)
: ... : λ

(
∆Wn

α1...αk−1[r−1]

)
= q0 : q1 : ... : qr−1.

4. diam
(
∆Wn

α1...αk

)
→ 0, k →∞.

Äëÿ âêàçàíîãî âèùå ðîçáèòòÿ îäèíè÷íîãî ãiïåðêóáà En âèêîíóþòüñÿ òåîðåìè 1,2.

Òåîðåìà 1. Äëÿ äîâiëüíî¨ ïîñëiäîâíîñòi {αk}∞k=1, αk ∈ A,A := {0, 1, ..., r − 1} iñíó¹
ïîñëiäîâíiñòü ∆Wn

α1
⊃ ∆Wn

α1α2
⊃ ... ⊃ ∆Wn

α1α2...αk
⊃ ... òà ¹äèíà òî÷êà x òàêà, ùî

x =
∞⋂
k=1

∆Wn

α1α2...αk
.

Òåîðåìà 2. Äëÿ äîâiëüíîãî ôiêñîâàíîãî x ç En iñíó¹ ïîñëiäîâíiñòü ñèìâîëiâ {αk(x)}∞k=1

òàêà, ùî:

x =
∞⋂
k=1

∆Wn

α1(x)α2(x)...αk(x) =: ∆Wn

α1(x)α2(x)...αk(x)....

Îñòàííié âèðàç íàçèâà¹òüñÿ W n-ïðåäñòàâëåííÿì òî÷êè x.

×àñòèííèì âèïàäêîì âêàçàíîãî ðîçáèòòÿ ¹ ðîçáèòòÿ îäèíè÷íîãî êâàäðàòà ó äâîâèìið-
íîìó åâêëiäîâîìó ïðîñòîði ó ðîáîòàõ [4,6]. Îòðèìàíå çîáðàæåííÿ òî÷îê îäèíè÷íîãî ãiïåð-
êóáà, òàêèì ÷èíîì, ¹ óçàãàëüíåííÿì Q−çîáðàæåííÿ äiéñíîãî ÷èñëà ç îäèíè÷íîãî âiäðiçêà
íà n−âèìiðíèé âèïàäîê.

2. Ïðî ïðîáëåìó ÷èñòîòè ðîçïîäiëiâ âèïàäêîâèõ âåêòîðiâ ç íåçàëåæíèìè
ñèìâîëàìè W n-çîáðàæåííÿ. Âèáåðåìî i çàôiêñó¹ìî äîâiëüíå W n-çîáðàæåííÿ iç àëôà-
âiòîì A = {0, 1, 2, ..., r − 1} i ðîçãëÿíåìî îá'¹êò âèäó

ξ = ∆Wn

ξ1ξ2...ξk...,

äå ξk - íåçàëåæíi âèïàäêîâi âåëè÷èíè ç íàñòóïíèìè ðîçïîäiëàìè:

ξk 0 1 2 ... n− 1
pik p0k p1k p2k ... p[n−1]k

Îçíà÷åííÿ. Íåõàé
ξ = ∆Wn

ξ1ξ2...ξk...,

äå ξk - íåçàëåæíi âèïàäêîâi âèïàäêîâi, ÿêi ìîæóòü íàáóâàòè çíà÷åííÿ i iç àëôàâiòó A
ôiêñîâàíîãîW n-çîáðàæåííÿ ç éìîâiðíiñòþ pik. Òîäi ξ íàçèâàòèìåìî âèïàäêîâèì âåêòîðîì,
ïîðîäæåíèì íåçàëåæíèìè ñèìâîëàìè W n-çîáðàæåííÿ.

Òåîðåìà 3. Âiäîáðàæåííÿ ξ iç âèìiðíîãî ïðîñòîðó (Ω, S) â (Rn, B) ¹ âèìiðíèì .
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Ãiïîòåçà 1. Âèïàäêîâèé âåêòîð

ξ = ∆Wn

ξ1ξ2...ξk...
,

ïîðîäæåíèé íåçàëåæíèìè ñèìâîëàìè W n-çîáðàæåííÿ ìà¹ ÷èñòèé ðîçïîäië.
Ãiïîòåçà 2. Âèïàäêîâèé âåêòîð

ξ = ∆Wn

ξ1ξ2...ξk...
,

ïîðîäæåíèé íåçàëåæíèìè ñèìâîëàìè W n-çîáðàæåííÿ ìà¹ ÷èñòî íåïåðåðâíèé ðîçïîäië

òîäi i òiëüêè òîäi, êîëè
∞∏
k=1

max pik = 0.

Äëÿ âèïàäêó n = 2 îáèäâà òâåðäæåííÿ ñïðîñòîâàíi ó çàãàëüíîìó âèäi ó [4].
Âèùå ñòâåðäæóâàëîñü, ùî âiäîáðàæåííÿ ξ ¹ âèìiðíèì. ßê íåñêëàäíî ïîêàçàòè ξ ¹ i

áiâèìiðíèì i äëÿ íüîãî äi¹ óçàãàëüíåííÿ òåîðåìè Êàêóòàíi ç [1]. Íåõàé Ωk = {0, 1, ..., n−1},
Sk = 2Ωk ,

Pk(i) := pik, ∀i ∈ Ωk, Pk(L) :=
∑
i∈L

Pk(i), ∀L ∈ Sk,

νk(i) := qi, ∀i ∈ Ωk, νk(L) :=
∑
i∈L

νk(i), ∀L ∈ Sk

i

(Ω, S, P ) :=
∞∏
k=1

(Ωk, Sk, Pk),

(Ω, S, ν) :=
∞∏
k=1

(Ωk, Sk, νk).

Íåõàé n-âèìiðíà ìiðà Ëåáåãà íà En ñïiâïàäà¹ ç îáðàçîì ìiðè ν ïðè âiäîáðàæåííi ξ, à
éìîâiðíiñíà ìiðà P ∗ = µξ, ùî âiäïîâiäà¹ âèïàäêîâîìó âåêòîðó ξ, ¹ îáðàçîì ìiðè P ïðè
âiäîáðàæåííi ξ:

P ∗(U) = µξ(U) = P (ξ−1(U)), ∀U ∈ B,

λ(U) = ν∗(U) = ν(ξ−1(U)), ∀U ∈ B.

Òåîðåìà. Ïðèïóñòèìî, ùî νk () ¹ àáñîëþòíî íåïåðåðâíîþ âiäíîñíî ìiðè µk . Òî-
äi ìiðà µ ¹ àáî ÷èñòî àáñîëþòíî íåïåðåðâíîþ âiäíîñíî ìiðè µ àáî ÷èñòî ñèíãóëÿðíîþ
(âêëþ÷àþ÷è äèñêðåòíèé âèïàäîê). Áiëüøå òîãî,

ν � µ òîäi i òiëüêè òîäi, êîëè
∞∏
k=1

ρ(µk, νk) > 0, (1)

äå ρ(µk, νk) =
∫

Ωk

√
dνk
dµk
dµk.

Çàóâàæåííÿ. Âèðàç
∫

Ωk

√
dνk
dµk
dµk ñïiâïàäà¹ ç iíòåãðàëîì Õåëëiíãåðà [1, 2].
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Íàñëiäîê 1. Ðîçïîäië âèïàäêîâîãî âåêòîðà ξ ç íåçàëåæíèìè ñèìâîëàìèW n-ðîçêëàäó
¹ ñèíãóëÿðíèì âiäíîñíî ìiðè Ëåáåãà òîäi i òiëüêè òîäi, êîëè

∞∏
k=1

(
n−1∑
i=0

√
pikqi)

)
= 0. (2)

[1] Albeverio S., Torbin G. Image measures of in�nite product measures and generalized
Bernoulli convolutions. Íàóêîâèé ÷àñîïèñ ÍÏÓ iìåíi Ì.Ï.Äðàãîìàíîâà. Ñåðiÿ 1. Ôiçèêî-
ìàòåìàòè÷íi íàóêè. � 2004. � � 5. � Ñ. 248-264.

[2] Kakutani S. Equivalence of in�nite product measures, Ann. of Math., 49(1948), 214-224.

[3] L�evy P. Sur les s�eries dont les termes sont des variables ind�ependantes. Studia Math.
3(1931), 119-155.

[4] Âîëîøèíà Â.Î., Òîðáií Ã.Ì.Ïðî äåÿêi éìîâiðíiñíi ôåíîìåíè, ïîâ'ÿçàíi ç ðîçïîäiëà-
ìè âèïàäêîâèõ âåêòîðiâ, ïîðîäæåíèõ W -çîáðàæåííÿì. Íàóêîâèé ÷àñîïèñ ÍÏÓ iìåíi
Ì.Ï.Äðàãîìàíîâà. Cåðiÿ 1. Ôiçèêî-ìàòåìàòè÷íi íàóêè Êè¨â: ÍÏÓ iìåíi Ì.Ï. Äðàãî-
ìàíîâà. - 2014, - � 16 (1). - Ñ. 258�278.

[5] Ì.Â. Ïðàöüîâèòèé. Ôðàêòàëüíèé ïiäõiä äî äîñëiäæåííÿ ñèíãóëÿðíèõ ðîçïîäiëiâ. Íà-
öiîíàëüíèé ïåäàãîãi÷íèé óíiâåðñèòåò, Êè¨â, 1998. � 296ñ.

[6] Øêîëüíèé Î.Â. Êîìïëåêñíîçíà÷íi âèïàäêîâi âåëè÷èíè òèïó Äæåññåíà-Âiíòíåðà: äèñ.
íà çäîá. ñòóï. êàíä. ôiç.-ìàò. íàóê. ÍÀÍ Óêðà¨íè, IÌ, Êè¨â, 2000 � 115 ñ.
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Äî çàäà÷i ïðî òiíü

I. Þ. Âèãîâñüêà1, Õ. Ê. Äàêõië2

1Iíñòèòóò ìàòåìàòèêè ÍÀÍÓ, Êè¨â, Óêðà¨íà 2Êè¨âñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi
Ò.Ã.Øåâ÷åíêà, Êè¨â, Óêðà¨íà

vkirinata@gmail.com1, moon5385@gmail.com2

Â äîïîâiäi äîñëiäæóþòüñÿ äåÿêi âàðiàíòè çàäà÷i ïðî òiíü [1-3], ùî åêâiâàëåíòíî çíàõî-
äæåííþ óìîâ íàëåæíîñòi òî÷êè óçàãàëüíåíî îïóêëié îáîëîíöi ñiì'¨ êîìïàêòíèõ ìíîæèí.

Çàäà÷à (ïðî òiíü). ßêà ìiíiìàëüíà êiëüêiñòü çàìêíóòèõ êóëü, ùî ïîïàðíî íå ïåðåòè-
íàþòüñÿ ç öåíòðàìè íà ñôåði Sn−1 i ðàäióñà ìåíøîãî âiä ðàäióñà ñôåðè äîñèòü ùîá áóäü
ÿêà ïðÿìà, ùî ïðîõîäèòü ÷åðåç öåíòð ñôåðè, ïåðåòèíàëà õî÷à á îäíó ç öèõ êóëü?

Âñòàíîâëåíî äîñòàòíi óìîâè äëÿ òîãî ùîá ñèñòåìà êóëü ñòàëîãî ðàäióñà ç öåíòðàìè íà
ñôåði S2 ⊂ R3 çàäàâàëà òiíü â öåíòði ñôåðè.

Îçíà÷åííÿ. Ñêàæåìî, ùî ìíîæèíà E ⊂ Rn îïóêëà âiäíîñíî ïðîìåíÿ ç òî÷êè x ∈
Rn\E, ÿêùî çíàéäåòüñÿ ïðîìiíü P , òàêèé ùî x ∈ P i P ∩ E = ∅.

Òåîðåìà 1. Iñíó¹ ñèñòåìà ç 11 êóëü ñòàëîãî ðàäióñà ç öåíòðàìè íà ñôåði S2 ⊂ R3,
ÿêà çàáåçïå÷ó¹ òiíü â öåíòði ñôåðè.

Òåîðåìà 2. Iñíó¹ ñèñòåìà ç 32 êóëü ñòàëîãî ðàäióñà ç öåíòðàìè íà ñôåði S2 ⊂ R3,
ÿêà áóäå îïóêëîþ âiäíîñíî ïðîìåíÿ ç öåíòðà ñôåðè.

[1] Þ. Çåëèíñêèé, È. Âûãîâñêàÿ, Ì. Ñòåôàí÷óê Îáîáù¼ííî âûïóêëûå ìíîæåñòâà è çà-
äà÷à î òåíè, Óêðà¨íñüêèé ìàòåìàòè÷íèé æóðíàë, 67, �12, 2015, C.1659-1666.

[2] Y. Zelinskii, Generalized Convex Envelopes of Sets and the Problem of Shadow, Journal of
Mathematical Sciences, (2015), 211, No.5, P. 710-717.

[3] Ã. Õóäàéáåðãàíîâ, Îá îäíîðîäíî-ïîëèíîìèàëüíî âûïóêëîé îáîëî÷êå îáúåäèíåíèÿ øàðîâ
Ðóêîïèñü äåï. â ÂÈÍÈÒÈ 21.02.1982 ã. � 1772, - 85 Äåï.
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Self-linked sets of groups
V. Gavrylkiv

Vasyl Stefanyk Precarpathian National University

vgavrylkiv@gmail.com

In the talk we shall discuss some properties of self-linked subsets of groups. By definition,
a subset A of a group G is self-linked if A ∩ gA 6= ∅ for each g ∈ G.

Proposition 1. A subset A ⊂ G of a group G is self-linked if and only if AA−1 = G.

In fact, this notion can be defined in the more general context of G-spaces. By a G-space
we understand a set X endowed with a left action G ×X → X of a group G. Each group G
will be considered as a G-space endowed with the left action of G. An important example of a
G-space is the homogeneous space G/H = {gH : g ∈ G} of a group G by a subgroup H ⊂ G.

A subset A ⊂ X of a G-space X defined to be self-linked if A ∩ gA 6= ∅ for all g ∈ G.
For a G-space X by sl(X) we denote the smallest cardinality |A| of a self-linked subset

A ⊂ X. Some lower and upper bounds for sl(G) are established in the following proposition.

Proposition 2. Let G be a finite group and H be a subgroup of G. Then

1) sl(G) ≥ (1 +
√

4|G| − 3)/2;

2) sl(G) ≤ sl(H) · sl(G/H) ≤ sl(H) · d(|G/H|+ 1)/2e.

3) sl(G) < |H|+ |G/H|.

We use these lower and upper bounds to characterize groups G with sl(G) ≥ |G|/2 in the
following theorem.

Theorem 1. For a finite group G

1) sl(G) = d(|G| + 1)/2e > |G|/2 if and only if G is isomorphic to one of the groups: C1,
C2, C3, C4, C2 × C2, C5, D6, (C2)3;

2) sl(G) = |G|/2 if and only if G is isomorphic to one of the groups: C6, C8, C4 × C2, D8,
Q8.

Theorem 2. For a group G the following conditions are equivalent:

1) for any partition G = A ∪B either AA−1 = G or BB−1 = G;

2) each element of G has odd order.

We were able to calculate the cardinalities sl(G) for cyclic groups G = Cn of cardinality
|Cn| ≤ 100 and for dihedral groups G = Dn of cardinality |Dn| ≤ 80. Using these results we
give a negative answer for the Problem 1.4(2) from [1].

The results of (computer) calculations are presented in the following tables (here lb(G) =
(1 +

√
4|G| − 3)/2):
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|Cn| 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20
lb(Cn) 1 2 2 3 3 3 3 4 4 4 4 4 4 5 5 5 5 5 5 5
sl(Cn) 1 2 2 3 3 3 3 4 4 4 4 4 4 5 5 5 5 5 5 6

|Cn| 21 22 23 24 25 26 27 28 29 30 31 32 33 34 35 36 37 38 39 40
lb(Cn) 5 6 6 6 6 6 6 6 6 6 6 7 7 7 7 7 7 7 7 7
sl(Cn) 5 6 6 6 6 6 6 6 7 7 6 7 7 7 7 7 7 8 7 8

|Cn| 41 42 43 44 45 46 47 48 49 50 51 52 53 54 55 56 57 58 59 60
lb(Cn) 7 7 7 8 8 8 8 8 8 8 8 8 8 8 8 8 8 9 9 9
sl(Cn) 8 8 8 8 8 8 8 8 8 8 8 9 9 9 9 9 8 9 9 9

|Cn| 61 62 63 64 65 66 67 68 69 70 71 72 73 74 75 76 77 78 79 80
lb(Cn) 9 9 9 9 9 9 9 9 9 9 9 9 9 10 10 10 10 10 10 10
sl(Cn) 9 9 9 9 9 10 10 10 10 10 10 10 9 10 10 10 10 10 10 11

|Cn| 81 82 83 84 85 86 87 88 89 90 91 92 93 94 95 96 97 98 99 100
lb(Cn) 10 10 10 10 10 10 10 10 10 10 10 11 11 11 11 11 11 11 11 11
sl(Cn) 11 11 11 11 11 11 11 11 11 11 11 12 12 12 12 12 12 12 12 12

|Dn| 2 4 6 8 10 12 14 16 18 20 22 24 26 28 30 32 34 36 38 40
lb(Dn) 2 3 3 4 4 4 5 5 5 5 6 6 6 6 6 7 7 7 7 7
sl(Dn) 2 3 4 4 5 5 6 6 7 7 8 7 8 8 8 9 9 9 10 9

|Dn| 42 44 46 48 50 52 54 56 58 60 62 64 66 68 70 72 74 76 78 80
lb(Dn) 7 8 8 8 8 8 8 8 9 9 9 9 9 9 9 9 10 10 10 10
sl(Dn) 10 10 11 10 11 11 12 11 12 12 13 13 13 14 14 14 15 15 15 16

[1] T. Banakh, V. Gavrylkiv, O. Nykyforchyn Algebra in superextension of groups, I: zeros and
commutativity, Algebra Discr. Math. (2008), no. 3, 1–29.

[2] T. Banakh, V. Gavrylkiv, Algebra in the superextensions of twinic groups, Dissert. Math.
473 (2010), 74 pp.
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Îöiíêè iíòåãðàëà âiä ìîäóëÿ ìiøàíî¨ ïîõiäíî¨ ñóìè
êðàòíîãî òðèãîíîìåòðè÷íîãî ðÿäó

Ñ. Á. Ãåìáàðñüêà
Ñõiäíî¹âðîïåéñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Ëåñi Óêðà¨íêè, ì. Ëóöüê

gembarskaya72@mail.ru

Â [1], à ùå ðàíiøå â [2], Ñ. Î. Òåëÿêîâñüêèì äîñëiäæóâàëèñü ðÿäè

a0

2
+
∞∑
k=1

ak cos kx (1)

i
∞∑
k=1

ak sin kx, (2)

êîåôiöi¹íòè ÿêèõ ïðÿìóþòü äî íóëÿ

lim
k→∞

ak = 0 (3)

i êâàçiâèïóêëi, òîáòî

∞∑
k=1

k
∣∣∆2ak

∣∣ <∞, (4)

äå ∆2ak = ∆ak −∆ak+1 = ak − 2ak+1 + ak+2.
Äîáðå âiäîìî, ùî óìîâè (3) òà (4) çàáåçïå÷óþòü ðiâíîìiðíó çáiæíiñòü ðÿäiâ (1) òà (2)

íà âiäðiçêó [ε, π] ïðè áóäü-ÿêîìó ε > 0, à ¨õ ñóìè f(x) i g(x) âiäïîâiäíî � íåïåðåðâíî
äèôåðåíöiéîâíi íà (0, π]

Â [1] äîâåäåíî òåîðåìè, ùî ìiñòÿòü îöiíêè iíòåãðàëiâ âiä |f ′| i |g′| âçÿòèõ ïî âiäðiçêàõ
Al,m :=

[
π

m+1
, π
l

]
, l,mεN, 1 ≤ l ≤ m, ùî äàëî çìîãó âiäñëiäêîâóâàòè ïîâåäiíêó öèõ iíòå-

ãðàëiâ ïðè m→∞ i l = 1, à òî÷íiøå, ÿê çðîñòàþòü iíòåãðàëè âiä |f ′| i |g′| ïî âiäðiçêàõ [ε, π]
ïðè ε→ +0, ÿêùî öi ôóíêöi¨ íåiíòåãðîâíi íà [−π, π] i ÿê ñïàäàþòü iíòåãðàëè ïî âiäðiçêàõ
[0, ε] ïðè ε→ +0, ÿêùî ôóíêöi¨ |f ′| i |g′| iíòåãðîâíi íà [−π, π] .

Â äîïîâiäi ìîâà áóäå éòè ïðî ïîøèðåííÿ ðåçóëüòàòiâ Ñ. Î. Òåëÿêîâñüêîãî iç [1] íà
êðàòíi (ïîäâiéíi) òðèãîíîìåòðè÷íi ðÿäè.

Íåõàé çàäàíî ïîäâiéíèé ðÿä

∞∑
k1=1

∞∑
k2=0

2−γk2ak1,k2 sin k1x1 cos k2x2, (5)

äå γk2 = 1 ïðè k2 = 0, γk2 = 0 ïðè k2 6= 0, êîåôiöi¹íòè ÿêîãî çàäîâîëüíÿþòü óìîâó

ak = ak1,k2 → 0, k1 + k2 →∞, (6)

i êâàçiâèïóêëi, òîáòî
∞∑
k1=1

k1

∞∑
k2=1

k2

∣∣∆2,2ak1,k2
∣∣ <∞, (7)
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äå

∆1,0ak1,k2 = ak1,k2 − ak1+1,k2 , ∆0,1ak1,k2 = ak1,k2 − ak1,k2+1, ∆1,1ak1,k2 = ∆1,0
(
∆0,1ak1,k2

)
,

∆2,0ak1,k2 = ∆1,0ak1,k2 −∆1,0ak1+1,k2 , ∆0,2ak1,k2 = ∆0,1ak1,k2 −∆0,1ak1,k2+1,

∆2,2ak1,k2 = ∆1,1
(
∆1,1ak1,k2

)
.

Â [2] Ñ. Î. Òåëÿêîâñüêèé ïîêàçàâ, ùî ïðè âèêîíàííi óìîâ (6) i (7) ðÿä (5) çáiãà¹òüñÿ çà
Ïðèíñõåéìîì (äèâ. [3]) íà (0, π]× (0, π] äî ôóíêöi¨ h(x) = h(x1, x2), òîáòî

lim
min(n1,n2)→∞

n1∑
k1=1

n2∑
k2=0

2−γk2ak1,k2 sin k1x1 cos k2x2 := h (x1, x2) ;

çáiæíiñòü öüîãî ðÿäó ¹ ðiâíîìiðíîþ íà T 2
ε := [ε1, π]× [ε2, π] ïðè áóäü-ÿêèõ ε1, ε2 > 0, à éîãî

ñóìà ¹ íåïåðåðâíî äèôåðåíöiéîâíîþ íà (0, π]× (0, π].

Îòæå, îñíîâíà çàäà÷à ïîëÿãà¹ â îöiíöi iíòåãðàëiâ âiä
∣∣∣∂2h(x1,x2)

∂x1∂x2

∣∣∣ âçÿòèõ ïî ìíîæèíàõ

Pl,m :=
[

π
m1+1

, π
l1

]
×
[

π
m2+1

, π
l2

]
, li,mi ∈ N, 1 ≤ li ≤ mi, i = 1, 2 â òåðìiíàõ ñèìâîëiâ

âiä âèðàçiâ, ùî âèçíà÷àþòüñÿ ëèøå çà äîïîìîãîþ êîåôiöi¹íòiâ ak ðÿäó (5) i ïàðàìåòðiâ
li,mi, i = 1, 2.

Ñïðàâåäëèâå òâåðäæåííÿ.

Òåîðåìà 1. ßêùî êîåôiöi¹íòè ðÿäó (5) çàäîâîëüíÿþòü óìîâè (6) i (7), òî ìà¹ ìiñöå
îöiíêà ∫∫

Pl,m

∣∣∣∣∂2h (x1,x2)

∂x1∂x2

∣∣∣∣ dx1dx2 = O (γl,m) , (8)

äå

γl,m :=
m1 + 1− l1

m1

l1−1∑
k1=0

k1 + 1

l1

m2∑
k2=l2

uk2
∣∣∆1,0αk1,k2

∣∣+
∞∑

k1=l1

min (k1 + 1− l1,m1 + 1− l1) ·

·
m2∑
k2=l2

uk2
∣∣∆2,0αk1,k2

∣∣+
m1 + 1− l1

m1

m2 + 1− l2
m2

l1−1∑
k1=0

l2−1∑
k2=0

(k1 + 1)

l1

k2
2

l22

∣∣∆1,1αk1,k2
∣∣+

+
∞∑

k1=l1

min (k1 + 1− l1,m1 + 1− l1)

l2−1∑
k2=0

k2
2

l22

m2 + 1− l2
m2

∣∣∆2,1αk1,k2
∣∣+

+
m1 + 1− l1

m1

l1−1∑
k1=0

k1 + 1

l1

∞∑
k2=l2

min (k2 + 1− l2,m2 + 1− l2)
∣∣∆1,2αk1,k2

∣∣+
+
∞∑

k1=l1

min (k1 + 1− l1,m1 + 1− l1)
∞∑

k2=l2

min (k2 + 1− l2,m2 + 1− l2)
∣∣∆2,2αk1,k2

∣∣ ,
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uk2 :=
1

2

π
k2∫
π

k2+1

ctg
x2

2
dx2 = ln

sin π
2k2

sin π
2(k2+1)

,

li,mi ∈ N, 1 ≤ li ≤ mi, i = 1, 2.

[1] Òåëÿêîâñêèé Ñ. À. Îöåíêè èíòåãðàëà îò ïðîèçâîäíîé ñóììû òðèãîíîìåòðè÷åñêîãî ðÿäà
ñ êâàçèâûïóêëûìè êîåôôèöèåíòàìè // Ìàò. ñá. � 1995. � 186.� Ñ. 111�122.

[2] Òåëÿêîâñêèé Ñ. À. Íåêîòîðûå îöåíêè äëÿ òðèãîíîìåòðè÷åñêèõ ðÿäîâ ñ êâàçèâûïó-
êëûìè êîåôôèöèåíòàìè // Ìàò. ñá. � 1964. � 63. � Ñ. 426�444.

[3] Æèæèàøâèëè Ë. Â. Ñîïðÿæåííûå ôóíêöèè è òðèãîíîìåòðè÷åñêèå ðÿäû. � Òáèëèñè:
Èçä�âî Òáèëèñ. óí�òà, 1969. � 102 ñ.
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Iäåìïîòåíòíî îïóêëi êîìáiíàöi¨ íåñêií÷åííî¨
êiëüêîñòi åëåìåíòiâ

I. Ä. Ãëóøàê, Î. Ð. Íèêèôîð÷èí
Ïðèêàðïàòñüêèé íàöiîíàëüíèé óíiâåðñèòåò iì.Â.Ñòåôàíèêà, Iâàíî-Ôðàíêiâñüê

inna.hlushak@pu.if.ua, nick@pu.if.ua

Òðiéêà (X,⊕,⊗) íàçèâà¹òüñÿ (I,max, ∗)-íàïiâìîäóëåì(ëiâèì iäåìïîòåíòíèì), ÿêùî X
� öå ìíîæèíà ç îïåðàöiÿìè ⊕ : X × X → X, ⊗ : I × X → X, ÿêi äëÿ âñiõ x, y, z ∈ X,
α, β ∈ I ìàþòü âëàñòèâîñòi:

1. x⊕ y = y ⊕ x;

2. (x⊕ y)⊕ z = x⊕ (y ⊕ z);

3. iñíó¹ ¹äèíèé åëåìåíò 0̄ ∈ X, òàêèé ùî x⊕ 0̄ = x äëÿ âñiõ x;

4. α⊗ (x⊕ y) = (α⊗ x)⊕ (α⊗ y), max{α, β} ⊗ x = (α⊗ x)⊕ (β ⊗ x);

5. (α ∗ β)⊗ x = α⊗ (β ⊗ x);

6. 1⊗ x = x;

7. 0⊗ x = 0̄.

Íàäàëi çàìiñòü (I,max, ∗)-íàïiâìîäóëü áóäåìî âæèâàòè òåðìií I-íàïiâìîäóëü.
(X,⊕,⊗) � êîìïàêòíèé ãàóñäîðôîâèé ëîóñîíiâ I-íàïiâìîäóëü, ÿêùî (X,⊕,⊗) ¹ I-

íàïiâìîäóëåì, i íà X çàäàíî êîìïàêòíó ãàóñäîðôîâó òîïîëîãiþ, ùî ðîáèòü éîãî êîì-
ïàêòíîþ ëîóñîíîâîþ âåðõíüîþ íàïiâãðàòêîþ [1] ç ïîïàðíèì ñóïðåìóìîì ⊕ (i ÷àñòêîâèì
ïîðÿäêîì, âèçíà÷åíèì ÿê x ≤ y ⇔ x ⊕ y = y), à ìíîæåííÿ ⊗ ¹ íåïåðåðâíèì. Òàêà íà-
ïiâãðàòêà ¹ ïîâíîþ, à ç iñíóâàííÿ íàéìåíøîãî åëåìåíòà 0 âèïëèâà¹, ùî âîíà ¹ ïîâíîþ
ãðàòêîþ.

Äëÿ âñiõ x1, x2, . . . xn ∈ X òà êîåôiöi¹íòiâ α1, α2, . . . , αn ∈ I, ùî max{α1, α2, . . . , αn} = 1,
çàäà¹ìî I-îïóêëó êîìáiíàöiþ ñêií÷åííî¨ êiëüêîñòi åëåìåíòiâ

α1 ⊗ x1 ⊕ α2 ⊗ x2 ⊕ . . .⊕ αn ⊗ xn,

ÿêó íàäàëi ïîçíà÷àòèìåìî ïðîñòî α1x1 ⊕ α2x2 ⊕ . . .⊕ αnxn.
�¨ îäíîçíà÷íî ìîæíà âiäíîâèòè çà îïåðàöi¹þ ïîïàðíî¨ îïóêëî¨ êîìáiíàöi¨ x ⊕ (α ⊗ y),

ÿêà ¹ âiäîáðàæåííÿì X × I ×X → X.
Çàìêíåíà I-îïóêëà (òîáòî òàêà, ÿêà ìiñòèòü âñi I-îïóêëi êîìáiíàöi¨ ñâî¨õ åëåìåíòiâ) ïiä-

ìíîæèíà êîìïàêòíîãî ãàóñäîðôîâîãî ëîóñîíîâîãî I-íàïiâìîäóëÿ íàçèâà¹òüñÿ I-îïóêëèì
êîìïàêòîì. Ìîæíà äàòè ðiâíîñèëüíå ¾âíóòðiøí¹¿ îçíà÷åííÿ I-îïóêëîãî êîìïàêòà, ÿê
êîìïàêòà íà ÿêîìó âèçíà÷åíî íåïåðåðâíó òåðíàðíó îïåðàöiþ ïîïàðíî¨ îïóêëî¨ êîìáiíàöi¨,
ùî çàäîâîëüíÿ¹ ïðèðîäíi àëãåáðà¨÷íi òîòîæíîñòi [2]. Òàêèé êîìïàêò îïóêëî âêëàäà¹òüñÿ
ó êîìïàêòíèé ãàóñäîðôiâ ëîóñîíiâ I-íàïiâìîäóëü.

Ïåðåâàãà êîìïàêòíèõ ãàóñäîðôîâèõ ëîóñîíîâèõ I-íàïiâìîäóëiâ ó òîìó, ùî ìîæíà êî-
ðåêòíî îçíà÷èòè iäåìïîòåíòíó îïóêëó êîìáiíàöiþ íåñêií÷åííî¨ êiëüêîñòi åëåìåíòiâ, âèêî-
ðèñòîâóþ÷è ñêií÷åííi îïóêëi êîìáiíàöi¨

⊕
i∈I
αixi = inf{sup

i∈I1
αi ⊗ sup

i∈I1
xi ⊕ . . .⊕ sup

i∈In
αi ⊗ sup

i∈In
xi | n ∈ N, I = I1 ∪ I2 ∪ . . . ∪ In},
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ÿêà íåïåðåðâíî çàëåæèòü âiä ñâî¨õ àðãóìåíòiâ, ÿêùî îñòàííi ðîçóìiòè ÿê çàìêíåíó ìíî-
æèíó ó òîïîëîãi÷íîìó äîáóòêó êîìïàêòà íà îäèíè÷íèé âiäðiçîê.

Òåîðåìà 1. Íåõàé X � I-îïóêëèé êîìïàêò, à exp1(X × I) ïîçíà÷à¹ ïiäïðîñòið ãi-
ïåðïðîñòîðó exp(X × I) ç òîïîëîãi¹þ Âi¹òîðiñà , ùî ñêëàäà¹òüñÿ iç çàìêíåíèõ ìíî-
æèí â X × I, ÿêi ìiñòÿòü ïðèíàéìíi îäíó ïàðó âèãëÿäó (x, 1). Òîäi âiäîáðàæåííÿ h :
exp1(X × I)→ X, ÿêå äëÿ A ⊂

cl
X × I âèçíà÷åíî ôîðìóëîþ

h(A) = ⊕
i∈I
{αixi|(xi, αi) ∈ A},

¹ íåïåðåðâíèì.

Äîâåäåííÿ òåîðåìè ïðåäñòàâëåíî â [3]. Îòðèìàíi ðåçóëüòàòè ¹ âàæëèâèìè ïðè ðîçâ'ÿ-
çàííi çàäà÷ íàáëèæåíü íåàäèòèâíèõ ìið (¹ìíîñòåé) íà êîìïàêòi, îñêiëüêè àïðîêñèìóþ÷i
¹ìíîñòi â áàãàòüîõ âèïàäêàõ [4] ¹ iäåìïîòåíòíèìè îïóêëèìè êîìáiíàöiÿìè ó êîìïàêòíîìó
íàïiâìîäóëi, ÿêèì ¹ ïðîñòið ¹ìíîñòåé íà êîìïàêòi.

[1] Lawson J.D. Topological semilattices with small semilattices , J.Lond. Math.Soc. � 1969. �
�11. � 719-724.

[2] Íèêèôîð÷èí Î.Ð. Ïðîñòîðè íåàäèòèâíèõ ìið: êàòåãîði¨ i òîïîëîãi÷íi âëàñòèâîñòi :
äèñ. ä-ðà ôiç.-ìàò. íàóê : 01.01.04 / Íèêèôîð÷èí Îëåã Ðîñòèñëàâîâè÷ ; Ëüâiâ. íàö. óí-ò
iì. Iâàíà Ôðàíêà. - Ë., 2012. - 410 c.

[3] I.Ä. Ãëóøàê, Î.Ð.Íèêèôîð÷èí Íåïåðåðâíiñòü iäåìïîòåíòíî îïóêëî¨ êîìáiíàöi¨ íå-
ñêií÷åííî¨ êiëüêîñòi åëåìåíòiâ I-îïóêëîãî êîìïàêòíà, Ïðèêàðïàòñüêèé âiñíèê ÍÒØ.
×èñëî. - 2016. - �1(33), 152-156.

[4] Hlushak I.D., Nykyforchyn O.R. Continuous approximations of capacities on metric
compacta, Carpathian Mathematical Publications, Vol 8, �1 (2016), 44-50.
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Atoms of saddle critical level line of smooth
functions on surfaces with boundary

B. I. Hladysh
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In the work [1] was found the local representation of smooth function in some neighborhood
of non-degenerated critical point on the boundary of the manifold. Also in the work [2] there is
the theorem which gives the topological classification of smooth function around critical point
on the closed manifold.

Let M be a smooth surface with the boundary ∂M , f — smooth function, defined on M .
Theorem 1. Let p0 ∈ ∂M is isolated critical point of function f and also of its restriction

to the boundary f |∂M . Then exists the neighborhood U(p0) of point p0, such that p0 = (0, 0) is
origin and function f is topologically equivalent with the function g(x, y) = Re(x+ iy)k, y ≥ 0
for some integer k, k ≥ 1.

Further we will suppose that p0 is saddle critical points which satisfies the conditions of
theorem 1 and f(p0) = 0.

Smooth functions f and g are topological equivalent in some neighborhood of their critical
level lines f−1(c1) and g−1(c2) if there are exist ε1 > 0, ε2 > 0 and the homeomorphism
λ : f−1(c1− ε1, c1 + ε1)→ g−1(c2− ε2, c2 + ε2), which transfer level lines of function f into level
lines of function g and save the direction of growing of functions.

Atom is the class of topological equivalence of restriction of function f to the set f−1([−ε, ε]).
Then we consider the neighborhood of point p0, which is limited by f−1(−ε), f−1(ε) (for

some ε > 0), some trajectories of gradient field and by the boundary of the manifold. This
neighborhood can be represented in the view of polygon with k + 1 sides. After continuation
of previously described neighborhood, we get (k + 1)–polygon, some sides of which are clued.

Theorem 2. 1. Each atom of saddle critical point coincide with the atom Aτ (k) for some
substitution τ (k) on the set {1, 2, . . . , k}, which determine the cluing of the sides.

2. The number of atoms Aτ (k) can be calculated from the following formula:

N1 = 1, N2 = 2, N3 = 4, Nk = 2
k−3∑
j=1

P
(k)
j + P

(k)
k−2

where P
(k)
j , j = 1, k − 2 is the set of sequences of numbers, which depend on k and are defined

by the recurrent correlation: P
(k)
0 = 1, P

(k)
1 = k − 1, P

(k)
2 = k − 2, P

(k)
j = (P

(k)
0 + P

(k)
1 + . . . +

P
(k)
j−2)(k − j), j ∈ 3, k − 2.

[1] Hladysh B.I., Prishlyak O.O. Functions with non-degenerated critical points on the boundary
of the surface (in Ukrainian) Ukr. Mat. Zh. 68 (2016), no. 1, 28–37.

[2] Prishlyak O.O. Topological equivalence of smooth functions with isolated critical points on
a closed surface Topology and its application 119 (2002), no. 3, 257–267.

74



Determinants of Hessenberg matrices whose entries
are h(x)–Fibonacci polynomials
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A large class of polynomials can also be defined by Fibonacci-like recurrence relations such
yields Fibonacci numbers. Such polynomials are called Fibonacci polynomials [1]. Nalli and
Haukkanen [2] introduced the h(x)–Fibonacci polynomials Fhn(x) are defined by the recurrence
relation

Fh,n+1(x) = h(x)Fhn(x) + Fh,n−1(x) (n ≥ 1)

with initial conditions Fh0(x) = 0, Fh1(x) = 1, where h(x) is polynomial with real coefficients.
Let Phn(x), Qhn(x), Rhn(x) be an n× n Hessenberg matrices given for all n ≥ 1 by

Phn(x) =


Fh1(x) 1 · · · 0 0
Fh2(x) Fh1(x) · · · 0 0

· · · · · · . . . · · · · · ·
Fh,n−1(x) Fh,n−2(x) · · · Fh1(x) 1
Fhn(x) Fh,n−1(x) · · · Fh2(x) Fh1(x)

,

Qhn(x) =


Fh1(x) 1 · · · 0 0
Fh3(x) Fh1(x) · · · 0 0

· · · · · · . . . · · · · · ·
Fh,2n−3(x) Fh,2n−5(x) · · · Fh1(x) 1
Fh,2n−1(x) Fh,2n−3(x) · · · Fh3(x) Fh1(x)

,

Rhn(x) =


Fh2(x) 1 · · · 0 0
Fh4(x) Fh2(x) · · · 0 0

· · · · · · . . . · · · · · ·
Fh,2n−2(x) Fh,2n−4(x) · · · Fh2(x) 1
Fh,2n(x) Fh,2n−2(x) · · · Fh4(x) Fh2(x)

.
Proposition. The following formulas are hold :

det(Phn(x)) =
n∑
k=0

n∑
j=0

(
1 + (−1)n+j

)(n+j
2

j

)(
j

n− k

)(
−h(x)

)n−k
,

det(Qhn(x)) = (−1)n−1h2(x)
(
h2(x) + 1

)n−2
,

det(Rhn(x)) = h(x)det(Rh,n−1(x)) +
n−1∑
i=1

(−1)n+iFh,2(n−i+1)(x)det(Rh,i−1(x)).

[1] T. Koshy, Fibonacci and Lucas Numbers with Applications, John Wiley & Sons, New York,
2001.

[2] A. Nalli, P. Haukkanen, On generalized Fibonacci and Lucas polynomials, Chaos Solitons
Fractals 43 (2009), 3179–3186.
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A loop (Q, ·) is called a right (left, middle) Bol loop if it satisfies the identity (xy · z)y =
x(yz · y) (respectively, y(z · yx) = (y · zy)x, x(yz\x) = (x/z)(y\x)), where ”\” (”/”) is the right
(left) division in the loop (Q, ·). The middle Bol identity is a necessary and sufficient condition
for the universality of the anti-automorphic inverse property (x · y)−1 = y−1 · x−1 [1]. Middle
Bol loops are isostrophes of right (left) Bol loops [2,4].

Let (Q, ·) be a loop and let H = Aut(Q, ·)×Q. Define (∗) on H as follows:

(α, x) ∗ (β, y) = (αβ, β(x) · y),

for all (α, x), (β, y) ∈ H. (H, ∗) is a loop and is called the holomorph of (Q, ·).
Gvaramija proved in [3] that the holomorph (H, ∗) of a loop (Q, ·) is a middle Bol loop if

and only if the following conditions hold:
1. (Q, ·) is a middle Bol loop;

2. x/θ(x) ∈ N (·)
l , ∀x ∈ Q, ∀θ ∈ Aut(Q, ·), where N

(·)
l is the left nucleus of (Q, ·).

We give necessary and sufficient conditions when the holomorph of a middle Bol loop is a
middle Bol loop and when it coincides with the holomorph of the corresponding right Bol loop.

Proposition 1. The holomorph (H, ∗) of a loop (Q, ·) is a middle Bol loop if and only if
the triple T = (ψI−1

x , ψIx, Lψ(x)Ixψ) is an anti-autotopism of (Q, ·), ∀x ∈ Q, ∀ψ ∈ Aut(Q, ·),
where Ia : Q 7→ Q, Ia(y) = y\a,∀a, y ∈ Q.

Corollary 1. The holomorph (H, ∗) of a middle Bol loop (Q, ·) is a middle Bol loop if and
only if one of the following conditions holds:
1. the triple T = (Lψ(x)L

−1
x , ε, Lψ(x)L

−1
x ) is an autotopism of (Q, ·), ∀x ∈ Q, ∀ψ ∈ Aut(Q, ·);

2. the triple T = (Lψ(x)·x−1 , ε, Lψ(x)·x−1) is an autotopism of (Q, ·), ∀x ∈ Q, ∀ψ ∈ Aut(Q, ·).

Proposition 2. Let (Q, ·) be a right Bol loop and let (Q, ◦) be the corresponding middle
Bol loop. If (H, ∗) ((H,⊗)) is the holomorph of (Q, ·) (resp. the holomorph of (Q, ◦)), then
(H, ∗) is a right Bol loop if and only if (H,⊗) is a middle Bol loop.

Proposition 3. The holomorpf of a middle Bol loop (Q, ◦) coincides with the holomorph
of the corresponding right Bol loop if and only if (Q, ◦) is a Moufang loop.

[1] V. Belousov , Foundations of the theory of quasigroups and loops, Nauka, Moscow,
1967.(Russian)

[2] A. A. Gwaramija, On a class of loops, Uch. Zapiski MGPI. 375(1971), 25-34. (Russian)

[3] A. A. Gwaramija,To the theory of B−3 Loops, Trudy Gruz. Inst. Subtrop. Hoz. Vol. XVIII,
1969, 653–656. (in Russian)

[4] P. Syrbu On middle Bol loops. ROMAI J, 2010, Vol 6(2) , p. 229-236.
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Âàðiàíòè êîìóòàòèâíèõ çâ'ÿçîê
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ÊÍÓ iì. Òàðàñà Øåâ÷åíêà (àñïiðàíò)
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Íåõàé a � ôiêñîâàíèé åëåìåíò íàïiâãðóïè S. Äëÿ äîâiëüíèõ x, y ∈ S ïîêëàäåìî
x ∗a y = xay. Òîäi (S, ∗a) ¹ íàïiâãðóïîþ, ÿêà íàçèâà¹òüñÿ âàðiàíòîì íàïiâãðóïè S.

Çàäà÷ó âèâ÷åííÿ âàðiàíòiâ íàïiâãðóï âïåðøå ïîñòàâèâ Ëÿïií ó âiäîìié ìîíîãðàôi¨ [1].
Ëÿïií ôîðìóëþâàâ çàäà÷ó ëèøå äëÿ íàïiâãðóï ïåðåòâîðåíü, íåçàáàðîì ðiçíi àâòîðè ïî÷à-
ëè âèâ÷àòè âàðiàíòè áàãàòüîõ iíøèõ êëàñiâ íàïiâãðóï.

Òåîðåìà 1 âñòàíîâëþ¹ êðèòåðié içîìîðôíîñòi âàðiàíòiâ êîìóòàòèâíèõ çâ'ÿçîê ç íóëåì.
Äàëi öåé êðèòåðié âèêîðèñòàíî äëÿ îïèñó âàðiàíòiâ êiëüêîõ êîíêðåòíèõ êîìóòàòèâíèõ
çâ'ÿçîê ç íóëåì. À ñàìå, çà äîïîìîãîþ öüîãî êðèòåðiþ îïèñàíi âàðiàíòè ìíîæèíè íàòó-
ðàëüíèõ ÷èñåë ç îïåðàöiÿìè min(n,m) òà ÍÑÄ(n,m), áóëåàíó íåñêií÷åííî¨ ìíîæèíè òà
ðåøiòêè ïiäïðîñòîðiâ çëi÷åííîâèìiðíîãî âåêòîðíîãî ïðîñòîðó.

Êîìóòàòèâíà çâ'ÿçêà S ¹ íèæíüîþ íàïiâðåøiòêîþ âiäíîñíî ÷àñòêîâîãî ïîðÿäêó a ≤ b⇔
ab = a. Çàóâàæèìî, ùî âàðiàíòè ñêií÷åííèõ íàïiâðåøiòîê âèâ÷àëèñÿ ó [2].

Iíòåðâàëîì S[a,b] êîìóòàòèâíî¨ çâ'ÿçêè áóäåìî íàçèâàòè ìíîæèíó

S[a,b] = {x ∈ S|x · a = a, b · x = x}.

Íåõàé a � ôiêñîâàíèé åëåìåíò êîìóòàòèâíî¨ çâ'ÿçêè S ç íóëåì. Äëÿ êîæíîãî åëåìåíòà
x ç iíòåðâàëó S[0,a] ÷åðåç Ω(x) ïîçíà÷èìî ìíîæèíó {y ∈ S|a ·y = x}, à âàãîþ ω(x) åëåìåíòà
x íàçâåìî ïîòóæíiñòü öi¹¨ ìíîæèíè: ω(x) = |Ω(x)|.

Òåîðåìà 1. Äâà âàðiàíòè (S, ∗a) òà (S, ∗b) êîìóòàòèâíî¨ çâ'ÿçêè S ç íóëåì içîìîð-
ôíi òîäi i òiëüêè òîäi, êîëè iñíó¹ içîìîðôiçì ç iíòåðâàëó S[0,a] â iíòåðâàë S[0,b], ÿêèé
çáåðiãà¹ âàãè óñiõ åëåìåíòiâ. (Äîâåäåíà ó ðîáîòi [3])

Íàñëiäîê 1. Âñi âàðiàíòè ìíîæèíè N çi çâè÷àéíèì ïîðÿäêîì ¹ ïîïàðíî íå içîìîð-
ôíèìè.

Íåõàé (N, |) � ìíîæèíà íàòóðàëüíèõ ÷èñåë, âïîðÿäêîâàíà âiäíîøåííÿì ïîäiëüíîñòi.
Íàòóðàëüíîìó ÷èñëó n, êàíîíi÷íèé ðîçêëàä ÿêîãî ìà¹ âèãëÿä n = pk11 p

k2
2 · · · pkmn , ïîñòà-

âèìî ó âiäïîâiäíiñòü ìóëüòèìíîæèíó pow(n) = {k1, k2, . . . , km} äîäàòíèõ ïîêàçíèêiâ éîãî
êàíîíi÷íîãî ðîçêëàäó.

Íàñëiäîê 2. Âàðiàíòè ((N, |), ∗n) òà ((N, |), ∗t) içîìîðôíi òîäi i òiëüêè òîäi, êîëè
ìóëüòèìíîæèíè pow(n) òà pow(t) çáiãàþòüñÿ.

Íåõàé (B(M),⊆) � áóëåàí íåñêií÷åííî¨ ìíîæèíè M , òîáòî âïîðÿäêîâàíà çà âêëþ÷å-
ííÿì ìíîæèíà âñiõ ïiäìíîæèí ìíîæèíè M .

Íàñëiäîê 3. Íåõàé A i B � ïiäìíîæèíè ìíîæèíè M . Âàðiàíòè (B(M), ∗A) òà
(B(M), ∗B) içîìîðôíi òîäi i òiëüêè òîäi, êîëè âèêîíó¹òüñÿ îäíà ç äâîõ óìîâ:

(1) ìíîæèíè A i B ðiâíîïîòóæíi i ìàþòü ïîòóæíiñòü ìåíøó, íiæ ìíîæèíà M ;
(2) êîæíà ç ìíîæèí A i B ðiâíîïîòóæíà ìíîæèíiM , à ¨õ äîïîâíåííÿMrA iMrB

ðiâíîïîòóæíi.
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Íåõàé L(V ) � âïîðÿäêîâàíà çà âêëþ÷åííÿì ðåøiòêà ïiäïðîñòîðiâ íåñêií÷åííîâèìið-
íîãî âåêòîðíîãî ïðîñòîðó V .

Íàñëiäîê 4. Íåõàé U iW � ïiäïðîñòîðè âåêòîðíîãî ïðîñòîðó V . Âàðiàíòè (L(V ), ∗U)
òà (L(V ), ∗W ) içîìîðôíi òîäi i òiëüêè òîäi, êîëè âèêîíó¹òüñÿ îäíà ç äâîõ óìîâ:

(1) ïiäïðîñòîðè U i W ìàþòü îäíàêîâó ðîçìiðíiñòü ìåíøó, íiæ ðîçìiðíiñòü ïðî-
ñòîðó V ;

(2) êîæåí ç ïiäïðîñòîðiâ U i W ìà¹ ðîçìiðíiñòü ïðîñòîðó V , òà êîðîçìiðíîñòi ïiä-
ïðîñòîðiâ U òà W ñïiâïàäàþòü, òîáòî dim(V/U) = dim(V/W ).

[1] Å.Ñ.Ëÿïèí, Ïîëóãðóïïû, Ôèçìàòãèç. Ìîñêâà, 1960.

[2] O. G. Ganyushkin , O. O. Desiateryk, Variants of a semilattice, Bulletin of Taras Shevchenko
National University of Kyiv, Series: Phisics & Mathematics � 2013. � V. 4. � Ñ. 12�16.

[3] O. Desiateryk Variants of commutative bands with zero, Bulletin of Taras Shevchenko Nati-
onal University of Kyiv, Series: Phisics & Mathematics � 2015. � V. 4. � P. 15�20.
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Ïðî êðàòíiñòü ìíîãîçíà÷íèõ âiäîáðàæåíü îáëàñòåé

Þ. Á. Çåëiíñüêèé, Î. Â. Ñàôîíîâà
Iíñòèòóò ìàòåìàòèêè ÍÀÍ Óêðà¨íè, Êè¨â, Óêðà¨íà; Êè¨âñüêèé íàöiîíàëüíèé óíiâåðñèòåò

iì. Òàðàñà Øåâ÷åíêà, Êè¨â, Óêðà¨íà
zel@imath.kiev.ua, olechkadeadin@ukr.net

Íåõàé M,N � n-âèìiðíi ìíîãîâèäè; D ⊂M i D1 ⊂ N � âiäêðèòi çâ'ÿçíi îáëàñòi; D �
çàìèêàííÿ îáëàñòi D, IntD � âíóòðiøíi òî÷êè îáëàñòi D, ∂D � ìåæà îáëàñòi D.

Äëÿ ìíîãîçíà÷íèõ àöèêëi÷íèõ íàïiâíåïåðåðâíèõ çâåðõó ïðîñòèõ âiäîáðàæåíü ñïðàâå-
äëèâà òàêà òåîðåìà.

Òåîðåìà 1. Íåõàé F : D → D1 � ìíîãîçíà÷íå âiäîáðàæåííÿ îáëàñòåé ñòåïåíÿ k
òàêå, ùî F (∂D)∩F (IntD) = ∅. Òîäi, àáî F ¹ âiäêðèòèì âiäîáðàæåííÿì, àáî iñíó¹ òî÷êà
â îáðàçi, ÿêà ìà¹ ùîíàéìåíøå |k|+ 2 ïðîîáðàçiâ. ßêùî F -íóëüâèìiðíå âiäîáðàæåííÿ, òî
ó äðóãîìó âèïàäêó ìíîæèíà òî÷îê îáðàçà, ùî ìàþòü íå ìåíøå íiæ |k| + 2 ïðîîáðàçiâ,
ìà¹ ïîâíó âèìiðíiñòü n.

Àíàëîã öüîãî ðåçóëüòàòó äëÿ âëàñíîãî íåïåðåðâíîãî âiäîáðàæåííÿ çàìêíåíî¨ îáëàñòi
íà ìíîãîâèäi îòðèìàíî â ðîáîòàõ [1] - [3].

Ç òåîðåìè 1 âèïëèâà¹ òâåðäæåííÿ òàêî¨ òåîðåìè.

Òåîðåìà 2. Íåõàé äëÿ ìíîãîçíà÷íîãî âiäîáðàæåííÿ F : D → D1 âèêîíóþòüñÿ òàêi
óìîâè:
1) F (∂D) ∩ F (IntD) = ∅;
2) iñíó¹ ñòåïiíü âiäîáðàæåííÿ F , ùî äîðiâíþ¹ k.
Òîäi àáî âiäîáðàæåííÿ F |IntD ¹ âiäêðèòèì, àáî çíàéäåòüñÿ òî÷êà y ∈ F (IntD) òàêà, ùî
F−1(y) ìà¹ ùîíàéìåíøå |k| + 2 ïðîîáðàçiâ. ßêùî æ âiäîáðàæåííÿ F íóëüâèìiðíå i íå
âiäêðèòå, òî ìíîæèíà òî÷îê y ∈ F (IntD), ÿêi ìàþòü íå ìåíøå íiæ |k|+ 2 ïðîîáðàçiâ,
ìiñòèòü âiäêðèòó ïiäìíîæèíó â F (IntD).

[1] Þ.Á. Çåëèíñêèé, Î íåêîòîðûõ ïðîáëåìàõ Êîñèíñêîãî // Óêð. ìàòåì. æóðíàë. � 1975.
� 27, �4. � Ñ. 510�516.

[2] Þ.Á. Çåëèíñêèé, Î êðàòíîñòè íåïðåðûâíûõ îòîáðàæåíèé îáëàñòåé // Óêð. ìàòåì.
æóðíàë. � 2005. � 57, �4. � Ñ. 554�558.

[3] À.Ê. Áàõòèí, Ã.Ï. Áàõòèíà, Þ.Á. Çåëèíñêèé, Òîïîëîãî-àëãåáðàè÷åñêèå ñòðóêòóðû è
ãåîìåòðè÷åñêèå ìåòîäû â êîìïëåêñíîì àíàëèçå // Ïðàöi Iíñòèòóòó ìàòåìàòèêè ÍÀÍ
Óêðà¨íè. � 73. � 2008. � 308 ñ.
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Multivalued mappings and their properties
B. Klishchuk

Institute of Mathematics of NAS of Ukraine

bogdanklishchuk@mail.ru

K. N. Soltanov in his papers [1-3] proposed a method of finding of fixed points for noncon-
tinuous mappings in Banach space. Other approaches to a proof of an existence of fixed points
can be found in monograph of Yu. Zelinski [1].

Let En be n-dimensional Euclidean space (real or complex), 〈∗, ∗〉 be a scalar product in
En and conv A be a convex hull of some subset A of En.

Let X and Y be some topological spaces. The mapping F : X → Y is called a multivalued
mapping if the set F (x) ⊂ Y is the image of the point x ∈ X.

Consider the multivalued mappings (including single-valued and discontinuous mappings)
of subsets of Euclidean space.

Let F1, F2 : X → Y be two multivalued mappings. The mapping F2 is the restriction of F1

if F1(x) ⊃ F2(x) for all points x ∈ X.

Let ∠xOy = arccos Re〈x,y〉√
〈x,x〉
√
〈y,y〉

where x, y are some points of En.

Definition 1. The set A ⊂ X is a radian ε-net if for any ray, emanating from the origin,
there exists a ray that forms an angle less than some ε ∈ (0; π

2
) with the first ray and the second

ray intersects A.

Definition 2. The mapping F : X → Y satisfies “ε-specified condition of an acute
angle” on the set A ⊂ X if X = Y and for any point x ∈ A there exists y ∈ F (x) such that
∠xOy < π

2
− ε.

It was obtained theorems about includings for multivalued mappings whose restrictions to
some subset in a closure of a domain of Euclidean space satisfy “the ε-specified condition of an
acute angle” [2].

Theorem 1. Let D be a domain in Euclidean space En containing the origin 0. Let K ⊂ D
be a subset of a closure of this domain and K is a radian ε-net. Suppose that the multivalued
mapping F : D → En has the restriction F1(K) satisfying “the ε-specified condition of an acute
angle”. If conv F1(K) ⊂ F (D) then 0 ∈ F (D).

Corollary 1. Let K ⊂ D be a subset of the domain D and K is a radian ε-net. Suppose
that the multivalued mapping F : D → En has the restriction F1(K) and conv F1(K) ⊂ F (D).
If 0 /∈ F (D) then there exists the pair of points x ∈ K, y ∈ F (x) such that ∠xOy > π

2
− ε.

Let G = Id−F be a multivalued mapping G : X → X such that the set G(x) = {x− y|y ∈
F (x)} is the image of the point x ∈ X.

Corollary 2. Let K ⊂ D be a subset of the domain D and K is a radian ε-net. Suppose
that the multivalued mapping G = Id − F : D → Enhas the restriction G1(K) satisfying “the
ε-specified condition of an acute angle”. If conv G1(K) ⊂ G(D) then the mapping F has the
fixed point x ∈ F (x).
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[1] K. N. Soltanov, Nonlinear mappings and the solvability of nonlinear equations., Dokl. Akad.
Nauk SSSR, 289, No. 6, 1986.

[2] K. N. Soltanov, Remarks on Separation of Convex Sets, Fixed-Point Theorem and Applica-
tions in Theory of Linear Operators, Fixed Point Theory and Applications, 2007.
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Ïðîåêòèâíàÿ êëàññèôèêàöèÿ êðèâûõ òðåòüåãî
ïîðÿäêà íà ïðîåêòèâíîé ïëîñêîñòè

Í. Ã. Êîíîâåíêî
ÎÍÀÏÒ, Îäåññà, Óêðàèíà

konovenko@ukr.net

Ìû ðàññìàòðèâàåì êëàññèôèêàöèþ êðèâûõ òðåòüåãî ïîðÿäêà íà ïðîåêòèâíîé ïëîñêî-
ñòè îòíîñèòåëüíî ãðóïïû ïðîåêòèâíûõ ïðåîáðàçîâàíèé SL3 (C). Ýòî êëàññè÷åñêàÿ çàäà÷à,
âîñõîäÿùàÿ ê È. Íüþòîíó (ñì. [4]), ãäå îáñóæäàåòñÿ ïîäõîä ê ýòîé çàäà÷å ñ àëãåáðàè÷å-
ñêîé òî÷êè çðåíèÿ. Çäåñü ìû ïðåäëàãàåì àëüòåðíàòèâíûé ïîäõîä, îñíîâàííûé íà äèôôå-
ðåíöèàëüíîé ãåîìåòðèè è ïðîåêòèâíûõ äèôôåðåíöèàëüíûõ èíâàðèàíòàõ. Äëÿ êðèâîé L
íà ïðîåêòèâíîé ïëîñêîñòè CP2 îáîçíà÷èì ÷åðåç Q7(L) åå ïðîåêòèâíóþ êðèâèçíó, à ÷åðåç
Q8 = ∇(Q7) - åå ïðîèçâîäíóþØòóäè ( [1] - [3]). Ïðîåêòèâíàÿ êðèâèçíà êðèâîé Q7(L) ÿâëÿ-
åòñÿ ïðîåêòèâíûì èíâàðèàíòîì ïîðÿäêà 7, à åå Øòóäè ïðîèçâîäíàÿ Q8(L) - èíâàðèàíòîì
8-ãî ïîðÿäêà.

Äëÿ àëãåáðàè÷åñêèõ êðèâûõ èíâàðèàíòû Q7(L) è Q8(L) ÿâëÿþòñÿ ðàöèîíàëüíûìè
ôóíêöèÿìè íà êðèâîé L è ïîýòîìó ñóùåñòâóåò àëãåáðàè÷åñêîå ñîîòíîøåíèå ìåæäó íè-
ìè:

H(Q7 (L) , Q8 (L)) = 0. (1)

Ýòî ñîîòíîøåíèå çàäà¼ò àëãåáðàè÷åñêóþ êðèâóþ íà ïëîñêîñòè, êîòîðóþ ìû íàçûâàåì
îïðåäåëÿþùåé.

Â ðàáîòå ( [3]) äîêàçàíî, ÷òî äâå íåïðèâîäèìûå àëãåáðàè÷åñêèå ïëîñêèå êðèâûå, êîòî-
ðûå íå ÿâëÿþòñÿ ïðÿìûìè ëèíèÿìè èëè êâàäðèêàìè, ïðîåêòèâíî ýêâèâàëåíòíû òîãäà è
òîëüêî òîãäà, êîãäà èõ îïðåäåëÿþùèå êðèâûå ñîâïàäàþò. Òàêæå ïîêàçàíî, ÷òî êóáè÷åñêèå
êðèâûå ÿâëÿþòñÿ ðåøåíèÿìè ñëåäóþùåãî óðàâíåíèÿ 9-ãî ïîðÿäêà:

∇2(Q7)Q7 −
11

8
(∇(Q7))2 − 7

72
Q7∇(Q7)− 216

35
Q3

7 −
49

21600
Q2

7 = 0. (2)

Ðàññìàòðèâàÿ ýòî óðàâíåíèå, êàê äèôôåðåíöèàëüíîå óðàâíåíèå âòîðîãî ïîðÿäêà îòíî-
ñèòåëüíî ïðîèçâîäíîé Øòóäè è èíòåãðèðóÿ åãî, ïðèõîäèì ê ñëåäóþùåìó óðàâíåíèþ 8-ãî
ïîðÿäêà

F 3 + ηGQ9
7 = 0, (3)

ãäå

F =
49

147456
Q8

4 +
343

3317760
Q8

3 +

(
2401

199065600
+

7

192
Q7

3

)
Q8

2+

+

(
− 49

25920
Q7

3 +
16807

26873856000

)
Q8 +

(
Q7

3 − 343

1036800

)(
Q7

3 − 343

9331200

)
è

G = 117649− 6401203200Q7
3 + 18151560Q8 + 583443000Q8

2 + 87071293440000Q7
6−

−493807104000Q7
3Q8 + 3174474240000Q7

3Q8
2 + 7001316000Q8

3 + 28934010000Q8
4,

à η - êîíñòàíòà èíòåãðèðîâàíèÿ. Ïðè ýòîì ãðóïïà ïðîåêòèâíûõ ïðåîáðàçîâàíèé äåéñòâóåò
òðàíçèòèâíî íà ïðîñòðàíñòâå ðåøåíèé óðàâíåíèÿ (3) ïðè ôèêñèðîâàííîì η.

Ñïðàâåäëèâà ñëåäóþùàÿ

Òåîðåìà 1. Äâå íåïðèâîäèìûå êóáè÷åñêèå êðèâûå ïðîåêòèâíî ýêâèâàëåíòíû òîãäà
è òîëüêî òîãäà, êîãäà êîíñòàíòû η äëÿ íèõ ñîâïàäàþò.
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Êëàñèôiêàöiÿ òà ðîçâ'ÿçàííÿ ôóíêöiéíèõ ðiâíÿíü íà
äâîìiñíèõ îáîðîòíèõ ôóíêöiÿõ

Ð. Êîâàëü1, Ô. Ñîõàöüêèé2, Ã. Êðàéíi÷óê3

1 Íàöiîíàëüíèé ìåäè÷íèé óíiâåðñèòåò iì. Ì.Ïèðîãîâà
2,3 Äîíåöüêèé íàöiîíàëüíèé óíiâåðñèòåò iì. Â.Ñòóñà

rayisa_koval@mail.ru, fmsokha@ukr.net, kraynichuk@ukr.net

Îá'¹êòîì äîñëiäæåíü ¹ çàãàëüíi êâàäðàòè÷íi ôóíêöiéíi ðiâíÿííÿ, ÿêi ðîçãëÿäàþòüñÿ
íàä ìíîæèíîþ äâîìiñíèõ îáîðîòíèõ ôóíêöié (áiíàðíèõ êâàçiãðóïîâèõ îïåðàöié) äîâiëüíî¨
ìíîæèíè, ÿê ñêií÷åííî¨ òàê i íåñêií÷åííî¨. Òóò ðîçãëÿäàþòüñÿ ëèøå ôóíêöiéíi ðiâíÿííÿ
(çàãàëüíå îçíà÷åííÿ äèâ. ß. Àöåëü [1]), êîæíå ç ÿêèõ ¹ ðiâíiñòþ äâîõ òåðìiâ äðóãîãî ïîðÿä-
êó, ùî ìiñòÿòü ëèøå ïðåäìåòíi òà ôóíêöiéíi çìiííi, ïðè÷îìó âñi ïðåäìåòíi çìiííi çâ'ÿçàíi
êâàíòîðîì çàãàëüíîñòi. Ôóíêöiéíi ðiâíÿííÿ, ùî âèâ÷àþòüñÿ, ìàþòü çàäîâîëüíÿòè òàêèì
ï'ÿòè óìîâàì:
1) ôóíêöiéíi çìiííi ïîïàðíî ðiçíi (òàêi ðiâíÿííÿ íàçèâàþòü çàãàëüíèìè);
2) íå ìàþòü íi ôóíêöiéíèõ, íi ïðåäìåòíèõ ñòàëèõ;
3) êîæíà ôóíêöiéíà çìiííà ¹ äâîìiñíîþ (òàêi ðiâíÿííÿ íàçèâàþòü áiíàðíèìè)
4) êîæíà ôóíêöiéíà çìiííà íàáóâà¹ çíà÷åíü â ìíîæèíi îáîðîòíèõ ôóíêöié (òàêi ðiâíÿííÿ
íàçèâàþòü êâàçiãðóïîâèìè);
5) êîæíà ïðåäìåòíà çìiííà ìà¹ òî÷íî äâi ïîÿâè (òàêi ðiâíÿííÿ íàçèâàþòü êâàäðàòè÷íè-
ìè). Ìíîæèíó çàãàëüíèõ êâàäðàòè÷íèõ êâàçiãðóïîâèõ ôóíêöiéíèõ ðiâíÿíü âiä ÷îòèðüîõ
ïðåäìåòíèõ çìiííèõ íà ìíîæèíi äâîìiñíèõ ôóíêöié ïîçíà÷èìî ÷åðåç K4.

Íàãàäà¹ìî, ùî äâîìiñíà ôóíêöiÿ (áiíàðíà îïåðàöiÿ) íàçèâà¹òüñÿ îáîðîòíîþ (êâàçiãðó-
ïîâîþ), ÿêùî âîíà îáîðîòíà ïî êîæíié ñâî¨é çìiííié, òîáòî iñíó¹ ëiâà îáåðíåíà i ïðàâà
îáåðíåíà ôóíêöi¨. Äëÿ âñiõ êâàçiãðóïîâèõ ôóíêöiéíèõ çìiííèõ F âèêîíóþòüñÿ òàêi ðiâíî-
ñòi:

`F (F (x; y); y) = x, F (`F (x; y); y) = x, rF (x;F (x; y)) = y, F (x; rF (x; y)) = y. (1)

Îáîðîòíiñòü ôóíêöi¨ äîçâîëÿ¹ ââåñòè íà ôóíêöiéíèõ ðiâíÿííÿõ âiäíîøåííÿ åêâiâàëåíòíî-
ñòi, çãiäíî ÿêîìó ëåãêî ïðîñëiäêîâó¹òüñÿ çàëåæíiñòü ìiæ ìíîæèíàìè ðîçâ'ÿçêiâ ðiâíÿíü,
ùî âiäðiçíÿþòüñÿ ïåðâèííèìè ïåðåòâîðåííÿìè.

Îçíà÷åííÿ 1. Çàìiíà ó ðiâíÿííi ω = υ ïiäòåðìà F (t1; t2) íà ïiäòåðì sF (t2; t1) íàçèâà-
¹òüñÿ êîìóòóâàííÿì.

Çàìiíà ó ðiâíÿííi ω = υ ïiäòåðìà F (x; t) íà x òà çàìiíà iíøî¨ ïîÿâè çìiííî¨ x íà `F (x; t)
íàçèâà¹òüñÿ âíóòðiøíiì äiëåííÿì ÷åðåç çìiííó x.

Çàìiíà ðiâíÿííÿ F (ω1;ω2) = υ íà ðiâíÿííÿ `F (υ;ω2) = ω1 íàçèâà¹òüñÿ çîâíiøíiì äiëå-
ííÿì.

Êîìóòóâàííÿ, âíóòðiøí¹ äiëåííÿ ÷åðåç äîâiëüíó ïðåäìåòíó çìiííó, çîâíiøí¹ äiëåííÿ
òà ¨õ êîìïîçèöi¨ íàçèâà¹ìî ïåðâèííèìè ïåðåòâîðåííÿìè.

Ïåðâèííi ïåðåòâîðåííÿ, ïåðåéìåíóâàííÿ ïðåäìåòíèõ i ôóíêöiéíèõ çìiííèõ òà çàìiíà
ñòîðií ðiâíÿííÿ ìiñöÿìè óòâîðþþòü ãðóïó I, ïðè÷îìó äëÿ áóäü-ÿêîãî α ∈ I âèêîíó¹òüñÿ
αK4 = K4.

Ðîçãëÿäà¹ìî äiþ ãðóïè I íà ìíîæèíi K4. Ïiä êëàñèôiêàöi¹þ ìíîæèíè K4 áóäåìî ðî-
çóìiòè îïèñàííÿ âñiõ îðáiò äi¨ ãðóïè I íà ìíîæèíi K4.
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Îòðèìàíî òàêi ðåçóëüòàòè:
1) çíàéäåíî íèçêó iíâàðiàíòiâ ïåðâèííèõ ïåðåòâîðåíü;
2) äàíî ïîâíó êëàñèôiêàöiþ ìíîæèíè K4, à ñàìå çàãàëüíèõ êâàäðàòè÷íèõ áiíàðíèõ êâà-
çiãðóïîâèõ ôóíêöiéíèõ ðiâíÿíü âiä ÷îòèðüîõ ïðåäìåòíèõ çìiííèõ, çîêðåìà äîâåäåíî, ùî
K4 ðîçáèâà¹òüñÿ íà 17 êëàñiâ (îðáiò);
3) ðîçâ'ÿçàíî ïî îäíîìó ïðåäñòàâíèêîâi ç êîæíî¨ îðáiòè.

Îòðèìàíi ðåçóëüòàòè ¹ ðîçøèðåííÿì i óäîñêîíàëåííÿì äîñëiäæåííÿ, ïðîâåäåíîãî ðà-
íiøå ïåðøèì àâòîðîì [2].

[1] Aczel J., Lectures on Functional Equations and their applications, New York: Acad. press,
1966, 510.

[2] Koval' R.F. Êëàñèôiêàöiÿ êâàäðàòè÷íèõ ôóíêöiéíèõ ðiâíÿíü ìàëî¨ äîâæèíè íà êâàçi-
ãðóïàõ, Íàóêîâèé ÷àñîïèñ ÍÏÓ iì. M.Äðàãîìàíîâà, ôiçèêî-ìàòåìàòè÷íi íàóêè, 2004,
�5, 111-127.
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On quasigroup varieties of parastrophic associativity
H. Krainichuk

Donetsk National University

kraynichuk@ukr.net

A groupoid (Q; ·) is called a quasigroup, if for all a, b ∈ Q every of the equations x · a = b

and a · y = b has a unique solution. A σ-parastrophe (Q;
σ·) of (Q; ·) is defined by

x1σ
σ· x2σ = x3σ ⇐⇒ x1 · x2 = x3, σ ∈ S3.

A σ-parastrophe of a class of quasigroups A is called a class σA, which consists of all σ-
parastrophes of quasigroups from A [2]. A set of all pairwise parastrophic classes is called a
truss. A truss of varieties is uniquely defined by an identity which describes one of varieties
from the given truss.

A groupoid (Q; ·) is called an isotope of a groupoid (Q; +) iff there exists a triple of bijections
(α, β, γ), which is called an isotopism, such that the relation γ(x · y) = αx + βy holds. An
isotope of a group is called a group isotope.

Let (Q; ·) be a group isotope and 0 be an arbitrary element of Q, then the right part of the
formula

x · y = αx+ a+ βy

is called a 0-canonical decomposition [3], if (Q; +) is a group, 0 is its neutral element and
α0 = β0 = 0. In this case, we say: the element 0 defines the canonical decomposition; (Q; +) is
its decomposition group; α, β are its coefficients and a is its free member.

An arbitrary element of a group isotope uniquely defines a canonical decomposition of the
isotope [3]. Using this result the following theorem has been proved.

Theorem. Quasigroup identities of parastrophic associativity

(x
σ1· y)

σ2· z = x
σ3· (y

σ4· z), σ1, σ2, σ3, σ4 ∈ S3

define ten trusses consisting of 25 quasigroup varieties, every of these trusses is defined by one
of the following identities:

1 xy · z = x · yz Variety of all groups
2 xy · z = x · zy Variety of all commutative groups
3 xy · z = zy · x x · y = αx+ a+ α2y, (Q; +) is a commutative group,

α is an automorphism
4 x(yx · z) = zy x · y = αx+ a− y, (Q; +) is a commutative group,

α is an automorphism, α2 = −ι,
5 xy · z = xz · y x · y = x+ βy, (Q; +) is a commutative group,

β is a permutation
6 x · y(x · yz) = z x · y = αx+ βy, (Q; +) is a commutative group,

α is a permutation,
β is an automorphism, β2 = −ι,

7 xy · yz = xz Variety of all Boolean groups
8 (x · yz)z = yx x · y = αx+ a+ α2y, (Q; +) is a Boolean group,

α is an automorphism, α3 = −ι, αa = a,
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9 x(yz · zx) = y x · y = αx+ a+ α5y, (Q; +) is a Boolean group,
α is an automorphism, α7 = −ι, α2a = −a,
a+ α3a+ α5a+ α6a = 0,

10 (xy · z)y = xz x · y = x+ βy, (Q; +) is a Boolean group,
β is a permutation

In this table: in the second column, an identity defining a truss of varieties is written; in
the third column, canonical decompositions of quasigroups from the corresponding variety are
given.

[1] F.M. Sokhatsky, Symmetry in quasigroup and loop theory. 3rd Mile High Conference on
Nonassociative Mathematics, Denver, Colorado, USA, August 11-17, 2013;
http://web.cs.du.edu/∼petr/milehigh/2013/Sokhatsky.pdf.

[2] F.M. Sokhatsky On group isotopes II. Ukrainian Mathematical Journal, 47(12) (1995),
1935− 1948.
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Ïðî åêâiâàëåíòíiñòü ðiçíèõ îçíà÷åíü
G-ìîíîãåííèõ âiäîáðàæåíü

Ò. Ñ. Êóçüìåíêî
Iíñòèòóò ìàòåìàòèêè ÍÀÍ Óêðà¨íè, Êè¨â, Óêðà¨íà

kuzmenko.ts15@gmail.com

Íåõàé H(C) � àëãåáðà êâàòåðíiîíiâ íàä ïîëåì êîìïëåêñíèõ ÷èñåë C, áàçèñ ÿêî¨ ñêëà-
äà¹òüñÿ ç îäèíèöi àëãåáðè 1 i åëåìåíòiâ I, J,K, äëÿ ÿêèõ âèêîíóþòüñÿ íàñòóïíi ïðàâèëà
ìíîæåííÿ:

I2 = J2 = K2 = −1, IJ = −JI = K, JK = −KJ = I, KI = −IK = J.

Â àëãåáði H(C) iñíó¹ iíøèé áàçèñ {e1, e2, e3, e4}, òàáëèöÿ ìíîæåííÿ åëåìåíòiâ ÿêîãî ìà¹
âèãëÿä

· e1 e2 e3 e4

e1 e1 0 e3 0
e2 0 e2 0 e4

e3 0 e3 0 e1

e4 e4 0 e2 0

,

à îäèíèöÿ àëãåáðè H(C) â öüîìó áàçèñi ¹ ñóìîþ iäåìïîòåíòiâ: 1 = e1 + e2.
Ââåäåìî â ðîçãëÿä ëiíiéíi ôóíêöiîíàëè f1 : H(C)→ C òà f2 : H(C)→ C, âèçíà÷åíi

ðiâíîñòÿìè
f1(e1) = f1(e3) = 1, f1(e2) = f1(e4) = 0,

f2(e2) = f2(e4) = 1, f2(e1) = f2(e3) = 0.

Íåõàé
i1 = e1 + e2, i2 = a1e1 + a2e2, i3 = b1e1 + b2e2

ïðè ak, bk ∈ C, k = 1, 2 � òðiéêà ëiíiéíî íåçàëåæíèõ âåêòîðiâ íàä ïîëåì äiéñíèõ ÷èñåë R.
Âèäiëèìî â àëãåáði H(C) ëiíiéíó îáîëîíêó E3 := {ζ = xi1 + yi2 + zi3 : x, y, z ∈ R} íàä

ïîëåì äiéñíèõ ÷èñåë R, ïîðîäæåíó âåêòîðàìè i1, i2, i3. Î÷åâèäíî, ùî

ξ1 := f1(ζ) = x+ a1y + b1z, ξ2 := f2(ζ) = x+ a2y + b2z.

Âiäìiòèìî, ùî òî÷êè (x, y, z) ∈ R3, ÿêi âiäïîâiäàþòü íåîáîðîòíèì åëåìåíòàì ζ = xi1 +
yi2 + zi3 ∈ H(C), óòâîðþþòü ïðÿìi

L1 : x+ yRe a1 + zRe b1 = 0, y Im a1 + z Im b1 = 0,

L2 : x+ yRe a2 + zRe b2 = 0, y Im a2 + z Im b2 = 0

â òðèâèìiðíîìó ïðîñòîði R3.
Ìíîæèíi S òðèâèìiðíîãî ïðîñòîðó R3 ïîñòàâèìî ó âiäïîâiäíiñòü ìíîæèíó Sζ := {ζ =

xi1 + yi2 + zi3 : (x, y, z) ∈ S} â E3. Íåõàé Ωζ � îáëàñòü â E3.
Íåïåðåðâíå âiäîáðàæåííÿ Φ : Ωζ → H(C) (àáî Φ̂ : Ωζ → H(C)) áóäåìî íàçèâàòè ïðàâî-

G-ìîíîãåííèì
(
àáî ëiâî-G-ìîíîãåííèì

)
â îáëàñòi Ωζ ⊂ E3, ÿêùî Φ

(
àáî Φ̂

)
äèôåðåíöi-

éîâíå çà Ãàòî ó êîæíié òî÷öi öi¹¨ îáëàñòi, òîáòî ÿêùî äëÿ êîæíîãî ζ ∈ Ωζ iñíó¹ åëåìåíò
Φ′(ζ)

(
àáî Φ̂′(ζ)

)
àëãåáðè H(C) òàêèé, ùî âèêîíó¹òüñÿ ðiâíiñòü

lim
ε→0+0

Φ(ζ + εh)− Φ(ζ)

ε
= hΦ′(ζ) ∀h ∈ E3
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(
àáî lim

ε→0+0

Φ̂(ζ + εh)− Φ̂(ζ)

ε
= Φ̂′(ζ)h ∀h ∈ E3

)
.

Íåïåðåðâíå âiäîáðàæåííÿ Φ : Ωζ → H(C) âèãëÿäó

Φ(ζ) =
4∑

k=1

Uk(x, y, z)ek, x, y, z ∈ R (1)

áóäåìî íàçèâàòèH-ìîíîãåííèì â îáëàñòi Ωζ ⊂ E3, ÿêùî Φ äèôåðåíöiéîâíå çà Õàóñäîðôîì
â êîæíié òî÷öi ζ ∈ Ωζ , òîáòî ÿêùî êîìïîíåíòè âiäîáðàæåííÿ (1) ìàþòü ÷àñòèííi ïîõiäíi
ïåðøîãî ïîðÿäêó çà çìiííèìè x, y, z, i ôîðìàëüíèé äèôåðåíöiàë âiäîáðàæåííÿ

dΦ :=
4∑

k=1

(
∂Uk
∂x

dx+
∂Uk
∂y

dy +
∂Uk
∂z

dz

)
ek

¹ ëiíiéíèì îäíîðiäíèì ïîëiíîìîì äèôåðåíöiàëà dζ = dx+ i2dy + i3dz, òîáòî

dΦ =
16∑
s=1

As dζ Bs ,

äå As, Bs � äåÿêi H(C) � çíà÷íi ôóíêöi¨.

Ïðè öüîìó çíà÷åííÿ Φ′H(ζ) :=
16∑
s=1

AsBs íàçèâà¹òüñÿ ïîõiäíîþ Õàóñäîðôà H-ìîíîãåííîãî

âiäîáðàæåííÿ Φ(ζ) â òî÷öi ζ.
H-ìîíîãåííå âiäîáðàæåííÿ Φ, äèôåðåíöiàë ÿêîãî ïîäà¹òüñÿ ó âèãëÿäi dΦ = dζ Φ′H(ζ)

áóäåìî íàçèâàòè ïðàâî-H-ìîíîãåííèì, à H-ìîíîãåííå âiäîáðàæåííÿ Φ̂, äèôåðåíöiàë ÿêîãî
ïîäà¹òüñÿ ó âèãëÿäi dΦ̂ = Φ̂′H(ζ)dζ � ëiâî-H-ìîíîãåííèì â îáëàñòi Ωζ .

Â ðîáîòàõ [1�4] äîâåäåíî ðiçíi êðèòåði¨G-ìîíîãåííîñòi âiäîáðàæåíü. Íàñòóïíå òâåðäæå-
ííÿ ¹ òåîðåìîþ ïðî åêâiâàëåíòíiñòü ðiçíèõ îçíà÷åíü G-ìîíîãåííèõ âiäîáðàæåíü â àëãåáði
H(C).

Òåîðåìà. Âiäîáðàæåííÿ Φ : Ωζ → H(C)
(
àáî Φ̂ : Ωζ → H(C)

)
¹ ïðàâî-G-ìîíîãåííèì(

àáî ëiâî-G-ìîíîãåííèì
)
â îáëàñòi Ωζ ⊂ E3 òîäi i òiëüêè òîäi, êîëè âèêîíó¹òüñÿ îäíà

ç íàñòóïíèõ óìîâ:

I. êîìïîíåíòè Uk : Ω→ C ðîçêëàäó (1) ¹ R-äèôåðåíöiéîâíèìè ôóíêöiÿìè â îáëàñòi Ω
i âèêîíóþòüñÿ àíàëîãè óìîâ Êîøi � Ðiìàíà:

∂Φ

∂y
= i2

∂Φ

∂x
,

∂Φ

∂z
= i3

∂Φ

∂x(
àáî

∂Φ̂

∂y
=
∂Φ̂

∂x
i2,

∂Φ̂

∂z
=
∂Φ̂

∂x
i3

)
â êîæíié òî÷öi îáëàñòi Ωζ;

II. êîìïîíåíòè Uk : Ω → C ðîçêëàäó (1) ¹ R-äèôåðåíöiéîâíèìè ôóíêöiÿìè â îáëàñòi

Ω i âiäîáðàæåííÿ Φ
(
àáî Φ̂

)
� ïðàâî-H-ìîíîãåííå

(
àáî ëiâî-H-ìîíîãåííå

)
â îáëàñòi Ωζ.

ßêùî f1(E3) = f2(E3) = C
(
äå fk(E3) � îáðàç ïðîñòîðó E3 ïðè âiäîáðàæåííi fk, k =

1, 2
)
, òî âiäîáðàæåííÿ Φ áóäå ïðàâî-G-ìîíîãåííå

(
àáî Φ̂ � ëiâî-G-ìîíîãåííå

)
òîäi i òiëü-

êè òîäi, êîëè âèêîíó¹òüñÿ îäíà ç íàñòóïíèõ óìîâ:
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III. äëÿ êîæíî¨ òî÷êè ζ0 ∈ Ωζ çíàéäåòüñÿ îêië, â ÿêîìó âiäîáðàæåííÿ Φ
(
àáî Φ̂

)
ðîçêëàäà¹òüñÿ â ñòåïåíåâèé ðÿä

Φ(ζ) =
∞∑
n=0

(ζ − ζ0)npn, pn ∈ H(C)

(
àáî Φ̂(ζ) =

∞∑
n=0

p̂n(ζ − ζ0)n, p̂n ∈ H(C)

)
;

IV. âiäîáðàæåííÿ Φ
(
àáî Φ̂

)
íåïåðåðâíå i âèêîíó¹òüñÿ ðiâíiñòü∫

4ζ

dζ Φ(ζ) = 0

(
àáî

∫
4ζ

Φ̂(ζ)dζ = 0

)

äëÿ êîæíîãî òðèêóòíèêà 4ζ, çàìèêàííÿ ÿêîãî 4ζ ìiñòèòüñÿ â Ωζ.

ßêùî f1(E3) = f2(E3) = C i, êðiì òîãî, îáëàñòü Ω ⊂ R3 îïóêëà â íàïðÿìêó ïðÿìèõ L1,

L2, òî âiäîáðàæåííÿ Φ
(
àáî Φ̂

)
áóäå ïðàâî-G-ìîíîãåííèì

(
àáî Φ̂ � ëiâî-G-ìîíîãåííèì

)
òîäi i òiëüêè òîäi, êîëè

V. iñíóþòü ¹äèíi àíàëiòè÷íi â îáëàñòi D1 := f1(Ωζ) = {ξ1 = x+a1y+b1z : (x, y, z) ∈ Ω}
ôóíêöi¨ F1, F3

(
àáî F̂1, F̂4

)
i ¹äèíi àíàëiòè÷íi â îáëàñòi D2 := f2(Ωζ) = {ξ2 = x+a2y+b2z :

(x, y, z) ∈ Ω} ôóíêöi¨ F2, F4

(
àáî F̂2, F̂3

)
òàêi, ùî â îáëàñòi Ωζ âiäîáðàæåííÿ Φ

(
àáî Φ̂

)
ïîäà¹òüñÿ ó âèãëÿäi

Φ(ζ) = F1(ξ1)e1 + F2(ξ2)e2 + F3(ξ1)e3 + F4(ξ2)e4(
àáî Φ̂(ζ) = F̂1(ξ1)e1 + F̂2(ξ2)e2 + F̂3(ξ2)e3 + F̂4(ξ1)e4

)
.

[1] Â. Ñ. Øïàêiâñüêèé, Ò. Ñ. Êóçüìåíêî. Ïðî îäèí êëàñ êâàòåðíiîííèõ âiäîáðàæåíü //
Óêð. ìàò. æóðí. � 2016. � 68, � 1. � Ñ. 117 � 130.

[2] V. S. Shpakivskyi, T. S. Kuzmenko. Integral theorems for the quaternionic G-monogenic
mappings // An. �St. Univ. Ovidius Constan�ta. � 2016. � 24, No. 2. � P. 271 � 281.

[3] Ò. Ñ. Êóçüìåíêî. Ñòåïåíåâi ðÿäè òà ðÿäè Ëîðàíà â àëãåáði êîìïëåêñíèõ êâàòåðíiîíiâ
// Çá. ïðàöü Ií-òó ìàòåìàòèêè ÍÀÍ Óêðà¨íè. � 2015. � 12, � 3. � Ñ. 164 � 174.

[4] Â. Ñ. Øïàêîâñêèé, Ò. Ñ. Êóçüìåíêî. Î ìîíîãåííûõ îòîáðàæåíèÿ êâàòåðíèîííîé ïå-
ðåìåííîé // ïîäàíî äî Óêð. ìàò. âiñíèêà (http://arxiv.org/pdf/1605.08869v1.pdf).
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Ïðî îïèñ P -âèçíà÷àëüíèõ ïîëiíîìiâ äëÿ äîäàòíèõ
êâàäðàòè÷íèõ ôîðì Òiòñà ÷àñòêîâî âïîðÿäêîâàíèõ

ìíîæèí

Â. À. Ëiñèêåâè÷
Êè¨âñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Òàðàñà Øåâ÷åíêà

vikadrug@ukr.net

Ìè äîñëiäæó¹ìî ðåáåðíî-ëîêàëüíi äåôîðìàöi¨ êâàäðàòè÷íèõ ôîðì íàä ïîëåì äiéñíèõ
÷èñåë (ââåäåíèõ Â. Ì. Áîíäàðåíêîì ó ðîáîòi [1]) ó âèïàäêó, êîëè âîíè ¹ êâàäðàòè÷íèìè
ôîðìàìè Òiòñà ñêií÷åííèõ ÷àñòêîâî âïîðÿäêîâàíèõ ìíîæèí. Íàãàäà¹ìî äåÿêi îçíà÷åííÿ
ðîáîòè [1].

Íåõàé

f(z) = f(z1, . . . , zn) =
n∑
i=1

fiz
2
i +

∑
i<j

fijzizj (1)

� êâàäðàòè÷íà ôîðìà íàä ïîëåì äiéñíèõ ÷èñåë R. �¨ ðåáåðíî-ëîêàëüíîþ äåôîðìàöi¹þ íà-
çèâà¹òüñÿ êâàäðàòè÷íà ôîðìà âèãëÿäó

f (p,q)(z, t) =
n∑
i=1

fiz
2
i + tfpqzpzq +

∑
(i,j)6=(p,q)

fijzizj, (2)

äå p i q (p < q) òàêi, ùî fpq 6= 0, à t � ïàðàìåòð, ùî ïðîáiãà¹ ïîëå R.
Êâàäðàòè÷íà ôîðìà (2) íàçèâà¹òüñÿ òàêîæ ëîêàëüíîþ äåôîðìàöi¹þ êâàäðàòè÷íî¨ ôîð-

ìè (1) âiäíîñíî zpzq.
×èñëî a ∈ R íàçèâà¹òüñÿ P -ãðàíè÷íèì ÷èñëîì êâàäðàòè÷íî¨ ôîðìè f(z) äëÿ zpzq àáî

(p, q)-èì P -ãðàíè÷íèì ÷èñëîì êâàäðàòè÷íî¨ ôîðìè f(z), ÿêùî f(z, a) íå ¹ äîäàòíîþ êâà-
äðàòè÷íîþ ôîðìîþ i â êîæíîìó îêîëi ÷èñëà a iñíó¹ ÷èñëî c òàêå, ùî f(z, a) ¹ äîäàòíîþ
êâàäðàòè÷íîþ ôîðìîþ.

Ó âèïàäêó, êîëè êâàäðàòè÷íà ôîðìà f(z) äîäàòíà, iñíó¹ ðiâíî äâà (p, q)-èõ P -ãðàíè÷íèõ
÷èñëà i ÿêùî ¨õ ïîçíà÷èòè b1 i b2, òî ïîëiíîì

∆
(p,q)
f (t) = (t− b1)(t− b2)

íàçèâà¹òüñÿ P -âèçíà÷àëüíèì ïîëiíîìîì êâàäðàòè÷íî¨ ôîðìè f(z) äëÿ zpzq àáî P -âèçíà-
÷àëüíèì (p, q)-ïîëiíîìîì êâàäðàòè÷íî¨ ôîðìè f(z).

Íåõàé S � ñêií÷åííà ÷àñòêîâî âïîðÿäêîâàíà ìíîæèíà (áåç åëåìåíòà 0). �¨ êâàäðàòè-
÷íîþ ôîðìîþ Òiòñà íàçèâà¹òüñÿ öiëî÷èñëîâà êâàäðàòè÷íà ôîðìà, ÿêà çàäà¹òüñÿ íàñòó-
ïíîþ ðiâíiñòþ:

qS(z) = z2
0 +

∑
i∈S

z2
i +

∑
i<j,i,j∈S

zizj − z0

∑
i∈S

zi.

×àñòêîâî âïîðÿäêîâàíèõ ìíîæèíà S ç äîäàòíîþ êâàäðàòè÷íîþ ôîðìîþ Òiòñà íàçèâà-
¹òüñÿ ñåðiéíîþ, ÿêùî äëÿ áóäü-ÿêîãî N > |S| iñíó¹ ÷àñòêîâî âïîðÿäêîâàíà ìíîæèíà TN
ïîðÿäêó N ç äîäàòíîþ ôîðìîþ Òiòñà, ÿêà ìiñòèòü â ñîái ìíîæèíó S, i íåñåðiéíîþ â ií-
øîìó ðàçi). Ó ðîáîòi [2] îïèñàíî âñi ñåðiéíi òà íåñåðiéíi ÷àñòêîâî âïîðÿäêîâàíi ìíîæèíè.
Ç òî÷íiñòþ äî içîìîðôiçìó òà àíòèiçîìîðôiçìó, ÷èñëî íåñåðiéíèõ ìíîæèí äîðiâíþ¹ 108
(î÷åâèäíî, ùî ñåðiéíèõ ìíîæèí íåñêií÷åííî áàãàòî).
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Îñíîâíèì ðåçóëüòàòîì ðîáîòè ¹ îïèñ âñiõ P -âèçíà÷àëüíèõ ïîëiíîìiâ ∆
(p,q)
Q , p, q ∈ S (p <

q), êâàäðàòè÷íî¨ ôîðìè Òiòñà Q = qS(z) äëÿ äîâiëüíî¨ íåñåðiéíî¨ ÷àñòêîâî âïîðÿäêîâàíî¨
ìíîæèíè S.

ßê îäèí iç íàñëiäêiâ îñíîâíîãî ðåçóëüòàòó ïðèâåäåìî îïèñ P -âèçíà÷àëüíèõ ïîëiíîìiâ
∆

(p,q)
Q , p, q ∈ S (p < q), äëÿ ïðèìiòèâíèõ íåñåðiéíèõ ÷àñòêîâî âïîðÿäêîâàíèõ ìíîæèí. Ç

òî÷íiñòþ äî içîìîðôiçìó iñíó¹ 3 òàêi ìíîæèíè, à ñàìå

1) S1 = {1, 2, 3, 4, 5 | 2 ≺ 3, 4 ≺ 5}:

s ss ss

2) S2 = {1, 2, 3, 4, 5, 6 | 2 ≺ 3, 4 ≺ 5 ≺ 6}:

s ss ss
s

3) S3 = {1, 2, 3, 4, 5, 6, 7 | 2 ≺ 3, 4 ≺ 5 ≺ 6 ≺ 7}:

s ss ss
ss

68

Êâàäðàòè÷íó ôîðìó Òiòñà qS(z) ÷àñòêîâî âïîðÿäêîâàíî¨ ìíîæèíè S = Si, äëÿ ïðîñòî-
òè, qi = qi(z), i = 1, 2, 3.

Òåîðåìà 1. P -âèçíà÷àëüíi ïîëiíîìè êâàäðàòè÷íî¨ ôîðìè Òiòñà ÷àñòêîâî âïîðÿäêî-
âàíî¨ ìíîæèíè S = S1, S2, S3 (äëÿ zpzq, ÿêi âiäïîâiäàþòü p, q ∈ S, p < q) ¹ íàñòóïíèìè:

1) ∆
(2,3)
q1 (t) = t2 − 12

5
t+ 4

5
, ∆

(4,5)
q1 (t) = t2 − 12

5
t+ 4

5
;

2) ∆
(2,3)
q2 (t) = t2 − 8

3
t+ 4

3
, ∆

(p,q)
q2 (t) = t2 − 5

2
t+ 1 ïðè p, q ∈ {4, 5, 6};

3) ∆
(2,3)
q3 (t) = t2 − 20

7
t+ 12

7
, ∆

(p,q)
q3 (t) = t2 − 8

3
t+ 4

3
ïðè p, q ∈ {4, 5, 6, 7}.

Ðîáîòà âèêîíàíà ðàçîì ç ïðîô. Â. Ì. Áîíäàðåíêîì.

[1] V. M. Bondarenko, On types of local deformations of quadratic forms, Algebra Discrete
Math. 18 (2014), no. 2, 163�170.

[2] Â. Ì. Áîíäàðåíêî, Ì. Â. Ñòåïî÷êèíà, (Min, max)-ýêâèâàëåíòíîñòü ÷àñòè÷íî óïîðÿ-
äî÷åííûõ ìíîæåñòâ è êâàäðàòè÷íàÿ ôîðìà Òèòñà, Ïðîáëåìè àíàëiçó i àëãåáðè: Çá.
ïðàöü Ií-òó ìàòåìàòèêè ÍÀÍ Óêðà¨íè, 2 (2005), no 3, 18-58.
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Infinite double stochastic matrices and
Q∗∞-representation of real numbers generated by

them
V. Markitan

Institute of Mathematics NAS of Ukraine

v.p.markitan@npu.edu.ua

Definition 1. An infinite double stochastic matrix is a matrix ||qik|| having nonnegative
elements and such that the sum of elements in each row and each column is equal 1, i.e. both
the conditions hold:

1. qik > 0;

2.
∞∑
k=1

qik = 1 =
∞∑
i=1

qik.

Obviously, the permutation of any two rows or columns of double stochastic matrix gives
a double stochastic matrix as well. The following statement implies that there is uncountably
many double stochastic symmeric matrices with all positive coefficients, and presents a ceratin
method of constructing them.

Lemma 1. If (an) is any sequence of non-negative integers such that

a1 + a2 + · · ·+ an + · · · = 1;

Sn ≡ a1 + a2 + · · ·+ an, (n ∈ N),

then the matrix ‖qik‖ with elements

qik =

{
ai+k−1, if i 6= k;

a2i−1 + Si−1, if i = k;

is infinite double stochastic symmetric matrix.

Among the infinite double stochastic symmetric matrices we distinguish a one-parametric
family constructed as in Lemma 1 via geometric progressions {bqi}∞i=0, q ∈ (0, 1).

Lemma 2. Let ||qik|| be a matrix for which following conditions hold:
1. q01 = b ∈ (0; 1);
2. b+ q = 1;
3. qik = bqi+k−1 for all i 6= k − 1, k ∈ N ;
4. qik = bq2(k−1) + 1− qk−1 for all i = k − 1, k ∈ N .

Then ||qik|| is an infinite double stochastic symmetric matrix.

Due to [1] for each x ∈ [0, 1) there exists a unique sequence of nonnegative integers (αn):

x = βα11 +
∞∑
k=2

[
βαkk

k−1∏
j=1

qαjj

]
=: ∆Q∗∞

α1...αk...
, (1)
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where

β0k ≡ 0, βik ≡
i−1∑
j=0

qjk, i ∈ N, k ∈ N.

Formula (1) is called the Q∗∞-representation of x ∈ [0, 1) generated by the matrix ||qjk||. If
the matrix ||qjk|| satisfies conditions of Lemma 2 then in the expansion of x into the series (1)
we have that 

β0k = 0,

βαkk = qk−1 (1− qαk) for all αk < k ∈ N,
βαkk = 1− qαk+k−1 for all αk ≥ k ∈ N;

(2)

{
qαkk = bqαk+(k−1) for all αk 6= k − 1, k ∈ N,
qαkk = bq2αk + 1− qαk for all αk = k − 1, k ∈ N.

It is worthwhile to say that if in (2) αk 6= k − 1 for all k ∈ N, then

x = 1− qα1 +
∞∑
k=2

βαkk(1− q)k−1q

k−1∑
i=1

αi+
(k−1)(k−2)

2
,

where βαkk are defined by the formulas (2).
Topological and metric properties of real number sets with restriction on using symbols in

the Q∗∞-representation are investigated.

[1] Ïðàöüîâèòèé Ì. Â. Ôðàêòàëüíèé ïiäõiä ó äîñëiäæåííÿõ ñèíãóëÿðíèõ ðîçïîäiëiâ. �
Êè¨â: Âèä-âî ÍÏÓ iìåíi Ì. Ï. Äðàãîìàíîâà, 1998. � 296 ñ.

[2] Ïðàöüîâèòèé Ì.Â. Ãåîìåòðiÿ äiéñíèõ ÷èñåë ó ¨õ êîäóâàííÿõ çàñîáàìè íåñêií÷åííîãî
àëôàâiòó ÿê îñíîâà òîïîëîãi÷íèõ, ìåòðè÷íèõ, ôðàêòàëüíèõ i éìîâiðíiñíèõ òåîðié //
Íàóêîâèé ÷àñîïèñ ÍÏÓ iìåíi Ì.Ï. Äðàãîìàíîâà. Ñåðiÿ 1. Ôiçèêî-ìàòåìàòè÷íi íàóêè.
� 2013. � � 14.� Ñ. 189�216.
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Òîïîëîãi÷íà åêâiâàëåíòíiñòü ôóíêöié âiäíîñíî
óñåðåäíåíü ç ðiçíèìè ìiðàìè

Î. Ìàðóíêåâè÷
Iíñòèòóò ìàòåìàòèêè ÍÀÍ Óêðà¨íè

oxanamarunkevysh@rambler.ru

Íåõàé µ�éìîâiðíiñíà ìiðà íà âiäðiçêó [−1, 1], òîáòî íåâiä'¹ìíà σ-àäèòèâíà ìiðà, âè-
çíà÷åíà íà áîðåëiâñüêié àëãåáði ìíîæèí âiäðiçêà [−1, 1], i òàêà, ùî µ[−1, 1] = 1. Òîäi äëÿ
êîæíî¨ íåïåðåðâíî¨ ôóíêöi¨ f : (a, b) → R òà ÷èñëà α > 0 òàêîãî, ùî 2α < b − a ìîæíà
âèçíà÷èòè íîâó âèìiðíó ôóíêöiþ fα : (a+ α, b− α)→ R çà ôîðìóëîþ:

fα(x) =

∫ 1

−1

f(x+ tα)dµ. (0.1)

Íàçèâàòèìåìî ¨¨ α-óñåðåäíåííÿì ôóíêöi¨ f âiäíîñíî ìiðè µ.
Òàêi óñåðåäíåííÿ ôóíêöié âiäiãðàþòü âàæëèâó ðîëü ÿê â òåîðåòè÷íèõ äîñëiäæåííÿõ

òàê i ïðàêòè÷íèõ çàäà÷àõ îáðîáêè ñèãíàëiâ i íàçèâàþòüñÿ ëiíiéíèìè ôiëüòðàìè, [4], [5], [7].
Â [6] äîñëiäæóâàëîñü ïèòàííÿ çà ÿêèõ óìîâ fα áóäå òîïîëîãi÷íî åêâiâàëåíòíèì äî f

äëÿ âñiõ äîñèòü ìàëèõ α. Ãðóáî êàæó÷è, öå îçíà÷à¹, ùî ãðàôiêè fα òà f ¾ìàþòü îäíàêîâó
ôîðìó¿.

Îçíà÷åííÿ 1. äèâ. íàïð. [2], [8] Íàãàäà¹ìî, ùî äâi íåïåðåðâíi ôóíêöi¨ f : (a, b) → R
òà g : (c, d) → R íàçèâàþòüñÿ òîïîëîãi÷íî åêâiâàëåíòíèìè, ÿêùî iñíóþòü çáåðiãàþ÷i
îði¹íòàöiþ ãîìåîìîðôiçìè h : (a, b) → (c, d) òà φ : R → R òàêi, ùî φ ◦ f = g ◦ h, òîáòî
çîáðàæåíà íèæ÷å äiàãðàìà ¹ êîìóòàòèâíîþ.

(a, b)
f−−−→ R

h

y yφ
(c, d)

g−−−→ R

Îçíà÷åííÿ 2. Íåõàé f : R → R�íåïåðåðâíà ôóíêöiÿ i µ�éìîâiðíiñíà ìiðà íà
[−1, 1]. Ñêàæåìî, ùî f ¹ òîïîëîãi÷íî ñòiéêîþ âiäíîñíî óñåðåäíåíü ïî ìiði µ, ÿêùî iñíó¹
ε > 0, òàêå ùî äëÿ âñiõ α ∈ (0, ε) ôóíêöi¨ f òà fα ¹ òîïîëîãi÷íî åêâiâàëåíòíèìè.

Â ñòàòòi [6] îòðèìàíî äîñòàòíi óìîâè òîïîëîãi÷íî¨ ñòiéêîñòi íåïåðåðâíèõ ôóíêöié çi
ñêií÷åííèì ÷èñëîì ëîêàëüíèõ åêñòðåìóìiâ âiäíîñíî óñåðåäíåíü. Ïîêàçàíî, ùî öÿ ïðîáëå-
ìà ìîæå áóòè çâåäåíà äî ïåðåâiðêè ëîêàëüíî¨ òîïîëîãi÷íî¨ ñòiéêîñòi óñåðåäíåíü f â îêîëàõ
öèõ ëîêàëüíèõ åêñòðåìóìiâ. Â ñòàòòi [6] òàêîæ îòðèìàíî äîñòàòíi óìîâè äëÿ òîïîëîãi÷íî¨
ñòiéêîñòi óñåðåäíåíü ôóíêöié âiäíîñíî äèñêðåòíèõ ìið çi ñêií÷åíèìè íîñiÿìè.

Òåîðåìà 1. (äèâ. [6]) Íåõàé µ�éìîâiðíiñíà ìiðà íà [−1, 1] i f : R → R íåïåðåðâíà
ôóíêöiÿ, ùî ìà¹ ëèøå ñêií÷åííó êiëüêiñòü ëîêàëüíèõ åêñòðåìóìiâ x1, . . . , xn. Ïðèïó-
ñòèìî, ùî çíà÷åííÿ f(xi), (i = 1, . . . , n), ïîïàðíî ðiçíi i âiäðiçíÿþòüñÿ âiä lim

x→−∞
f(x) òà

lim
x→+∞

f(x). Òîäi íàñòóïíi óìîâè åêâiâàëåíòíi:

(a) ôóíêöiÿ f ¹ òîïîëîãi÷íî ñòiéêîþ âiäíîñíî óñåðåäíåíü ïî ìiði µ;
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(b) äëÿ êîæíîãî i = 1, . . . , n ïàðîñòîê f : (R, xi)→ R â òî÷öi xi ¹ òîïîëîãi÷íî ñòiéêèì
âiäíîñíî óñåðåäíåíü ïî ìiði µ.

Â ðîáîòi [3] íàâåäåíî äîñòàòíi óìîâè äëÿ òîïîëîãi÷íî¨ ñòiéêîñòi ïàðîñòêiâ ôóíêöié
âiäíîñíî ìið ç êóñêîâî íåïåðåðâíèìè (i çîêðåìà ç ëîêàëüíî ïîñòiéíèìè) ùiëüíîñòÿìè, äèâ
òåîðåìè 2 òà 3.

Òåîðåìà 2. Íåõàé f, g : [−ε, ε]→ R � äâi êóñêîâî 1�äèôåðåíöiéîâíi ôóíêöi¨ i h = f−g.
Ïðèïóñòèìî, ùî âèêîíàíi òàêi óìîâè:

(a) f òà g ñòðîãî ñïàäàþòü íà [−ε, 0] i ñòðîãî çðîñòàþòü íà [0,+ε];

(b) iñíó¹ òàêå C > 0, ùî äëÿ âñiõ x ∈ [−α, α] âèêîíàíà íåðiâíiñòü

f ′′α(x) ≥ Cα ;

(c) ïîõiäíà h′ = g′ − f ′�íåïåðåðâíà â òî÷öi 0 i h′(0) = 0.

Òîäi ôóíêöiÿ g â òî÷öi 0 ¹ òîïîëîãi÷íî ñòiéêîþ âiäíîñíî óñåðåäíåíü çà ìiðîþ µ.

Òåîðåìà 3. Íåõàé g : [−ε, ε]→ R � êóñêîâî 1�äèôåðåíöiéîâíà ôóíêöiÿ, ùî çàäîâîëü-
íÿ¹ òàêi óìîâè:

(a) g ñòðîãî ñïàäà¹ íà [−ε, 0] i ñòðîãî çðîñòà¹ íà [0,+ε];

(b) iñíóþòü ñêií÷åíi ãðàíèöi çëiâà òà ñïðàâà

L = lim
x→0−0

g′x, R = lim
x→0+0

g′x.

Äëÿ i = 0, . . . , n+ 1 âèçíà÷èìî ÷èñëà

Xi = Lµ[t0, ti] +Rµ[ti, tn+1] = L
i−1∑
j=0

(tj+1 − tj)pj +R
n∑

j=i−1

(tj+1 − tj)pj.

Ïðèïóñòèìî, ùî äëÿ êîæíîãî i ∈ {0, . . . , n} õî÷à á îäíå ç ÷èñåë Xi àáî Xi+1 âiäìiííå âiä
íóëÿ. Òîäi ôóíêöiÿ g â òî÷öi 0 ¹ òîïîëîãi÷íî ñòiéêîþ âiäíîñíî óñåðåäíåíü çà ìiðîþ µ.

[1] A. Antoniouk, K. Keller, S. Maksymenko, Kolmogorov-Sinai entropy via separation properti-
es of order-generated σ-algebras // Discrete Contin. Dyn. Syst. � 2014. � Vol. 34 no. 5. �
Pp. 1793�1809.

[2] Â. È. Àðíîëüä, Èñ÷èñëåíèå çìåé è êîìáèíàòîðèêà ÷èñåë Áåðíóëëè, Ýéëåðà è Ñïðèí-
ãåðà ãðóïï Êîêñòåðà // ÓÌÍ. � 1992. � Ò. 47:1(283). � Ñ. 3�45.

[3] Ñ. I. Ìàêñèìåíêî, Î. Â. Ìàðóíêåâè÷, Òîïîëîãi÷íà ñòiéêiñòü íåïåðåðâíèõ ôóíêöié âiä-
íîñíî óñåðåäíåíü çà ìiðàìè ç êóñêîâî ïîñòiéíèìè ùiëüíîñòÿìè.,� // Çáiðíèê ïðàöü
Iíñòèòóòó ìàòåìàòèêè Íàöiîíàëüíî¨ àêàäåìi¨ íàóê Óêðà¨íè � Êè¨â, Ií-ò ìàòåìàòèêè
ÍÀÍ Óêðà¨íè, (2015), �6 (12), Ñ. 146-163.
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è îïòèêó. � Ìîñêâà. � Íàóêà. � 1981. � 640 ñ.

[5] Kenneth R. Crounse, Methods for Image Processing and Pattern Formation in Cellular
Neural Networks: A Tutorial // Transactions on Circuits and Systems-1: fundamental
theory and application. � IEEE. � 1995. � Vol. 42, no. 10. � Pp. 583�601.

[6] Ñ. I. Ìàêñèìåíêî, Î. Â. Ìàðóí÷àê, Òîïîëîãi÷íà ñòàáiëüíiñòü ôóíêöié âiäíîñíî óñåðå-
äíåíü // Óêð. ìàò. æóðí. � 2015.

[7] P. Milanfar, A tour of modern image �ltering: new insights and methods, both practical and
theoretical // Signal Processing Magazine. � IEEE. � 2013. � Vol. 30(1). � 106�128 p.

[8] R. Thom, L'�equivalence d'une fonction di��erentiable et d'un polynome // Topology. � 1965.
� Ò. 3, �2 (suppl). � Ñ. 297�307.
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On ultrametric fractals generated by closed convex
sets of measures

N. Mazurenko

Vasyl Stefanyk Precarpatian National University

mnatali@ukr.net

In [3], the authors defined the notion of invariant idempotent measure on a complete ultra-
metric space. These measures are idempotent counterparts of the probabilistic fractals [2].

The probability measure functor P acting on the category UMET ultrametric spaces and
nonexpanding maps was considered in [1]. Given on ultrametric space (X, d) the space P (X)
of probability measures with compact supports is endowed with the metric d̂:

d̂(µ, ν) = inf{ε > 0 | ν(Oε(x)) = µ(Oε(x)), for every x ∈ X}.

This metric turns out to be an ultrametric on P (X). As usual, a nonempty subset A ∈ P (X)
is called convex if tµ+ (1− t)ν ∈ A for every µ, ν ∈ A and t ∈ [0, 1]. We endow the set ccP (X)
of closed convex subsets of compact support on X with the Hausdorf metric.

The aim of the talk is to obtain counterparts for the construction ccP of ultrametric fractals
described in [3].

[1] J. I. den Hartog and E. P. de Vink, Building Metric Structures with the Meas-Functor,
Liber Amicorum Jaco de Bakker; F. de Boer, M. van der Heiden, P. Klint and J. Rutten
(eds.), CWI, Amsterdam, 2002, 93–108.

[2] J. E. Hutchinson, Fractals and self-similarity, Indiana Univ. Math. J. 30(1981), 713–747.

[3] N. Mazurenko, M. Zarichnyi, Idempotent ultrametric fractals, Visnyk of the Lviv Univ.
Series Mech. Math. 79(2014), 111–118.
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Hilbert scheme and multiplet matter content
T. V. Obikhod
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As a generalization of the concept of an algebraic variety, the scheme consists of a topological
space X, the sheaf OX of commutative rings on X together with covering (Xi)i∈I of X such
that (Xi, OXi∈X) is isomorphic to the affine scheme Spec Γ(Xi, OX) of the ring of sections OX

over Xi [1].
The study of schemes can be divided into two tasks: local and global. Local tasks are

usually associated with coherent sheaves or with complexes of sheaves. For example, the study
of the local structure of morphism from topoloogical space X to scheme S, X → S is important
because of sheaves of differential forms ΩP

X/S. The global part is usually connected with the
fact that it is possible to calculate the cohomology of coherent sheaves, which are associated
with homotopy invariants, Betti numbers, bn = dim Hn

D for real manifold and so on.
One type of new schemes is algebraic space, the quotient by the equivalence relation on

scheme, the special case of which is an orbifold X/Zn, a generalization of the concept of an
algebraic variety. Universal family of objects from the category of schemes S to the category
of sets X, F (S) = Hom(S,X), parameterized by the scheme, is called the Hilbert scheme [2,3].

Since the vector bundle on a smooth manifold is a locally trivial bundle of modules, and
there is a correspondence between a locally free sheaves and vector bundles, it is possible to
make the transition from sections of the scheme to the space of sections of vector bundles.
Spaces of differential forms as a spaces of sections of vector bundles over smooth manifolds,
belong to linear spaces of functional analysis, which is widely used in theoretical physics, in
particular, in the string theory.

In accordance with [4], Hodge numbers as an elements of the cohomology groups, hp,q =
dimHp,q in Kahler geometry (Hn

D = ⊕p+q=nHp,q known as Hodge decomposition), correspond to
multiplet sets of particles, and the Euler characteristic, which is defined by the Hodge numbers
χ =

∑
n

(−1)nbn =
∑

p,q(−1)p+qhp,q gives the number of generations of particles in high-energy

physics [5]

[1] Grothendieck, A. and Dieudonné, J. A., Eléments de géométrie algébrique. I, B.-Hblb.-N.
Y., 1971

[2] David Mumford, Lectures on Curves on an Algebraic Surface, Princeton University Press,
1966.

[3] David Mumford, John Fogarty and Frances Kirwan, Geometric Invariant Theory, Springer-
Verlag Berlin Heidelberg, 1994.

[4] W. V. D. Hodge, The Theory and Applications of Harmonic Integrals, CUP Archive, 1989.

[5] P. Candelas and A. Font Duality between the webs of heterotic and type II vacua, Nucl.
Phys. B – 1998. – Vol . 511. – P. 295 – 325.
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On the shadow problem for domains in the Euclidean
spaces

T. Osipchuk
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The problem on shadow, generalized on domains of space Rn, n ≤ 3, is investigated. The
shadow problem means to find the minimal number of open or closed balls satisfying some
conditions and such that every line passing through the given point intersects at least one ball
of the collection. In our case the conditions for the balls are following. We consider a domain
in R3 (R2) and its any fixed point as the given point. So, we expect the balls are mutually
non-overlapping, do not hold the given point and with centers on the boundary of the domain.

Lemma 1. Let two open or closed non-overlapping balls of Rn, with centers on a sphere
Sn−1 and with radiuses less than the sphere radius, are given. Then, every ball, homothetic to
the smaller ball (homothetic to one of the balls, if they are equal), relative to the sphere center,
with coefficient of homothety k1 would not intersect every ball, homothetic to the bigger one,
relative to the sphere center, with coefficient of homothety k2, if k1 ≥ k2.

Lemma 2. There are four closed (opened) non-overlapping balls of R3, with centers in
the vertexes of regular triangular pyramid and with radiuses less than the radius of sphere
circumscribed about the pyramid such that generate the shadow in the sphere center.

In [2], there are considered sets similar to the convex ones which are defined as follows.

Definition 1. The set E ⊂ Rn is m-convex relative to the point x ∈ Rn \E, if there exists
an m-dimensional plane L such that x ∈ L and L ∩ E = ∅.

Definition 2. The set E ⊂ Rn is m-convex if it is m-convex relative to every point x ∈
Rn \ E.

It is easy to verify that both definitions satisfy the axiom of convexity: the intersection
of every subfamily of such sets also satisfies the definition. For every set E ⊂ Rn, it can be
considered the minimal m-convex set containing E which is called m-hull of the set E.

Theorem 1. In order that every given point x0 of a domain D ⊂ R2 belong to 1-hull of
mutually non-overlapping closed (open) balls which do not hold the point x0 and with centers
on the boundary of the domain D, it is sufficient to have two balls. (taken from [7]).

Proof. Let us consider the circumference S1 with center at the point x0 and with maximal
radius such that its interior is contained in domain D. Then, let us construct the collection of
two mutually non-overlapping closed (open) circles which do not hold the point x0 and with
centers on the circumference as it was done in [8]. Along with, let us situate the center of the
bigger circle at the point x ∈ ∂D ∩ S1. Now, we construct the circle that is homothetic to the
smaller one relative to the point x0 and with center on ∂D. Then, due to lemma 1, this ball
do not intersect the bigger one. The theorem is proved.

Theorem 2. In order that every given point x0 of a domain D ⊂ R3 belong to 1-hull of
mutually non-overlapping closed (open) balls which do not hold the point x0 and with centers
on the boundary of the domain D, it is sufficient to have four balls. (taken from [7]).
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Proof. Let us consider sphere S2 with center at the point x0 and with maximal radius such
that its interior is contained in the domain D. Then, let us construct the collection of four
mutually non-overlapping closed (open) balls which do not hold the point x0 and with centers
on the sphere as it was done in lemma 2. Along with, let us situate the center of the biggest
ball at the point x ∈ ∂D ∩ S2. Now, we use the homothety to the rest three balls relative to
the point x0 in such a way as the centers of homothetic balls to be on ∂D. Then, due to lemma
1 each of the balls would not intersect each other. The theorem is proved.

There exists domain of R3 with point that belongs to 1-hull of three mutually non-overlapping
closed (open) balls which do not hold the point and with centers on the boundary of the do-
main. A prolate ellipsoid with value of ratio between its major and minor axis more then 2

√
2

is the example of such domain and the ellipsoid center is the point ( [5], [6]).
You can fined more information about shadow problem and its variations in [3] – [8].

[1] Yu.B. Zelinskii Multivelued Mappings in Analysis [in Russian], Naukova Dumka, Kyiv,
1993, 264 pp.

[2] Yu.B. Zelinskii Convexity. Selected Chapters [in Russian], Inst. of Math. ot the NASU,
Kyiv, 2012, 92, 280 pp.

[3] Yu.B. Zelinskii, I.Yu. Vygovska, M.V. Stefanchuk Sets convex in the extended sens and
the problem of shadow [in Russian], arXiv preprint arXiv:1501.06747, 2015.

[4] Yu.B. Zelinskii The problem of shadow for a family of sets // Zbirn. Prats Inst. Math.
NANU, 12, No. 4 (2015)

[5] M. Tkachuk, T. Osipchuk The shadow problem for ellipsoids // Zbirn. Prats Inst. Math.
NANU, 12, No. 4 (2015)

[6] M. Tkachuk, T. Osipchuk On the shadow problem and its generalizations to ellipsoids,
arXiv preprint arXiv:1501.06747, 2015.

[7] T. Osipchuk On the shadow problem for domains in the Euclidean spaces, arXiv preprint
arXiv:1602.01300, 2016.

[8] G. Khudaiberganov, On the Homogeneous Polynomially Convex Hull of a Union of Balls
[in Russian], Manuscr.dep. 21.02.1982, No. 1772, 85 Dep., VINITI, Moscow, 1982.
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Finite one-sided distributive structures
I. Yu. Raievska, M. Yu. Raievska
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Complicated symbolic computations are being used to solve problems from different areas
of mathematics, in particular, to study of finite one-sided distributive structures.

Based on well-known system of computer algebra GAP [1] and package SONATA [2] we
construct and investigate local nearrings of small order.

[1] The GAP Group, Aechen, St Andrews. GAP — Groups, Algoritms, and Programming,
Version 4.6.5, 2013. (http://www.gap.dcs.st-and.ac.uk/ gap)

[2] Aichinger E., Binder F., Ecker J., Mayr P., Nöbauer C. SONATA — system of near-
rings and their applications, GAP package, Version 2.8; 2015. (http://www.algebra.uni-
linz.ac.at/Sonata/)
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On the boundary behavior of mappings in the class
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V. Ryazanov, S. Volkov
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Abstract. In terms of dilatations, it is proved a series of criteria for continuous and
homeomorphic extension to the boundary of mappings with finite distortion between regular
domains on the Riemann surfaces

Theorem 1. (Our definitions and proofs see [1]) Let S and S∗ be Riemann surfaces, D and
D∗ be domains on S and S∗, correspondingly, ∂D ⊂ S and ∂D∗ ⊂ S∗, D be locally connected
on its boundary and ∂D∗ be strongly accessible. Suppose that f : D → D∗ is a homeomorphism
of finite distortion with Kf ∈ L1

loc and

δ∫
0

dr

||Kf || (p0, r)
= ∞ ∀ p0 ∈ ∂D (1)

where

||Kf || (p0, r) =

∫
h(p,p0)=r

Kf (p) dsh(p) . (2)

Then the mapping f is extended by continuity to D and f(∂D) = ∂D∗.

Corollary 1. In particular, the conclusion of Theorem holds if

Kf (p) = O

(
log

1

h(p, p0)

)
as p→ p0 ∀ p0 ∈ ∂D (3)

or, more generally,

kp0(ε) = O

(
log

1

ε

)
as ε→ 0 ∀ p0 ∈ ∂D (4)

where kp0(ε) is the mean value of the function Kf over the circle h(p, p0) = ε.

[1] S. Volkov, V. Ryazanov, On the boundary behavior of mappings in the Sobolev class on
Riemann surfaces, ArXiv: 1604.00280v4 [math.CV] 9 Jun 2016, 24pp. (in English).
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Îá îöåíêå íèæíåãî ïðåäåëà

Ð. Ð. Ñàëèìîâ
Èíñòèòóò ìàòåìàòèêè ÍÀÍ Óêðàèíû, ã. Êèåâ

ruslan623@yandex.ru

Ïóñòü D � îáëàñòü â Rn, n > 2. Íàïîìíèì, ÷òî ãîìåîìîðôèçì f : D → Rn íàçûâàåòñÿ
îòîáðàæåíèåì ñ êîíå÷íûì èñêàæåíèåì, åñëè f ∈ W 1,1

loc è

‖f ′(x)‖n 6 K(x) · J(x, f) (1)

äëÿ íåêîòîðîé ïî÷òè âñþäó êîíå÷íîé ôóíêöèè K(x) > 1, ãäå f ′(x) ÿêîáèåâà ìàòðèöà f,
‖f ′(x)‖ � å¼ îïåðàòîðíàÿ íîðìà: ‖f ′(x)‖ = sup

|h|=1

|f ′(x) · h| è J(x, f) = det f ′(x) � ÿêîáèàí

îòîáðàæåíèÿ f .

Ïóñòü p > n− 1, α = p
p−n+1

. α-Âíóòðåííÿÿ äèëàòàöèÿ îòîáðàæåíèÿ â òî÷êå îïðåäåëÿ-
åòñÿ ðàâåíñòâîì

KI,α(x, f) =


|J(x,f)|
lα(f ′(x))

, åñëè |J(x, f)| 6= 0

1, åñëè f ′(x) = 0
∞, â îñòàëüíûõ òî÷êàõ ,

(2)

ãäå l(f ′(x)) = min
|h|=1
|f ′(x) · h|.

Ñëåäóÿ Îðëè÷ó, äëÿ çàäàííîé âûïóêëîé âîçðàñòàþùåé ôóíêöèè ϕ : [0,∞) → [0,∞),
ϕ(0) = 0, îáîçíà÷èì ñèìâîëîì Lϕ ïðîñòðàíñòâî âñåõ ôóíêöèé f : D → R, òàêèõ ÷òî∫

D

ϕ

(
|f(x)|
λ

)
dm(x) <∞ (3)

ïðè íåêîòîðîì λ > 0. Çäåñü m � ìåðà Ëåáåãà â Rn. Ïðîñòðàíñòâî Lϕ íàçûâàåòñÿ ïðîñòðàí-
ñòâîì Îðëè÷à.

Êëàññîì Îðëè÷à�Ñîáîëåâà W 1,ϕ
loc (D) íàçûâàåòñÿ êëàññ âñåõ ëîêàëüíî èíòåãðèðóåìûõ

ôóíêöèé f, çàäàííûõ â D, ñ ïåðâûìè îáîáù¼ííûìè ïðîèçâîäíûìè ïî Ñîáîëåâó, ãðàäèåíò
∇f êîòîðûõ ïðèíàäëåæèò êëàññó Îðëè÷à ëîêàëüíî â îáëàñòè D. Äàëåå, åñëè f � ëîêàëüíî
èíòåãðèðóåìàÿ âåêòîð�ôóíêöèÿ n âåùåñòâåííûõ ïåðåìåííûõ x1, . . . , xn, f = (f1, . . . , fm),
fi ∈ W 1,1

loc , i = 1, . . . ,m, è ∫
D

ϕ (|∇f(x)|) dm(x) <∞ , (4)

ãäå |∇f(x)| =
√

m∑
i=1

n∑
j=1

(
∂fi
∂xj

)2

, òî ìû ñíîâà ïèøåì f ∈ W 1,ϕ
loc .

Âñþäó äàëåå Bn = {x ∈ Rn : |x| < 1}.

Òåîðåìà 1. Ïóñòü f : Bn → Bn, n > 3 � ãîìåîìîðôèçì ñ êîíå÷íûì èñêàæåíèåì
êëàññà W 1,ϕ

loc , ãäå ϕ : (0,∞)→ (0,∞) � íåóáûâàþùàÿ ôóíêöèÿ, òàêàÿ ÷òî äëÿ íåêîòîðîãî
t∗ ∈ (0,∞)

∞∫
t∗

[
t

ϕ(t)

] 1
n−2

dt <∞ (5)
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è f(0) = 0. Åñëè äëÿ íåêîòîðîãî σ > 0

εσ
2ε∫
ε

dr

k
1

α−1

I,α (r)
> C0 > 0, (6)

ïðè âñåõ 0 < ε < 1
2
, ãäå kI,α(r) =

∫
S(r)

KI,α(x, f) dA , α = p
p−n+1

, òî ïðè p > n èìååò ìåñòî

îöåíêà

lim inf
x→0

|f(x)|
|x|

σ
p−n
6 ν0C

− 1
p−n

0 , (7)

ãäå ν0 � ïîëîæèòåëüíàÿ êîíñòàíòà, çàâèñÿùàÿ òîëüêî îò ðàçìåðíîñòè ïðîñòðàíñòâà
n, p è σ.

Çàìå÷àíèå 1. Ïðèâåäåì ïðîñòîé ïðèìåð îòîáðàæåíèÿ f : Bn → Bn äëÿ p > n > 3
è σ > 0, ïîêàçûâàþùèé, ÷òî íàéäåííûé ïîðÿäîê ðîñòà â îöåíêå (7) ÿâëÿåòñÿ òî÷íûì.
Èìåííî,

f(x) =
x

|x|
|x|

σ
p−n (8)

ïðè x 6= 0 è f(0) = 0.
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Íèæíèå îöåíêè ïëîùàäè îáðàçà êðóãà
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Ïóñòü çàäàíî ñåìåéñòâî Γ êðèâûõ γ â êîìïëåêñíîé ïëîñêîñòè C. Áîðåëåâñêóþ ôóíêöèþ
% : C→ [0,∞] íàçûâàþò äîïóñòèìîé äëÿ Γ, ïèøóò % ∈ adm Γ, åñëè∫

γ

%(z) |dz| > 1

äëÿ êàæäîé êðèâîé γ ∈ Γ.
Ïóñòü p ∈ (1,∞). Òîãäà p�ìîäóëåì ñåìåéñòâà Γ íàçûâàåòñÿ âåëè÷èíà

Mp(Γ) = inf
%∈adm Γ

∫
C

%p(z) dx dy .

Äëÿ ïðîèçâîëüíûõ ìíîæåñòâ E, F è G â C ÷åðåç ∆(E,F,G) îáîçíà÷èì ñåìåéñòâî âñåõ
íåïðåðûâíûõ êðèâûõ γ : [a, b]→ C, êîòîðûå ñîåäèíÿþò E è F â G, ò. å. γ(a) ∈ E, γ(b) ∈ F
è γ(t) ∈ G ïðè a < t < b.

Ïóñòü D � îáëàñòü â êîìïëåêñíîé ïëîñêîñòè C, z0 ∈ D è d0 = dist(z0, ∂D). Ïîëîæèì

A(z0, r1, r2) = {z ∈ C : r1 6 |z − z0| 6 r2} ,

Si = S(z0, ri) = {z ∈ C : |z − z0| = ri} , i = 1, 2 .

Ïóñòü Q : D → [0,∞] � èçìåðèìàÿ ïî Ëåáåãó ôóíêöèÿ. Áóäåì ãîâîðèòü, ÷òî ãîìåîìîð-
ôèçì f : D → C ÿâëÿåòñÿ êîëüöåâûì Q-ãîìåîìîðôèçìîì îòíîñèòåëüíî p-ìîäóëÿ â òî÷êå
z0 ∈ D, åñëè ñîîòíîøåíèå

Mp(∆(fS1, fS2, fD)) 6
∫
A

Q(z) ηp(|z − z0|) dx dy

âûïîëíåíî äëÿ ëþáîãî êîëüöà A = A(z0, r1, r2) , 0 < r1 < r2 < d0, è äëÿ êàæäîé èçìåðèìîé
ôóíêöèè η : (r1, r2)→ [0,∞] òàêîé, ÷òî

r2∫
r1

η(r) dr > 1 .

Íèæå ïðèâåäåíû íèæíèå îöåíêè ïëîùàäè îáðàçà êðóãà ïðè êîëüöåâûõQ-ãîìåîìîðôèçìàõ
îòíîñèòåëüíî p-ìîäóëÿ ïðè p > 2.

Òåîðåìà 1. Ïóñòü D è D′ � îãðàíè÷åííûå îáëàñòè â C è f : D → D′ � êîëüöåâîé
Q-ãîìåîìîðôèçì îòíîñèòåëüíî p-ìîäóëÿ â òî÷êå z0 ∈ D ïðè p > 2. Òîãäà ïðè âñåõ
r ∈ (0, d0), d0 = dist(z0, ∂D), èìååò ìåñòî îöåíêà

|fB(z0, r)| > π

(
p− 2

p− 1

) 2(p−1)
p−2

 r∫
0

dt

t
1
p−1 q

1
p−1
z0 (t)


2(p−1)
p−2

,
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ãäå B(z0, r) = {z ∈ C : |z − z0| 6 r} è qz0(r) = 1
2π r

∫
S(z0,r)

Q(z) |dz| � ñðåäíåå èíòåãðàëüíîå

çíà÷åíèå ïî îêðóæíîñòè S(z0, r) = {z ∈ C : |z − z0| = r}.

Ñëåäñòâèå 1. Ïóñòü D è D′ � îãðàíè÷åííûå îáëàñòè â C è f : D → D′ � êîëüöåâîé
Q-ãîìåîìîðôèçì îòíîñèòåëüíî p-ìîäóëÿ â òî÷êå z0 ∈ D ïðè p > 2. Ïðåäïîëîæèì, ÷òî
ôóíêöèÿ Q óäîâëåòâîðÿåò óñëîâèþ

qz0(t) 6 q0 t
−α, q0 ∈ (0,∞) , α ∈ [0,∞) ,

äëÿ z0 ∈ D è ï.â. âñåõ t ∈ (0, d0), d0 = dist(z0, ∂D). Òîãäà ïðè âñåõ r ∈ (0, d0) èìååò ìåñòî
îöåíêà

|fB(z0, r)| > π−
α
p−2

(
p− 2

α + p− 2

) 2(p−1)
p−2

q
2

2−p
0 |B(z0, r)|1+ α

p−2 .

107



Ãîìåîìîðôèçìû, èñêàæàþùèå íåêîíôîðìíûå
ìîäóëè

Ð. Ð. Ñàëèìîâ, Ð. Â. Ñêóðàòîâñêèé
Èíñòèòóò ìàòåìàòèêè ÍÀÍÓ, ÍÏÓ, Êèåâ,
ruslan623@yandex.ru, ruslcomp@mail.ru

Íàïîìíèì íåêîòîðûå îïðåäåëåíèÿ. Áîðåëåâà ôóíêöèÿ % : C→ [0,∞] íàçûâàåòñÿ äîïó-
ñòèìîé äëÿ ñåìåéñòâà êðèâûõ Γ â C, ïèøóò % ∈ adm Γ, åñëè∫

γ

%(z) |dz| > 1

äëÿ âñåõ γ ∈ Γ. Ïóñòü p > 1. Òîãäà p-ìîäóëåì ñåìåéñòâà êðèâûõ Γ íàçûâàåòñÿ âåëè÷èíà

Mp(Γ) = inf
%∈adm Γ

∫
C

%p(z) dxdy .

Ïóñòü G � îáëàñòü â C. Ïðåäïîëîæèì, ÷òî ψ : [0,∞)→ [0,∞) � íåïðåðûâíàÿ âîçðàñ-
òàþùàÿ ôóíêöèÿ óäîâëåòâîðÿþùàÿ óñëîâèþ ψ(0) = 0, p > 1 è q > 1.

Ãîìåîìîðôèçì f : G→ C áóäåì íàçûâàòü 〈ψ, p, q〉-ãîìåîìîðôèçì, åñëè

Mp(fΓ) 6 ψ (Mq(Γ)) (1)

äëÿ ïðîèçâîëüíîãî ñåìåéñòâà Γ êðèâûõ γ â îáëàñòè G.

Òåîðåìà 1. Ïóñòü 1 < p < 2, 1 < q < 2 è f : G → C � 〈ψ, p, q〉-ãîìåîìîðôèçì. Òîãäà
ñóùåñòâóþò ïîëîæèòåëüíûå ïîñòîÿííûå α è β òàêèå, ÷òî

lim sup
z→z0

|f(z)− f(z0)|
ψ

1
2−p
(
α |z − z0|2−q

) 6 β <∞

äëÿ âñåõ z0 ∈ G.

Ïðè p = q è ψ(t) = kt, k > 0, ìû ïðèõîäèì ê ðåçóëüòàòó Ãåðèíãà, ñì. òåîðåìó 2 â [1],
ñì. òàêæå [2].

[1] Gehring F.W. Lipschitz mappings and the p-capacity of ring in n-space // Advances in the
theory of Riemann surfaces (Proc. Conf. Stonybrook, N.Y., 1969), Ann. of Math. Studies.
� 1971. � 66. � P. 175�193.

[2] Nakai M. Royden algebras and quasi-isometries of Riemannian manifolds. Paci�c J. Math.
40 (1972), no. 2, 397�414
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Ïðî çëi÷åííîêðàòíi âiäîáðàæåííÿ îáëàñòåé
åâêëiäîâèõ ïðîñòîðiâ

Â. Ì. Ñàôîíîâ
Íàöiîíàëüíèé óíiâåðñèòåò õàð÷îâèõ òåõíîëîãié, Êè¨â, Óêðà¨íà

safonov_v_m@ukr.net

Âiäêðèòå çëi÷åííîêðàòíå âiäîáðàæåííÿ ëîêàëüíî êîìïàêòíîãî õàóñäîðôîâîãî ïðîñòî-
ðó â ìåòðè÷íèé ïðîñòið ìà¹ ùiëüíó ìíîæèíó òî÷îê ëîêàëüíîãî ãîìåîìîðôiçìà. Âèÿâëÿ¹-
òüñÿ, ùî äëÿ ìíîãîâèäiâ îäíàêîâî¨ âèìiðíîñòi ïðèïóùåííÿ ïðî âiäêðèòiñòü âiäîáðàæåííÿ
¹ çàéâèì. Áiëüø òîãî, çëi÷åííó êðàòíiñòü íåïåðåðâíîãî âiäîáðàæåííÿ ìîæíà ïðèïóñòèòè
ëèøå íà ìíîæèíi äðóãî¨ êàòåãîði¨. Â îäíîâèìiðíîìó âèïàäêó âèñíîâîê òåîðåìè çâîäèòüñÿ
äî iñíóâàííÿ ñêðiçü ùiëüíî¨ íà çàäàíîìó âiäðiçêó ïîñëiäîâíîñòi iíòåðâàëiâ áåç ñïiëüíèõ
òî÷îê, â ÿêèõ âiäîáðàæåííÿ ¹ ñòðîãî ìîíîòîííèì [1] - [4].

Îòæå, ìà¹ ìiñöå òàêà òåîðåìà.

Òåîðåìà 1. Íåõàé D � îáìåæåíà îáëàñòü n-âèìiðíîãî åâêëiäîâîãî ïðîñòîðó i f :
D → Rn � íåïåðåðâíå íóëüâèìiðíå âiäîáðàæåííÿ òàêå, ùî ìíîæèíà éîãî çëi÷åííèõ
ðiâíiâ ñêðiçü äðóãî¨ êàòåãîði¨. Òîäi iñíó¹ ñêðiçü ùiëüíà âiäêðèòà ìíîæèíà G ⊂ D òî÷îê
ëîêàëüíîãî ãîìåîìîðôiçìà f .

Íåâàæêî ïåðåêîíàòèñÿ, ùî òâåðäæåííÿ òåîðåìè 1 ¹ ñïðàâåäëèâèì äëÿ áóäü-ÿêî¨ âiä-
êðèòî¨ ìíîæèíè.

Òåîðåìà 2. Íåõàé V � äîâiëüíà âiäêðèòà ìíîæèíà n-âèìiðíîãî åâêëiäîâîãî ïðîñòî-
ðó i íåïåðåðâíå íóëüâèìiðíå âiäîáðàæåííÿ f : V → Rn ìà¹ ìíîæèíó çëi÷åííèõ ðiâíiâ
ñêðiçü äðóãî¨ êàòåãîði¨. Òîäi iñíó¹ ñêðiçü ùiëüíà â V âiäêðèòà ìíîæèíà G òî÷îê ëîêàëü-
íîãî ãîìåîìîðôiçìà âiäîáðàæåííÿ f .

[1] Àëåêñàíäðîâ Ï.Ñ., Î ñ÷åòíîêðàòíûõ îòêðûòûõ îòîáðàæåíèÿõ // Äîêë. ÀÍ ÑÑÑÐ.�
1936.� 4, �7.� Ñ. 283-287.

[2] Òðîõèì÷óê Þ.Þ., Äèôôåðåíöèðîâàíèå, âíóòðåííèå îòîáðàæåíèÿ è êðèòåðèè
àíàëèòè÷íîñòè.� Êèåâ: Èí-ò ìàòåìàòèêè ÍÀÍ Óêðàèíû, 2008.� 539 ñ.

[3] Ñàôîíîâ Â.Ì., Ïðî çëi÷åííîêðàòíi ôóíêöi¨ / Àíàëiç i çàñòîñóâàííÿ // Çá. ïðàöü Ií-òó
ìàòåìàòèêè ÍÀÍ Óêðà¨íè, 2012. � Ñ. 341-346.

[4] Òðîõèì÷óê Þ.Þ., Ñàôîíîâ Â.Ì., Î ìíîæåñòâå âòîðîé êàòåãîðèè ñ÷åòíûõ óðîâíåé
íåïðåðûâíûõ îòîáðàæåíèé / Êîìïëåêñíèé àíàëiç, òåîðiÿ ïîòåíöiàëó i çàñòîñóâàííÿ //
Çá. ïðàöü Ií-òó ìàòåìàòèêè ÍÀÍ Óêðà¨íè, 2013 � ò. 10, �4-5 � Êè¨â: Ií-ò ìàòåìàòèêè
ÍÀÍ Óêðà¨íè, 2013 � Ñ. 526-531.
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Íàáëèæåííÿ êëàñiâ (ψ, β̄)−äèôåðåíöiéîâíèõ ôóíêöié
iíòåðïîëÿöiéíèìè òðèãîíîìåòðè÷íèìè ïîëiíîìàìè

À. Ñ. Ñåðäþê, I. Â. Ñîêîëåíêî
Iíñòèòóò ìàòåìàòèêè ÍÀÍ Óêðà¨íè, Êè¨â, Óêðà¨íà

serdyuk@imath.kiev.ua, sokol@imath.kiev.ua

Íåõàé C i Lp, 1 ≤ p ≤ ∞, � ïðîñòîðè 2π-ïåðiîäè÷íèõ ôóíêöié çi ñòàíäàðòíèìè íîðìà-
ìè ‖ · ‖C i ‖ · ‖p. Ïîçíà÷èìî ÷åðåç Cψ

β̄,p
, 1 ≤ p ≤ ∞, ìíîæèíó âñiõ 2π-ïåðiîäè÷íèõ ôóíêöié

f , ÿêi çîáðàæóþòüñÿ çà äîïîìîãîþ çãîðòêè

f(x) =
a0

2
+

1

π

π∫
−π

ϕ(x− t)Ψβ̄(t)dt, a0 ∈ R, ϕ ∈ B0
p , (1)

B0
p = {ϕ ∈ Lp : ‖ϕ‖p ≤ 1, ϕ ⊥ 1},

iç ôiêñîâàíèì òâiðíèì ÿäðîì Ψβ̄ ∈ Lp′ , 1/p+ 1/p′ = 1, ðÿä Ôóð'¹ ÿêîãî ìà¹ âèãëÿä

Ψβ̄(t) ∼
∞∑
k=1

ψ(k) cos

(
kt− βkπ

2

)
,

äå ψ = ψ(k) i β̄ = βk, k = 1, 2, . . . , � äîâiëüíi ïîñëiäîâíîñòi äiéñíèõ ÷èñåë. Ôóíêöiþ ϕ â
çîáðàæåííi (1) íàçèâàþòü (ψ, β̄)-ïîõiäíîþ ôóíêöi¨ f i ïîçíà÷àþòü fψ

β̄
(x). Ïîíÿòòÿ (ψ, β̄)-

ïîõiäíî¨ íàëåæèòü Î.I. Ñòåïàíöþ (äèâ., íàïðèêëàä, [1]). Îñêiëüêè ϕ ∈ Lp, a Ψβ̄ ∈ Lp′ , òî
(äèâ. [1, c. 144]) çãîðòêà (1) ¹ íåïåðåðâíîþ ôóíêöi¹þ, à, îòæå Cψ

β̄,p
⊂ C. Çðîçóìiëî, ùî ïðè

p = 2 óìîâà âêëþ÷åííÿ Ψβ̄ ∈ L2 åêâiâàëåíòíà âèêîíàííþ óìîâè
∞∑
k=1

ψ2(k) <∞. (2)

Íåõàé f(x) � äîâiëüíà 2π-ïåðiîäè÷íà íåïåðåðâíà ôóíêöiÿ. ×åðåç S̃n(f ;x) áóäåìî
ïîçíà÷àòè òðèãîíîìåòðè÷íèé ïîëiíîì ïîðÿäêó n, ùî iíòåðïîëþ¹ f(x) ó òî÷êàõ x

(n)
k =

2kπ/(2n+ 1), k = 0, 1, . . . , 2n, òîáòî òàêèé, ùî

S̃n(f ;x
(n)
k ) = f(x

(n)
k ), k = 0, 1, . . . , 2n.

Äëÿ áóäü-ÿêîãî êëàñó N ⊂ C ðîçãëÿíåìî âåëè÷èíè

E(N; S̃n;x) = sup
f∈N
|f(x)− S̃n(f ;x)|, n ∈ N, x ∈ R.

Òåîðåìà 1. Íåõàé ïîñëiäîâíiñòü äiéñíèõ ÷èñåë ψ(k) çàäîâîëüíÿ¹ óìîâó (2). Òîäi äëÿ
äîâiëüíî¨ ïîñëiäîâíîñòi β̄ = βk, βk ∈ R, i äîâiëüíîãî n ∈ N â êîæíié òî÷öi x ∈ R âèêîíó-
¹òüñÿ ðiâíiñòü

E(Cψ

β̄,2
; S̃n;x) =

2√
π

 ∞∑
m=1

sin2 (2n+ 1)mx

2

m(2n+1)+n∑
k=m(2n+1)−n

ψ2(k)

1/2

.

[1] À.È. Ñòåïàíåö, Ìåòîäû òåîðèè ïðèáëèæåíèé: Â 2 ÷., Êèåâ: Èí-ò ìàòåìàòèêè ÍÀÍ
Óêðàèíû, 2002, ×. 1.
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Íàáëèæåííÿ ñóìàìè Ôóð'¹ íà êëàñàõ óçàãàëüíåíèõ
iíòåãðàëiâ Ïóàññîíà â ðiâíîìiðíié ìåòðèöi

À. Ñ. Ñåðäþê1, Ò. À. Ñòåïàíþê2

1Iíñòèòóò ìàòåìàòèêè ÍÀÍ Óêðà¨íè, 2Ñõiäíî¹âðîïåéñüêèé íàöiîíàëüíèé óíiâåðñèòåò
iìåíi Ëåñi Óêðà¨íêè

sanatolii@ukr.net, tania−stepaniuk@ukr.net

Ïîçíà÷èìî ÷åðåç Cα,r
β,p , r > 0, α > 0, β ∈ R, 1 ≤ p ≤ ∞, ìíîæèíó âñiõ 2π�ïåðiîäè÷íèõ

ôóíêöié, êîòði ïðè âñiõ x ∈ R çîáðàæóþòüñÿ çà äîïîìîãîþ çãîðòêè

f(x) =
a0

2
+

1

π

π∫
−π

Pα,r,β(x− t)ϕ(t)dt, a0 ∈ R, ϕ ∈ B0
p ,

B0
p = {ϕ : ||ϕ||p ≤ 1, ϕ ⊥ 1} , 1 ≤ p ≤ ∞,

ç ÿäðàìè âèãëÿäó

Pα,r,β(t) =
∞∑
k=1

e−αk
r

cos
(
kt− βπ

2

)
.

ßäðà Pα,r,β(t) íàçèâàþòü óçàãàëüíåíèìè ÿäðàìè Ïóàññîíà, à êëàñè Cα,r
β,p � êëàñàìè óçà-

ãàëüíåíèõ iíòåãðàëiâ Ïóàññîíà.
Ðîçãëÿäà¹òüñÿ çàäà÷à ïðî çíàõîäæåííÿ àñèìïòîòè÷íèõ ïðè n→∞ ðiâíîñòåé äëÿ âå-

ëè÷èí
En(Cα,r

β,p )C = sup
f∈Cα,rβ,p

‖f(·)− Sn−1(f ; ·)‖C , r > 0, α > 0, 1 ≤ p ≤ ∞,

äå Sn−1(f ; ·) � ÷àñòèííi ñóìè Ôóð'¹ ïîðÿäêó n− 1 ôóíêöi¨ f .
Ïðè äîâiëüíèõ υ > 0 i 1 ≤ s ≤ ∞ ïîçíà÷èìî

Js(υ) :=
∥∥ 1√

t2 + 1

∥∥
Ls[0,υ]

, (1)

äå

‖f‖Ls[a,b] =


(

b∫
a

|f(t)|sdt
) 1

s

, 1 ≤ s <∞,

ess sup
t∈[a,b]

|f(t)|, s =∞.

Òàêîæ ïðè äîâiëüíèõ α > 0, r ∈ (0, 1) i 1 ≤ p ≤ ∞ ïîêëàäåìî n0 = n0(α, r, p) � íàéìåíøèé
ç íîìåðiâ n, òàêèé, ùî

1

αr

1

nr
+
αrχ(p)

n1−r ≤


1
14
, p = 1,

1
(3π)3

· p−1
p
, 1 < p <∞,

1
(3π)3

, p =∞,

äå χ(p) = p ïðè 1 ≤ p <∞ i χ(p) = 1 ïðè p =∞.
Â ïðèéíÿòèõ ïîçíà÷åííÿõ ìà¹ ìiñöå íàñòóïíå òâåðäæåííÿ.
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Òåîðåìà 1. Íåõàé 0 < r < 1, 1 ≤ p ≤ ∞, α > 0 i β ∈ R. Òîäi ïðè n ≥ n0(α, r, p)
ñïðàâåäëèâà îöiíêà

En(Cα,r
β,p )C = e−αn

r

n
1−r
p

(
‖ cos t‖p′
π

1+ 1
p′ (αr)

1
p

Jp′
(πn1−r

αr

)
+ γn,p

( 1

(αr)1+ 1
p

Jp′
(πn1−r

αr

) 1

nr
+

1

n
1−r
p

))
,

äå 1
p

+ 1
p′

= 1, a äëÿ âåëè÷èíè γn,p = γn,p(α, r, β) âèêîíó¹òüñÿ íåðiâíiñòü |γn,p| ≤ (14π)2.
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Ïðî âëàñòèâîñòi ôóíêöi¨ ðîñòó ïåòëåâîãî àâòîìàòà

Â. Ñêî÷êî
Êè¨âñüêèé íàöiîíàëüíèé óíiâåðñèòåò iì. Òàðàñà Øåâ÷åíêà

vovaskochko@gmail.com

Íåõàé ìà¹ìî ñêií÷åííó ìíîæèíó X, ÿêó íàçèâàòèìåìî àëôàâiòîì.

Îçíà÷åííÿ 1. Àâòîìàòîì íàä àëôàâiòîì X íàçèâà¹òüñÿ íàáið A = 〈X,Q, π, λ〉, äå:

1. Q - ìíîæèíà (ìíîæèíà âíóòðiøíiõ ñòàíiâ àâòîìàòà);

2. π : X ×Q→ Q - âiäîáðàæåííÿ (ôóíêöiÿ ïåðåõîäiâ);

3. λ : X ×Q→ X - âiäîáðàæåííÿ (ôóíêöiÿ âèõîäiâ).

ßêùî çàôiêñóâàòè äåÿêèé ñòàí q0 ÿê ïî÷àòêîâèé, òî îòðèìà¹ìî iíiöiàëüíèé àâòîìàò Aq0 .

Ïîòóæíiñòþ àâòîìàòà A íàçèâàþòü êiëüêiñòü éîãî ñòàíiâ, òîáòî |Q|. Íàäàëi ðîçãëÿäà-
òèìåìî òiëüêè ñêií÷åííi àâòîìàòè, òîáòî àâòîìàòè çi ñêií÷åííîþ ïîòóæíiñòþ.

Íà ìíîæèíi àâòîìàòiâ íàä X ìîæíà âèçíà÷èòè îïåðàöiþ êîìïîçèöi¨ íàñòóïíèì ÷èíîì.

Îçíà÷åííÿ 2. Íåõàé A1 òà A2 - äåÿêi äâà àâòîìàòà íàä X. Òîäi ¨õ êîìïîçèöi¹þ íà-
çèâà¹òüñÿ àâòîìàò B = A1 ∗ A2 ç ìíîæèíîþ ñòàíiâ Q1 × Q2, ôóíêöi¹þ ïåðåõîäiâ π òà
ôóíêöi¹þ âèõîäiâ λ, ùî âèçíà÷åíi ôîðìóëàìè:

π(x, (s1, s2)) = (π1(x, s1), π2(λ1(x, s1), s2)),

λ(x, (s1, s2)) = λ2(λ1(x, s1), s2).

ßêùî ðîçãëÿäàòè iíiöiàëüíi àâòîìàòè A1,q1 i A2,q2 , òî ¨õ êîìïîçèöi¹þ ¹ àâòîìàò B =
A1∗A2 ç ïî÷àòêîâèì ñòàíîì (q1, q2). Âàðòî çàçíà÷èòè, ùî êîìïîçèöiÿ iíiöiàëüíèõ àâòîìàòiâ
âiäïîâiäà¹ ¨õ ïîñëiäîâíîìó ïiäêëþ÷åííþ. Òîáòî äëÿ áóäü-ÿêîãî ñëîâà ω ìà¹ ìiñöå ðiâíiñòü
φB(q1,q2)

(ω) = φA1,q1
(φA2,q2

(ω)).
Çàóâàæèìî, ùî ïîòóæíiñòü êîìïîçèöi¨ äâîõ ñêií÷åííèõ àâòîìàòiâ äîðiâíþ¹ äîáóòêó ¨õ

ïîòóæíîñòåé. Îäíàê ñåðåä ñòàíiâ êîìïîçèöi¨ ìîæóòü ç'ÿâèòèñÿ òîòîæíi, à òàêîæ íåäîñÿ-
æíi(æîäíà ëiòåðà æîäíîãî ñëîâî íå ïîòðàïèòü íà òàêèé ñòàí). Òîìó äîöiëüíî ðîçãëÿäàòè
òàê çâàíèé ðåäóêîâàíèé àâòîìàò, ùî îòðèìó¹òüñÿ âiäêèäàííÿì íåäîñÿæíèõ ñòàíiâ òà çà-
ìiíîþ êiëüêîõ òîòîæíèõ ñòàíiâ íà îäèí.

Îçíà÷åííÿ 3. Íåõàé àâòîìàò A ìà¹ ïî÷àòêîâèé ñòàí q0. Òîäi ôóíêöi¹þ ðîñòó γA(n) :
N→ N íàçèâàþòü ôóíêöiþ, ùî ñòàâèòü ó âiäïîâiäíiñòü êîæíîìó n ïîòóæíiñòü ðåäóêîâà-
íîãî àâòîìàòà äëÿ Anq0 .

ßêùî ðîçãëÿäàòè àâòîìàòè ó ÿêèõ äëÿ êîæíîãî ñòàíó q ôóíêöiÿ âèõîäó π(·, q) ¹ ïiä-
ñòàíîâêîþ íà X, òî äëÿ òàêîãî àâòîìàòà iñíó¹ îáåðíåíèé àâòîìàò. Òàêèé àâòîìàò íàçèâà-
òèìåìî îáîðîòíèì. Çàóâàæèìî, ùî ÿêùî ðîçãëÿäàòè ëèøå ðåäóêîâàíi àâòîìàòè, òî âîíè
óòâîðþþòü ãðóïó âiäíîñíî îïåðàöi¨ êîìïîçèöi¨. Ç iíøîãî áîêó, ÿêùî ðîçãëÿíóòè ïîâíå |X|-
àðíå äåðåâî T , òî êîæíîìó îáîðîòíîìó àâòîìàòó ìîæíà ïîñòàâèòè ó âiäïîâiäíiñòü äåÿêèé
àâòîìîðôiçì ç Auto(T ).
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Îçíà÷åííÿ 4. Ïîðÿäêîì îáîðîòíîãî àâòîìàòà íàçèâàþòü ïîðÿäîê âiäïîâiäíîãî éîìó
àâòîìîðôiçìà ÿê åëåìåíòà ãðóïè Auto(T ).

Îçíà÷åííÿ 5. Ïåòëåâèì iíiöiàëüíèì àâòîìàòîì íàçèâàòèìåìî àâòîìàò Aq0 äëÿ ÿêîãî
âèêîíóþòüñÿ íàñòóïíi óìîâè:

1. ôóíêöi¨ ïåðåõîäiâ óñiõ ñòàíiâ, êðiì ïî÷àòêîâîãî, òîòîæíî äîðiâíþþòü òðèâiàëüíîìó
ñòàíó;

2. ó ïî÷àòêîâîìó ñòàíi ¹ ðiâíî îäíà ïåòëÿ( ∃!x ∈ X : π(x, q0) = q0 ).

Ðåçóëüòàòîì äîñëiäæåííÿ ¹ íàñòóïíi òâåðäæåííÿ.

Òåîðåìà 1. Íåõàé Aq0 - ïåòëåâèé àâòîìàò, i γ(n) - âiäïîâiäíà ôóíêöiÿ ðîñòó. Òîäi
iñíó¹ ñòðîãî çðîñòàþ÷à ïîñëiäîâíiñòü {ni}∞i=1 ⊂ N òàêà, ùî

∃C1 > 0, C2 > 0∀i : γ(ni) < C1log ni + C2.

Òåîðåìà 2. Ãåíåðàòðèñà ôóíêöi¨ ðîñòó ïåòëåâîãî àâòîìàòà ìà¹ ëîãàðèôìi÷íèé ðiñò.
Òîìó âîíà ¹ àëãåáðà¨÷íîþ òîäi i ëèøå òîäi, êîëè âií ìà¹ ñêií÷åííèé ïîðÿäîê.

Çàóâàæåííÿ 1. Äëÿ äîâåäåííÿ òåîðåìè âèêîðèñòîâó¹òüñÿ ïîáóäîâàíà ñïåöiàëüíèì
÷èíîì ïîñëiäîâíiñòü ñòàíiâ {ai}, i > 0 òàêà, ùî iñíó¹ iíäåêñ i0 òà ÷èñëî s äëÿ ÿêèõ ∀k, j ≥ 0
ai+ks+j = ai+j. Òàêîæ ìîæíà ïîáóäóâàòè àëãîðèòì, ÿêèé âèçíà÷à¹ êiëüêiñòü ñêií÷åííèõ
ñòàíiâ ó n-ié iòåðàöi¨ âèêîðèñòîâóþ÷è ëèøå îñòà÷i âiä äiëåííÿ ÷èñëà n íà âiäïîâiäíi äîâ-
æèíè îðáiò ñòàíiâ ai. Òîáòî ñïî÷àòêó n äiëèòüñÿ íà äîâæèíó îðáiòè a1, ïîòiì îòðèìàíà
÷àñòêà çíîâó äiëèòüñÿ ç îñòà÷åþ íà äîâæèíó îðáiòè a2, ïðîöåñ ïðîäîâæó¹òüñÿ äîêè ÷àñòêà
íå ñòàíå ðiâíîþ 0 àáî 1.

[1] Ð. È. Ãðèãîð÷óê, Â. Â. Íåêðàøåâè÷, Â. È. Ñóùàíñêèé, Àâòîìàòû, äèíàìè÷åñêèå
ñèñòåìû è ãðóïïû, Òðóäû ìàòåìàòè÷åñêîãî èíñòèòóòà èì. Â.À. Ñòåêëîâà, 231,
134�214, 2000.

[2] S. Eilenberg, Automata, languages, and machines, New York; London: Acad. Press, 1974.
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Êëàññèôèêàöèÿ òîïîëîãèé íà 4-ýëåìåíòíîì
ìíîæåñòâå ïî âèäó 2-ÊÍÔ çàäàþùèõ èõ áóëåâûõ

ôóíêöèé

Ï. Ã. Ñòåãàíöåâà1, Í. Ï. Áàøîâà2, À. Â. Ñêðÿáèíà1

1Çàïîðîæñêèé íàöèîíàëüíûé óíèâåðñèòåò, 1Çàïîðîæñêèé íàöèîíàëüíûé òåõíè÷åñêèé
óíèâåðñèòåò

steg_pol@mail.ru, bashovanp82@gmail.com, anna_29_95@mail.ru

Ïóñòü çàäàíî n - ýëåìåíòíîå óïîðÿäî÷åííîå ìíîæåñòâî X = {x1, x2, ..., xn}. Êàæäîìó
èç ïîäìíîæåñòâ äàííîãî ìíîæåñòâà ïîñòàâèì âî âçàèìíîîäíîçíà÷íîå ñîîòâåòñòâèå áóëåâ
âåêòîð (x1, x2, ..., xn) , â êîòîðîì xi = 1, åñëè i-òûé ýëåìåíò ìíîæåñòâà X ïðèíàäëåæèò
ýòîìó ïîäìíîæåñòâó, è xi = 0 , åñëè íå ïðèíàäëåæèò. Ðàññìîòðèì âñåâîçìîæíûå íàáîðû
ïîäìíîæåñòâ ìíîæåñòâà X. Êàæäîìó èç íèõ ïîñòàâèì â ñîîòâåòñòâèå áóëåâó ôóíêöèþ
f(x1, x2, ..., xn), îáëàñòü èñòèííîñòè êîòîðîé çàäàåò âñå ïîäìíîæåñòâà, ïðèíàäëåæàùèå âû-
áðàííîìó íàáîðó. Ñîîòâåòñòâèå ìåæäó ìíîæåñòâîì âñåõ áóëåâûõ ôóíêöèé îò n-ìåðíûõ
áóëåâûõ âåêòîðîâ è ìíîæåñòâîì âñåõ íàáîðîâ ïîäìíîæåñòâ n-ýëåìåíòíîãî ìíîæåñòâà X
áèåêòèâíî.

Áóäåì ðàññìàòðèâàòü òîëüêî òàêèå íàáîðû, êîòîðûå çàäàþò òîïîëîãèè íà ìíîæåñòâå
X. Áóëåâû ôóíêöèè, ñîîòâåòñòâóþùèå òàêèì íàáîðàì, ÿâëÿþòñÿ áèþíêòèâíûìè ñëàáî
ïîëîæèòåëüíûìè è ñëàáî îòðèöàòåëüíûìè ôóíêöèÿìè [1]. Îíè ïðåäñòàâèìû â âèäå 2-
ÊÍÔ, êàæäàÿ äèçúþíêöèÿ êîòîðûõ èìååò âèä xi ∨ x̄j, i, j = 1, n [2].

Òåîðåìà 1. Åñëè áóëåâà ôóíêöèÿ çàäàåò òîïîëîãèþ è â å¼ 2-ÊÍÔ ïðèñóòñòâóåò
õîòÿ áû îäíà ïàðà äèçúþíêöèé âèäà xi ∨ x̄j è x̄i ∨ xj, òî ýòà òîïîëîãèÿ íå ÿâëÿåòñÿ
T0-òîïîëîãèåé. Îáðàòíîå òîæå âåðíî.

Îïðåäåëåíèå 1. Áóäåì íàçûâàòü 2-ÊÍÔ áóëåâîé ôóíêöèè, çàäàþùåé òîïîëîãèþ,
ìàêñèìàëüíîé, åñëè ñ ëþáîé ïàðîé äèçúþíêöèé xi ∨ x̄j è xj ∨ x̄k â íå¼ âõîäèò è äèçú-
þíêöèÿ xi ∨ x̄k.

Î÷åâèäíî, êàæäîé òîïîëîãèè íà êîíå÷íîì ìíîæåñòâå ñîîòâåòñòâóåò åäèíñòâåííàÿ ìàê-
ñèìàëüíàÿ 2-ÊÍÔ çàäàþùåé å¼ áóëåâîé ôóíêöèè.

Òåîðåìà 2. Áóëåâà ôóíêöèÿ f(x1, x2, x3, x4) çàäàåò T0-òîïîëîãèþ íà 4-ýëåìåíòíîì
ìíîæåñòâå X = (x1, x2, x3, x4), åñëè å¼ ìàêñèìàëüíàÿ 2-ÊÍÔ èìååò âèä (ñ òî÷íîñòüþ
äî îáîçíà÷åíèÿ ïåðåìåííûõ):
5-êëàññ:
(x1 ∨ x̄2)(x1 ∨ x̄3)(x1 ∨ x̄4)(x2 ∨ x̄3)(x2 ∨ x̄4)(x3 ∨ x̄4);
6-êëàññ:
(x1 ∨ x̄2)(x1 ∨ x̄3)(x1 ∨ x̄4)(x2 ∨ x̄3)(x2 ∨ x̄4);
(x1 ∨ x̄2)(x1 ∨ x̄3)(x1 ∨ x̄4)(x2 ∨ x̄4)(x3 ∨ x̄4);
(x1 ∨ x̄3)(x1 ∨ x̄4)(x2 ∨ x̄3)(x2 ∨ x̄4)(x3 ∨ x̄4);
7-êëàññ:
(x1 ∨ x̄2)(x1 ∨ x̄3)(x1 ∨ x̄4)(x2 ∨ x̄4);
(x1 ∨ x̄3)(x1 ∨ x̄4)(x2 ∨ x̄4)(x3 ∨ x̄4);
(x1 ∨ x̄3)(x1 ∨ x̄4)(x2 ∨ x̄3)(x2 ∨ x̄4);
8-êëàññ:
(x1 ∨ x̄3)(x1 ∨ x̄4)(x2 ∨ x̄3);
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(x1 ∨ x̄3)(x1 ∨ x̄4)(x3 ∨ x̄4);
9-êëàññ:
(x1 ∨ x̄2)(x1 ∨ x̄3)(x1 ∨ x̄4);
(x1 ∨ x̄4)(x2 ∨ x̄4)(x3 ∨ x̄4);
(x1 ∨ x̄3)(x2 ∨ x̄4);
10-êëàññ:
(x1 ∨ x̄3)(x1 ∨ x̄4);
(x1 ∨ x̄4)(x2 ∨ x̄4);
12-êëàññ:
(x1 ∨ x̄4);
16-êëàññ:
f(x1, x2, x3, x4) ≡ 1.

Äëÿ òîïîëîãèé íà 4-ýëåìåíòíîì ìíîæåñòâå, íå ÿâëÿþùèõñÿ T0-òîïîëîãèÿìè, òàêæå
ïîëó÷åíû ñîîòâåòñòâóþùèå 2-ÊÍÔ. Ýòè 17 íåãîìåîìîðôíûõ òîïîëîãèé îòíîñÿòñÿ ê m-
êëàññàì, ãäå m = 2, 3, 4, 5, 6, 8.

[1] Áàøîâà Í.Ï., Ñòåãàíöåâ Å.Â. 2-ÊÍÔ áóëåâûõ ôóíêöèé, çàäàþùèõ òîïîëîãèè íà êî-
íå÷íîì ìíîæåñòâå. Âåñòíèê ÕÍÒÓ. � 2015. � � 3 (54). � Ñ. 16�20.

[2] Òàðàñîâ À.Â Î ñâîéñòâàõ ôóíêöèé, ïðåäñòàâèìûõ â âèäå 2-ÊÍÔ. Äèñêðåòíàÿ ìàòå-
ìàòèêà. � 2001. � Ò. 13, Âûï. 4 � Ñ. 99�115.
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Âëàñòèâîñòi ëiíiéíî îïóêëèõ òà ñïðÿæåíèõ ôóíêöié
â ãiïåðêîìïëåêñíîìó ïðîñòîði

Ì. Â. Ñòåôàí÷óê
Iíñòèòóò ìàòåìàòèêè ÍÀÍ Óêðà¨íè

stefanmv43@gmail.com

Äàíà ðîáîòà ïðèñâÿ÷åíà óçàãàëüíåííþ äåÿêèõ ðåçóëüòàòiâ ùîäî áàãàòîçíà÷íèõ ôóí-
êöié â êîìïëåêñíîìó ïðîñòîði íà ãiïåðêîìïëåêñíèé ïðîñòið Hn, n = 1, 2, . . . , ùî ¹ ïðÿìèì
äîáóòêîì n-êîïié òiëà êâàòåðíiîíiâ H (H1 := H).

Îçíà÷åííÿ 1. Ôóíêöiÿ f : Hn −→ H íàçèâà¹òüñÿ áàãàòîçíà÷íîþ, ÿêùî îáðàçîì òî÷êè
x ∈ Hn ¹ ìíîæèíà f(x) ∈ H. Îáëàñòü âèçíà÷åííÿ òàêî¨ ôóíêöi¨ áóäåìî ïîçíà÷àòè ÷åðåç
Ef := {x ∈ Hn : iñíó¹ y ∈ H, y = f(x)}.

Îçíà÷åííÿ 2. Áàãàòîçíà÷íà ôóíêöiÿ f : Ef −→ H íàçèâà¹òüñÿ ëiíiéíî îïóêëîþ, ÿêùî
äëÿ äîâiëüíî¨ ïàðè òî÷îê (x0, y0) ∈ Hn+1 \ Γ(f) iñíó¹ àôiííà ôóíêöiÿ l, òàêà, ùî y0 = l(x0)
i l(x)

⋂
f(x) = ∅ äëÿ âñiõ x ∈ Hn, äå ÷åðåç Γ(f) ïîçíà÷åíî ãðàôiê ôóíêöi¨ f.

Îçíà÷åííÿ 3. Áàãàòîçíà÷íîþ àôiííîþ ôóíêöi¹þ íàçâåìî ôóíêöiþ ëiíiéíî îïóêëó i
ëiíiéíî óãíóòó îäíî÷àñíî, äëÿ ÿêî¨ çíàéäåòüñÿ ïðèíàéìíi îäíà òî÷êà x ∈ Hn, â ÿêié êîæíà
ç ìíîæèí (f(x)

⋂
H), (H \ f(x)) ¹ íåïîðîæíüîþ.

Îçíà÷åííÿ 4. Ëiíiéíî îïóêëó ôóíêöiþ íàçâåìî âëàñíîþ, ÿêùî õî÷à á äëÿ îäíîãî x
âèêîíó¹òüñÿ ñïiââiäíîøåííÿ: f(x)

⋂
H 6= ∅ i äëÿ âñiõ x ìà¹ ìiñöå íåðiâíiñòü: H \ f(x) 6= ∅.

Îçíà÷åííÿ 5. Ôóíêöiÿ

WE(y) =
o

H \
⋃
x∈E

〈x, y〉

íàçèâà¹òüñÿ îïîðíîþ ôóíêöi¹þ ìíîæèíè E ⊂ Hn.

Îçíà÷åííÿ 6. ßêùî E ⊂ Hn � ëiíiéíî îïóêëà ìíîæèíà, òî ôóíêöiÿ

δ(x|E) =

{
0, ÿêùî x ∈ E,
∞, ÿêùî x /∈ E,

íàçèâà¹òüñÿ ¨¨ iíäèêàòîðíîþ ôóíêöi¹þ.

Òåîðåìà 1. ßêùî fα, α ∈ A, ¹ ñiì'¹þ ëiíiéíî îïóêëèõ ôóíêöié (À � äîâiëüíà ìíî-
æèíà iíäåêñiâ), òî ôóíêöiÿ f =

⋂
α∈A

fα ¹ ëiíiéíî îïóêëîþ.

Îçíà÷åííÿ 7. Ñêàæåìî, ùî ôóíêöiÿ g = intf , ÿêùî ¨¨ ãðàôiê ìîæíà ïîäàòè ó âèãëÿäi
Γ(g) = int (Γ(f)), äå int(·) ïîçíà÷à¹ âíóòðiøíiñòü âiäïîâiäíî¨ ìíîæèíè.

Òåîðåìà 2. ßêùî f � ëiíiéíî îïóêëà ôóíêöiÿ i Ef = E int(f), òî intf � ëiíiéíî îïóêëà
ôóíêöiÿ.

Îçíà÷åííÿ 8. Ôóíêöi¹þ, ñïðÿæåíîþ ç f, íàçâåìî ôóíêöiþ, ùî çàäà¹òüñÿ ðiâíiñòþ

f ∗(y) =
o

H \
⋃
x

(〈x, y〉 − f(x)). (1)

Çíàéäåìî ôóíêöiþ, ñïðÿæåíó äî ôóíêöi¨ f ∗(x).
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f ∗∗(x) = (f ∗)∗(x) =
o

H \
⋃
y

(〈x, y〉 − f ∗(y)).

Òåîðåìà 3. Äëÿ êîæíî¨ ôóíêöi¨ f : Hn −→ H ñïðàâåäëèâå âêëþ÷åííÿ f ⊂ f ∗∗.

Îçíà÷åííÿ 9. Áàãàòîçíà÷íà ôóíêöiÿ f : Hn −→ H íàçèâà¹òüñÿ âiäêðèòîþ (âiäïîâiä-
íî, çàìêíåíîþ ÷è êîìïàêòíîþ), êîëè ¨¨ ãðàôiê ¹ âiäêðèòîþ (âiäïîâiäíî, çàìêíåíîþ ÷è
êîìïàêòíîþ) ìíîæèíîþ â Hn+1.

Òåîðåìà 4. Ôóíêöiÿ, ñïðÿæåíà äî âiäêðèòî¨ ôóíêöi¨, áóäå çàìêíåíîþ òà ëiíiéíî
îïóêëîþ.

Òåîðåìà 5. Íåõàé f � âëàñíà ëiíiéíî îïóêëà ôóíêöiÿ. Òîäi f ∗ � âëàñíà ôóíêöiÿ.

Òåîðåìà 6. Çàäàíî âiäîáðàæåííÿ Λ: Hn −→ Hn, ÿêå ¹ ãiïåðêîìïëåêñíî ëiíiéíèì ãî-
ìåîìîðôiçìîì, i ôóíêöiþ g : Hn −→ H. Íåõàé

f(x) = λg(Λx+ w0) + 〈x, y0〉+ γ0,

äå w0 ∈ Hn, y0 ∈ Hn∗, γ0 ∈ H, λ ∈ H \ {0}. Òîäi
f ∗(y) = λg∗(λ−1Λ−1∗(y − y0))− 〈Λ−1w0, y − y0〉 − γ0.

Òåîðåìà 7. Íåõàé áàãàòîçíà÷íà ôóíêöiÿ f : Hn −→ H òàêà, ùî
H \ f(x) 6= ∅ äëÿ âñiõ x ∈ Hn. Òîäi f ∗∗ = f òîäi i òiëüêè òîäi, êîëè f ¹ ëiíiéíî îïó-
êëîþ.

Îçíà÷åííÿ 10. Ôóíêöiÿ f íàçèâà¹òüñÿ îäíîðiäíîþ, ÿêùî f(λx) =
= λf(x) äëÿ âñiõ ñêàëÿðiâ λ ∈ H \ 0.

Òåîðåìà 8. Íåõàé f : Hn \Θ −→ H ¹ âëàñíîþ ëiíiéíîþ îïóêëîþ îäíîðiäíîþ ôóíêöi¹þ
i f(Θ) = H \ 0. Òîäi f ¹ îïîðíîþ ôóíêöi¹þ äåÿêî¨ ìíîæèíè.

Íàñëiäîê 1. ßêùî îäíîðiäíà ëiíiéíî îïóêëà ôóíêöiÿ f : Hn \Θ −→ H ¹ âiäìiííîþ âiä
àôiííî¨, òî

f ∗(y) = δ(y|Ef∗).
Òåîðåìà 9. ßêùî f : Hn \Θ −→ H � îäíîðiäíà ëiíiéíî îïóêëà ôóíêöiÿ, âiäìiííà âiä

àôiííî¨, òî

f(x) =
o

H \
⋃

y∈Ef∗

〈x, y〉.

Îçíà÷åííÿ 11. Íåõàé fα : Hn −→ H, α ∈ A, ¹ áàãàòîçíà÷íèìè ôóíêöiÿìè. Ôóíêöiþ
(
⋃
α

fα)(x) :=
⋃
α

fα(x) íàçâåìî îá'¹äíàííÿì ôóíêöié fα, à (
⋂
α

fα)(x) :=
⋂
α

fα(x) � ¨õ ïåðåòè-

íîì.

Òåîðåìà 10. Íåõàé fα : Hn −→ H, α ∈ A, ¹ áàãàòîçíà÷íèìè ôóíêöiÿìè. Òîäi âèêîíó-
¹òüñÿ ðiâíiñòü (⋃

α

fα

)∗
=
⋂
α

f ∗α.

[1] Ñòåôàí÷óê Ì. Â. Ëiíiéíî îïóêëi òà ñïðÿæåíi ôóíêöi¨ â ãiïåðêîìïëåêñíîìó ïðîñòîði /
Ì. Â. Ñòåôàí÷óê, Ì. Â. Òêà÷óê // Çáiðíèê ïðàöü Iíñòèòóòó ìàòåìàòèêè ÍÀÍÓ. �
2015. � T. 12, � 3. � Ñ. 225�235.
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Ìåòàäîñêîíàëi ãðóïè i ¨õ âëàñòèâîñòi

Ð. Â. Ñêóðàòîâñüêèé
ÍÏÓ, Êèåâ, Óêðàèíà
ruslcomp@mail.ru

Ó äàíié ðîáîòi äîñëiäæó¹òüñÿ ââåäåíèé àâòîðîì [1] íîâèé êëàñ ãðóï � ìåòàäîñêîíàëi
ãðóïè, âîíè ¹ óçàãàëüíåíÿì ââåäåíèõ ó ñòàòòi [2,3] ìåòàçíàêîçìiííèõ ãðóï, áî çíàêîçìiííà
ãðóïà ¹ äîñêîíàëîþ ïðè n ≥ 5, òàêîæ çðîáëåíî îöiíêó äëÿ êiëüêîñòi òâiðíèõ êîìóòàíòà
âiíöåâîãî äîáóòêà ãðóï. Íàãàäà¹ìî, ùî ðàíiøå äëÿ âóæ÷îãî êëàñó ãðóï � íåñêií÷åííî
iòåðîâàíèõ âiíöåâèõ äîáóòêiâ An1 oAn2 o. . ., äå ni ≥ 5 ó [4] íåêîíñòðóêòèâíèìè ìåòîäàìè áóëà
äîâåäåíà äâîïîðîäæåíiñòü ç äîäàòíüîþ éìîâiðíiñòþ. Ïiä äîñêîíàëîþ ãðóïîþ ìè ðîçóìi¹ìî
òàêó, ùî G = [G,G].

Îçíà÷åííÿ 1. Ìåòàäîñêîíàëîþ ãðóïîþ D(k), ðàíãó m, ìåòàñòåïåíÿ k = (k1, ..., km)
íàçèâà¹òüñÿ âiíöåâèé äîáóòîê (D1, Xk1) o (D2, Xk2) o ... o (Dm, Xkm) äîñêîíàëèõ ãðóï ïiäñòà-
íîâîê (D1, Xk1), ... ,(D,Xkm). Íåñêií÷åííîþ ìåòàäîñêîíàëîþ ãðóïîþ íàçèâàòèìåìî òàêó
ìåòàäîñêîíàëó ãðóïó ðàíãó m ÿêà ìiñòèòü õî÷ îäíó íåñêií÷åííó ïiäãðóïó (Di, Xi), ùî äi¹
íà íåñêií÷åííié ìíîæèíi Xi.

Òåîðåìà 1. Íåõàé W = D o G ìåòàäîñêîíàëà ãðóïà i D = 〈tD, sD〉. Òîäi ÿêùî G =
〈t0, s0〉 òðàíçèòèâíî äi¹ íà X òàê, ùî iñíóþòü îðáiòè O(x) = x〈t0〉 = {x〈t〉 |t ∈ 〈t0〉}, äå
x � êîîðäèíàòà, äå ðîçòàøîâàíî òâiðíi tD, sD â áàçàõ òàáëèöü, ùî ¹ òâiðíèìè äëÿ W ,
O′(x) = x〈s0〉 = {x〈s〉 |s ∈ 〈s0〉}:{

(ord(t0)/|O(x)|, ord(tD)) = 1 ,

(ord(s0)/|O′(x)|, ord(sD)) = 1
(1)

i ãðóïà G ¹ 2 � äîïóñòèìîþ [1] òà D ìà¹ ñêií÷åííó øèðèíó ïî êîìóòàíòó [5], òîäi G oD
� äâîïîðîäæåíà.

Ïðè äi¨ G oD ìà¹ìî ãðàòêó ñèñòåì iìïðèìiòèâíîñòi ç áëîêàìè Xi i ÿêùî H � íàéìåíøà

íàäãðóïà äëÿ Stxo(G) ó G, òî
∣∣H/Stxo (H)

∣∣ =
∣∣∣O (x〈H〉0

)∣∣∣ = |Xi|. Íåõàé Q(x0) = O(x) ∩O′(x).

Íåõàé = � íàéìåíøà ãðàòêà áëîêiâ iìïðèìiòèâíîñi ìåòàäîñêîíàëî¨ ãðóïè ãðóïè Dk−1 ç
D1 oD2 o ... oDk, ùî óòâîðåíà äi¹þ êëàñiâ ñóìiæíîñòi ãðóïè Dk−1 çà íàéìåíøîþ íàäãðóïîþ
H ñòàáiëiçàòîðà Stx0(G) ç Dk−1 íà ìíîæèíi Xk−1.

Òåîðåìà 2. ßêùî |Q(x0)| 6= |Xi|, òîáòî ïåðåòèí îðáiò íå ¹ ðiâíîïîòóæíèì ç áëîêîì
iìïðèìiòèâíîñòi ãðàòêè =, òîäi Dk−1 > H > Stx0(G), äå Di, i ≤ k � äîñêîíàëà, òî ìà¹
ìiñöå 2-äîïóñòèìiñòü [1].

Çàóâàæåííÿ 1. Óìîâà |Q(x0)| 6= |H| áóäå âèêîíóâàòèñÿ, ÿêùî (|Q(x0)|, |H|) = 1. Îò-
æå, öÿ óìîâà ¹ äîñòàòíüîþ äëÿ íàÿâíîñòi 2-äîïóñòèìîñòi.

Òâåðäæåííÿ 1. Ìåòàäîñêîíàëà ãðóïà D, ÿêà ¹ îáìåæåíèì âiíöåâèì äîáóòêîì ãðóï
¹ äîñêîíàëîþ.

Òâåðäæåííÿ 2. Â êëàñi íåñêií÷åííèõ ìåòàäîñêîíàëèõ ãðóï iñíó¹ ïiäêëàñ W∞ òàêèõ
ãðóï, ÿêi ¹ íåîáìåæåíèì âiíöåâèì äîáóòêîì òðàíçèòèâíèõ äîñêîíàëèõ ãðóï àëå íå ¹
äîñêîíàëèìè, ÿêùî õî÷ îäíà ïàñèâíà ãðóïà ìà¹ íåñêií÷åííó øèðèíó ïî êîìóòàíòó [5].
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Äîâåäåííÿ. Âèêîðèñòà¹ìî íåñêií÷åííó çíàêîçìiííó ãðóïó

A = ∪∞i=5Alt(i). (2)

Äëÿ äîâåäåííÿ íàâåäåìî òèïîâó êîíñòóðêöiþ ÿêà ëåãêî óçàãàëüíþ¹òüñÿ íà ïðèêëàäi íåî-
áìåæåííîãî âiíöåâîãî äîîáóòêó äîñêîíàëèõ ãðóï, ùî íå ¹ äîñêîíàëîþ ãðóïîþ. Ðîçãëÿíåìî
âiíöåâèé äîáóòîê W = B o A (òóò A àêòèâíà) äâîõ äîñêîíàëèõ ãðóï A òà B i ïîêàæåìî,
ùî âií íå ¹ äîñêîíàëîþ ãðóïîþ.

Ãðóïà A äi¹ íà ìíîæèíi íàòóðàëüíèõ ÷èñåë. Ãðóïà A äîñêîíàëà, áî âñi Alt(i) äîñêîíàëi
äëÿ i ≥ 5 i Alt(i + 1) > Alt(i). B � äåÿêà äîñêîíàëà ãðóïà ç íåñêií÷åííîþ øèðèíîþ ïî
êîìóòàíòó.

Ïðèïóñòèìî W = B o A äîñêîíàëà. Òîáòî êîæåí åëåìåíò w ç W ìîæíà ïîäàòè ÿê
äîáóòîê îáìåæåíî¨ êiëüêîñòi êîìóòàòîðiâ:

w = [x1, y1] . . . [xn, yn] = (w1, w2, . . .)π (3)

Â (w1, w2, . . .)π âèêîðèñòàíî íåñêií÷åííó ïîñëiäîâíiñòü åëåìåíòiâ wi ç , áî çãiäíî ç () A äi¹
íà N à â ñèëó íåîáìåæåíîñòi ¨¨ øèðèíè ïî êîìóòàíòó ìîæíà öi åëåìåíòè âèáðàòè òàê, ùî
wi� öå äîáóòîê ç i êîìóòàòîðiâ. Âèïèøåìî âiíöåâi ðåêóðñi¨ äëÿ xi òà yi, äå σi ñòàáiëiçó¹ âñi
òî÷êè ïî÷èíàþ÷è ç n+ 1-ãî ìiñöÿ à σ′i � ïî÷èíàþ÷è ç k-ãî ìiñöÿ:

xi = (xi,1, xi,2, . . .)σi, yi = (yi,1, yi,2, . . .)σ
′
i (4)

Ç îäíîãî áîêó ìè ïîêëàëè, ùî äîâiëüíèé w = [x1, y1] . . . [xn, yn]. À ç iíøîãî áîêó, îñêiëüêè
B ìà¹ íåñêií÷åííó øèðèíó ïî êîìóòàíòó, òî ìè ìîæåìî ïîêëàñòè, ùî êîæåí wi ó ïðåä-
ñòàâëåííi (w1, w2, . . .)π ç (3) ¹ äîáóòêîì íå ìåíø i êîìóòàòîðiâ. Âèáåðåìî íàéìåíøå òàêå
k, ùî âñi òî÷êè l ≥ k, ¹ íåðóõîìèìè äëÿ âñiõ ïiäñòàíîâîê σi òà σ′i. Òîäi âñi wl äëÿ l ≥ k ¹
äîáóòêàìè êîìóòàòîðiâ wl = [x1,l, y1,l] · [x2,l, y2,l] · ... · [xn,l, yn,l]. Ïðè öüîìó íåõàé åëåìåíò wl :
l = max{n+ 1, k}, â ðåçóëüòàòi ìè íå çìîæåìî ïîäàòè ïîáóäîâàíèé åëåìåíò w ÿê äîáóòîê
íå áiëüøå íiæ ç n êîìóòàòîðiâ. Ñïðàâäi âií ìiñòèòü wl, ÿêèé ìà¹ ïðåäñòàâëåííÿ (3), íà
wl ÿê íà åëåìåíò ïàñèâíî¨ ãðóïè âåðøèííi ïåðåñòàíîâêè σi, σ

′
i ç A äiþòü òðèâiàëüíî, áî

l ≥ k, l ≥ n + 1. ßê íàñëiäîê wl ìiñòèòü äîáóòîê íå ìåíø íiæ l êîìóòàòîðiâ
∏l

j=1[bl,j, b
′

l,j],
äå bl,j, b

′

l,j ∈ B à îòæå ìè çíàéøëè w, ÿêèé íå ¹ äîáóòêîì n êîìóòàòîðiâ i âií íå ¹äèíèé.

[1] Ð. Â. Ñêóðàòîâñüêèé, Ìiíiìàëüíi ñèñòåìè òâiðíèõ i âëàñòèâîñòi âiíöåâèõ äîáóòêiâ
äîñêîíàëèõ ãðóï, // Íàóêîâi âiñòi ÍÒÓÓ "ÊÏI". 4, 2014, ñ. 94-101.

[2] Ì. Â. Çàâîäÿ, Â. Ñ. Ñiêîðà, Â. I. Ñóùàíñüêèé.Ñèñòåìè òâiðíèõ ìåòàçíàêîçìiííèõ
ãðóï ñêií÷åííîãî ðàíãó, Íàóê. âiñí. ×åðíiâåöüêîãî óí-òó. ×åðíiâöi Ðóòà - 2006. -V.314-
315. - Ñ. 64-72.

[3] Ì. Â. Çàâîäÿ, Â. Ñ. Ñiêîðà, Â. I. Ñóùàíñüêèé. Äâóõåëåìåíòíi ñèñòåìè òâiðíèõ ìå-
òàçíàêîçìiííèõ ãðóï ñêií÷åííîãî ðàíãó, // Ìàò. Ñòóäi¨. � 2010. � Ò.34, C.3�12.

[4] Bhattacharjee M. The probability of generating certain pro�nite groups by two elements, //
// Israel J. Math. 86, 1994. � P. 311�329.

[5] Alexey Muranov. Finitely generated in�nite simple groups of in�nite commutator width.
arXiv:math/0608688v4 [math.GR] 12 Sep 2009.
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Ìèíèìàëüíûå ñèñòåìû îáðàçóþùèõ äëÿ
âåíå÷íîöèêëè÷åñêèõ ãðóïï, ãðóïï àâòîìîðôèçìîâ

ãðàôîâ Ðèáà è ôóíäàìåíòàëüíûõ ãðóïï îðáèò
íåêîòîðûõ ôóíêöèé Ìîðñà

Ð. Â. Ñêóðàòîâñêèé
ÍÏÓ, Êèåâ, Óêðàèíà
ruslcomp@mail.ru

Ðàññìîòðèì êëàññ âåíå÷íîöèêëè÷åñêèõ ãðóïï = (ïóñòü G ∈ =) ïîñòðîåííûõ ïî ôîð-
ìóëå:

G = (

k1∏
i1=1

Cni1 ) o (
k2∏
i2=1

Cni2 ) o ... o (
km∏
im=1

Cnim ), 1 ≤ ki ≤ ∞.

Ãäå ïîä îïåðàöèåé ñïëåòåíèÿ ïîíèìàþò ñïëåòåíèå ãðóïï êàê ãðóï ïîäñòàíîâîê, âëàäåþùåå
ñâîéñòâîì àññîöèàòèâíîñòè. Èç îïðåäåëåíèÿ ñëåäóåò, ÷òî âñå ïðîèçâåäåíèÿ êîíå÷íû.

Òåîðåìà 1. Ãðóïïà ÿâëÿþùàÿñÿ ñïëåòåíèåì öèêëè÷åñêèõ ãðóïï êàê ãðóïï ïîäñòàíî-
âîê äåéñòâóþùèõ ðåãóëÿðíî: Cn1 o Cn2 . . . o Cnm, ãäå (ni, nj) = 1 ïðè i 6= j, èìååò ðàíã 2
(îí îáîçíà÷àåòñÿ d(G) [1]) ò.å. åñòü 2-ïîðîæäåííîé.

Îáîçíà÷èì Gj =
∏kj

ij=1 Cij . Ïóñòü rk1 = d(G1), rk2 = d(
∏m

j=2Gj) � ðàíãè óêàçàííûõ
ãðóïï.

Òåîðåìà 2. Ïóñòü G ∈ =, òîãäà d(G) = rk1 + rk2.

Îêàçûâàåòñÿ [2] ïîäêëàñ ãðóïï èç êëàññà = èçîìîðôåí ãðóïïàì àâòîìîðôèçìîâ ãðàôà
Ðèáà íåêîòîðûõ ôóíêöèé Ìîðñà íà êîìïàêòíûõ ïîâåðõíîñòÿõ.

Çàìå÷àíèå 1. Åñëè ïðîèçâåäåíèå
∏kj

ij=1Cij èç G âìåñòî öèêëè÷åñêèõ ãðóïï ñîäåðæàëî
áû Hn, ãäå H = A× B, à A � ïðÿìîå ïðîèçâåäåíèå àáåëåâûõ ïðîñòûõ ãðóïï, B � ïðÿìîå
ïðîèçâåäåíèå íåàáåëåâûõ ïðîñòûõ ãðóïï, òî â d(G) âìåñòî êîëè÷åñòâà îáðàçóþùèõ äëÿ∏kj

ij=1 Cij ïîÿâèòñÿ êîëè÷åñòâî îáðàçóþùèõ max {βn, d (Bn)}, ãäå β = d
(
A/A′

)
[4].

Íàéäåíà ìèíèìàëüíàÿ ñèñòåìà îáðàçóþùèõ èç äâóõ ýëåìåíòîâ äëÿ ãðóïïû H = (Z)nn
Z, èìåþùåé ïðèëîæåíèÿ â òîïîëîãèè [3], íàéäåí ãîìîìîðôèçì èç ãðóïïû Z êàê ïîäãðóïïû
H â Aut(Z)n < H, çàäàííûé íà îáðàçóþùèõ ãðóïïû (Z)n.

[1] Î. Â. Áîãîïîëüñêèé, Ââåäåíèå â òåîðèþ ãðóïï, Ì., Íàóêà, (2002), 148 ñ.

[2] S. I. Maksymenko, Deformations of functions on surfaces by isotopic to the identity
di�eomorphisms, (2013) arXiv:math/1311.3347v2.

[3] S. I. Maksymenko, Homotopy types of stabilizers and orbits of Morse functions on
surfaces,// Annals of Global Analysis and Geometry, vol. 29, no. 3 (2006), P. 241-285.

[4] J. Wiegold, Growth sequences of �nite groups 3, // J. Austral. Math. Soc. 20, (Series A).
(1975), P. 225-229.
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We consider the conditions of supersingularity of Edwards curve [1–3]. A normalization of this
curve was constructed by us in projective form, genus of twisted Edwards curve was count by
us and it equals to 1. We denote twisted Edwards curve having coefficients a and d as Ea,d. It
was found the mistake in conditions of supersingularity for this curve in theorem 3 of article [4].
More particularly if p ≡ −3(mod8) there is no degenerated twisted pair of curves as it states
in [4]. Also if condition p ≡ ±7(mod8) holds then the orders of correspondent curves are such
NE2 = NE2−1 = p− 3 that are not equal p + 1 as it states in [4]. For instance if p = 31 then
NE2 = NE2−1 = 28 = 8 · 3 + 7− 3. The main result of this paper is the theorem.

Theorem 1. If p ≡ 3 (mod 4) and p is prime, then numbers of points on x2+y2 = 1+2x2y2

and on x2 + y2 = 1 + 2−1x2y2 over Fp are equal NE1,2 = NE1,2−1 = p + 1 when p ≡ 3(mod8)

and NE2 = NE2−1 = p− 3 when p ≡ 7(mod8).

There are two fundamental points [5] ((0,±1), (±
√
a, 0)) on Ea,d. The interesting relations

between points of Ea,d were found.

Theorem 2. For every no fundamental point (x, y) of Ea,d holds the condition(
1− ax2

p

)(
1− y2

p

)
=

(
a− d
p

)
.

If a is a quadratic residue over Fp then it exists the isomorphism between Edwards curve
E1,d and twisted Edwards curve Ea,d, which is given by the mapping X 7→

√
ax, Y 7→ y. This

fact and the theorem 1 lead us to a condition of supersingularity of Ea,d.

Remark 1. Point of order 8 exists on Ea,d if and only if point of order 4 exists on Ea,d and

following conditions holds (
1
d

(1±
√

1− d
a

)

p
) = 1, (

a
d

(1±
√

1− d
a

)

p
) = 1, (a

p
) = 1, (

1− d
a

p
) = 1.

The normalization of this curve was founded due to following regular substitutions x : z =
u : w = t : v, y : z = t : u = v : w. As a result we get normalized curve in projective form:{

au2 + v2 = w2 + dt2

uv = wt.

[1] Alekseev E. K., Oshkin I.V., Popov V.O., Smishliev S.V. ”About perspectives of us-
ing twisted Edwsrds curves in Gost R 34.10-2012” proceedings of the XVI conference
”RusCrypto 2014”.

[2] Bernstein Daniel J., Birkner Peter, Joye Marc, Lange Tanja, Peters Christiane. Twisted
Edwards Curves. IST Programme under Contract IST-2002-507932 ECRYPT, 2008. PP.
1-17.
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[3] Hisil Huseyin, Koon-Ho Wong Kenneth, Carter Gary. Twisted Edwards Curves Revisited.
ASIACRYPT 2008, LNCS 5350, PP. 326-343.

[4] Bessalov A. V., Tsygankova O.V. Correlation of big order points sets of the Edwards curves
over prime field. // Information protection. Vol. 17, no. 1 (2015), P. 73-79.

[5] W. Fulton Algebraic curves. An Introduction to Algebraic Geometry. Third Preface, Jan-
uary, 2008. P. 121.
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Ãðóïè ãîìåîòîïié íåñèíãóëÿðíèõ øàðóâàíü
êîðåíåâîïîäiíèõ ñìóãàñòèõ ïîâåðõîíü

Þ. Þ. Ñîðîêà
ÊÍÓ iìåíi Òàðàñà Øåâ÷åíêà, Êè¨â, Óêðà¨íà

sorokayulya15@gmail.com

Îçíà÷åííÿ 1. Ñïåöiàëüíîþ ìîäåëüíîþ ñìóãîþ íàçâåìî âiäêðèòó ïiäìíîæèíó
S ⊂ R× [0; 1], ÿêà çàäîâîëüíÿ¹ óìîâàì:

1) R× (0; 1) ⊂ S;

2) ∂−Sλ = S ∩ R× {0} ∼= (0, 1);

3) ∂+S = S ∩ R× {1} ¹ íåçâ'ÿçíèì îá'¹äíàííÿì iíòåðâàëiâ, çàìèêàííÿ ÿêèõ â R× [0; 1]
ïîïàðíî íå ïåðåòèíà¹òüñÿ i óòâîðþþòü ëîêàëüíî ñêií÷åííó ìíîæèíó.

ßêùî äàíî äâi ìîäåëüíi ñìóãè S1 òà S2, òî ñòàíäàðòíîþ ïðèêëåéêîþ S2 äî S1 íàçâåìî
ïðèêëåþâàííÿ çà äîïîìîãîþ çáåðiãàþ÷îãî îði¹íòàöiþ àôiííîãî ãîìåîìîðôiçìà íèæíüî¨
ìåæi ∂−S2 äî äåÿêîãî iíòåðâàëó ìåæi ∂+S1.

Êîæíó ìîäåëüíó ñìóãó S áóäåìî òàêîæ íàçèâàòè ñìóãàñòîþ ïîâåðõíåþ äiàìåòðà 0, à
ãðàíè÷íi iíòåðâàëè ç ∂+S íàçâåìî ãðàíè÷íèìè iíòåðâàëàìè ðiâíÿ 1. Çà iíäóêöi¹þ, ÿêùî
âèçíà÷åíà ñìóãàñòà ïîâåðõíÿ äiàìåòðà i, i ≥ 0 òà ìíîæèíà ãðàíè÷íèõ iíòåðâàëiâ ðiâíÿ
i + 1, òî ñìóãàñòîþ ïîâåðõíåþ äiàìåòðà i + 1 íàçâåìî ïîâåðõíþ óòâîðåíó ñòàíäàðòíîþ
ïðèêëåéêîþ ìîäåëüíèõ ñìóã {Sλ}λ∈Λ äî äåÿêèõ ãðàíè÷íèõ iíòåðâàëiâ ðiâíÿ i+1. Ãðàíè÷íi
iíòåðâàëè ç

⊔
λ∈Λ

∂+Sλ íàçèâàòèìåìî ãðàíè÷íèìè iíòåðâàëàìè ðiâíÿ i+ 2. Êëàñ ñìóãàñòèõ

ïîâåðõîíü ñêií÷åííîãî äiàìåòðó ïîçíà÷èìî ÷åðåç F.
Êîæíà ìîäåëüíà ñìóãà ìà¹ êàíîíi÷íå îði¹íòîâàíå øàðóâàííÿ íà ãîðèçîíòàëüíi ïðÿ-

ìi R × t, t ∈ (0, 1) i êîìïîíåíòè ìåæi. Òàê ÿê ãîìåîìîðôiçìè ïðèêëåéêè îòîòîæíþþòü
øàðè òàêèõ øàðóâàíü, òî êîæíà ñìóãàñòà ïîâåðõíÿ òàêîæ íåñå íà ñîái øàðóâàííÿ F , ùî
ñêëàäà¹òüñÿ ç øàðiâ øàðóâàíü íà ìîäåëüíèõ ñìóãàõ. Öå øàðóâàííÿ òàêîæ ¹ îði¹íòîâàíèì.
Íàçèâàòèìåìî éîãî êàíîíi÷íèì.

Ïîçíà÷èìî ÷åðåç G(F ) = Σ�F � ïðîñòið øàðiâ, i íåõàé π : Σ → G(F ) � ôàêòîð-
âiäîáðàæåííÿ. Íàäiëèìî G(F ) ôàêòîð-òîïîëîãi¹þ, òîáòî ìíîæèíó U â G(F ) ââàæàòèìå-
ìî âiäêðèòîþ òîäi i òiëüêè òîäi, êîëè ¨¨ ïðîîáðàç π−1(U) ¹ âiäêðèòèì â Σ. Â çàãàëüíîìó
âèïàäêó G(F ) ¹ íåõàóñäîðôîâèì òîïîëîãi÷íèì ïðîñòîðîì. Ïðè öüîìó îáðàç âíóòðiøíî-
ñòi êîæíî¨ ìîäåëüíî¨ ñìóãè Sλ â G(F ) ¹ âiäêðèòîþ ìíîæèíîþ ãîìåîìîðôíîþ âiäêðèòîìó
iíòåðâàëó. Ïîçíà÷àòèìåìî éîãî ÷åðåç eλ i íàçèâàòèìåìî ðåáðîì. Òàêèì ÷èíîì, G(F ) ìî-
æíà ðîçãëÿäàòè ÿê ¾íåõàóñäîðôîâèé¿ ãðàô, ó ÿêîãî ¾ðîçùåïëåíi¿ âåðøèíè. Öi âåðøèíè
âiäïîâiäàþòü ãðàíè÷íèì iíòåðâàëàì ìîäåëüíèõ ñìóã. Íåõàé V � ìíîæèíà âåðøèí ãðà-
ôà, E = {eλ, λ ∈ Λ} - ìíîæèíà ðåáåð ãðàôà G(F ). Ïîêëàäåìî ∂+eλ = π(Sλ ∩ R × {1}) i
∂−eλ = π(Sλ ∩ R× {0}).

Íåõàé Σ � ñìóãàñòà ïîâåðõíÿ êëàñó F i G(F ) � ¨¨ ïðîñòið øàðiâ. Ïîçíà÷èìî ÷åðåç
H+(F ) ãðóïó âñiõ ãîìåîìîðôiçìiâ h : Σ→ Σ, ÿêi çàäîâîëüíÿþòü òàêèì óìîâàì:

1) äëÿ äîâiëüíîãî øàðó ω ∈ F éîãî îáðàç h(ω) ¹ òàêîæ øàðîì F i ïðè öüîìó îáìåæåííÿ
h|ω: ω → h(ω) çáåðiãà¹ îði¹íòàöiþ;

2) h(∂−S) = ∂−S i h(∂+S) = ∂+S.
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Íåõàé òàêîæ π0H
+(F ) = H+(F )�H+

0 (F ) � ãðóïà ãîìåîòîïié øàðóâàííÿ F , äå H+
0 (F ) �

ïiäìíîæèíà H+(F ), ùî ñêëàäà¹òüñÿ ç ãîìåîìîðôiçìiâ, ÿêi içîòîïíi òîòîæíîìó â H+(F ).
Âèçíà÷èìî ÷åðåç H(G) � ãðóïó ãîìåîìîðôiçìiâ ãðàôà G(F ). Ëåãêî ïåðåâiðèòè, ùî

êîæåí ãîìåîìîðôiçì ñìóãàñòî¨ ïîâåðõíi h : Σ→ Σ ç H+(F ) iíäóêó¹ ãîìåîìîðôiçì ãðàôà
ρ(h) : G(F )→ G(F ), ïðè÷îìó âiäïîâiäíiñòü h 7→ ρ(h) ¹ ãîìîìîðôiçìîì ρ : H+(F )→ H(G).

Íåõàé K = ρ(H+(F )) i K0 � ãðóïà ãîìåîìîðôiçìiâ ãðàôà G(F ) ç K, ùî içîòîïíi
òîòîæíîìó âiäîáðàæåííþ, òîäi ñïðàâåäëèâà òàêà õàðàêòåðèçàöiÿ ãðóïè K.

Ëåìà 1. Ãîìåîìîðôiçì g ç H(G) íàëåæèòü ãðóïi K òîäi i ëèøå òîäi, êîëè g çáåðiãà¹
ëiíiéíèé ïîðÿäîê âåðøèí íà ìåæi ∂+e äëÿ êîæíîãî ðåáðà e ãðàôà G(F ).

Çâ'ÿçîê ãðóï ãîìåîòîïié ãðàôà òà ñìóãàñòèõ ïîâåðõîíü êëàñó F ïîêàçó¹ íàñòóïíà òåî-
ðåìà.

Òåîðåìà 1. Íåõàé Σ ∈ F i F - êàíîíi÷íå øàðóâàííÿ. Òîäi ρ iíäóêó¹ içîìîðôiçì ãðóï
π0H

+(F ) òà π0K.

[1] Sergiy Maksymenko and Eugene Polulyakh, Foliations with all non-closed leaves on non-
compact surfaces Methods of Functional Analysis and Topology 3, (2016) arXiv:1606.00045

[2] Sergiy Maksymenko and Eugene Polulyakh, Foliations with non-compact leaves on surfaces,
Proceedings of Geometric Center 8 (2015), no. 3�4, 17�30.

[3] Yu. Yu. Soroka, Homeotopy groups of rooted tree like non-singular foliations on the plane,
to appear in Methods of Functional Analysis and Topology 3, (2016)
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Variety of semisymmetry-like medial quasigroups
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A groupoid (Q; ·) is called a quasigroup [1], if for all a, b ∈ Q each of x · a = b and a · y = b
has a unique solution. For every permutation σ from the symmetry group S3, a σ-parastrophe

(
σ·) of an arbitrary quasigroup operation (·) is defined by:

x1σ
σ· x2σ = x3σ :⇐⇒ x1 · x2 = x3.

A class of quasigroups σA consisting of all σ-parastrophes of quasigroups from A is called a σ-
parastrophe of A. It is shown [2] that an arbitrary assertion is satisfied in a class of quasigroups
if and only if its σ-parastrophic assertion holds in σ-parastrophe of this class. σ-parastrophic
assertion is defined as an assertion being obtained from the given one by replacing operation
(·) with its σ−1-parastrophe.

A set of all pairwise parastrophic classes is called a truss. A truss of varieties is uniquely
defined by one of its varieties. If an identity determines a given variety, then all parastrophes
of the identity determine all varieties of this truss.

Quasigroups (Q; ·) and (Q; ◦) are isotopic iff there exists a triple of bijections (α, β, γ) such
that x ·y = γ−1(αx◦βy) holds for all x, y ∈ Q. A quasigroup (Q; ·) is called a group isotope [3],
if it is isotopic to a group. Let (Q; ·) be a group isotope and 0 be an arbitrary element from Q.
The right part of

x · y = αx+ a+ βy

is called a 0-canonical decomposition, if (Q; +) is a group, 0 is its neutral element and α0 =
β0 = 0.

Definition 1. Conditions for components of a canonical decomposition are called canonical
conditions of an identity, if they hold exclusively for those group isotopes, which are satisfied
the identity.

The identity xy · uv = xu · yv is called medial. It defines the variety of medial quasigroups.

Lemma 1. The identities

x · (yu · v) = y · (xu · v), (1) (x · yu) · v = (x · yv) · u, (2) ((xy · u)
`· v) · x = vy · u, (3)

(x
r· yu) · yv = u · xv, (4) x · (y r· (u · vx)) = u · vy, (5) xy · (uy `· v) = xv · u (6)

are pairwise parastrophic.

The identity (1) will be called semisymmetry-like identity. The variety defined by this
identity will be called by the variety of semisymmetry-like quasigroups. They are close to
semisymmetric group isotopes.

Theorem 1. The variety of semisymmetry-like quasigroups is a subvariety of the variety
of all medial quasigroups and is described by the following canonical conditions: commutativity
of canonical decomposition group and compositions of its coefficients are identical.

Theorem 2. Each of identities (1)–(6) defines the same truss of varieties. Namely, if
variety S is defined by identity (1), then (2) also defines S, identities (3) and (6) define
variety `S, identities (4) and (5) define variety rS.
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[1] V.D. Belousov, Foundations of the theory of quasigroups and loops, Nauka, Moskow, 1967,
222. (Russian)

[2] F.M. Sokhatsky, Symmetry in quasigroup and loop theory, 3rd Mile High Confer-
ence on Nonassociative Mathematics, Denver, Colorado, USA, August 11-17, 2013.
http://web.cs.du.edu/ petr/milehigh/2013/Sokhatsky.pdf.
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(Ukrainian)
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1. Stabilizers and orbits of smooth functions. Let M be a smooth closed surface, X be
a closed (possibly empty) subset of M , and D(M,X) be the group of diffeomorphisms of M,
which are fixed on X. The group D(M,X) acts on the space C∞(M) of smooth functions on
M by the following rule:

γ : C∞(M)×D(M,X)→ C∞(M), γ(f, h) = f ◦ h.

Under the action γ we will define the stabilizer

S(f,X) = {h ∈ D(M,X) | f ◦ h = f},

and the orbit
O(f,X) = {f ◦ h |h ∈ D(M,X)}

of f ∈ C∞(M).
Endow on D(M,X) and C∞(M) the corresponding Whitney topologies. These topologies

induces certain topologies on S(f,X) and O(f,X). Let also Did(M,X) be a connected compo-
nent of D(M,X), which contains idM and Of (f,X) be the corresponding connected component
of O(f,X), which contains f. In addition we set S ′(f,X) := S(f,X) ∩ Did(M,X).

If X = ∅ we omit X from our notations, i.e., we put O(f,∅) = O(f), D(M,∅) = D(M),
and so on.

2. Wreath products. Let G be the group with the unit 1. Now we give definitions of
wreath products of G oZn×Zm Z2 and G oZn Z, n,m ≥ 1. Let Map(Zn × Zm, G) be the set of all
maps from Zn ×Zm to G with pointwise multiplication, i.e., let α, β ∈ Map(Zn ×Zm, G); then

(α · β)(i, j) = α(i, j) · β(i, j), (i, j) ∈ Zn × Zm.

The group Z2 acts on Map(Zn × Zm, G) by the rule: if α ∈ Map(Zn × Zm, G) and (k, l) ∈ Z2,
then the result αk,l of this action is given by the formula

αk,l(i, j) = α(i+ kmodn, j + lmodm), (i, j) ∈ Z2.

The semi-direct product Map(Zn×Zm, G)oZ2, which corresponds to this action, we will denote
by

G oZn×Zm Z2 = Map(Zn × Zm, G)o Z2,

and will call it a wreath product of G and Z2 under Zn × Zm.
Similarly to the above we define a wreath product of G oZn Z. Let Map(Zn, G) be the set of

all maps from Zn to G. The group Z acts on the set Map(Zn, G) by the rule:

αk(i) = α(i+ kmodn), i ∈ Zn.

The semi-direct product Map(Zn, G) o Z, which corresponds to this action we will denote by
G oZn Z, and will call it a wreath product of G and Z under Zn.

3. Class of smooth functions F(M). Let F(M) ⊂ C∞(M) be the set of smooth
functions satisfying the following two conditions:
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(B) the function f takes a constant value at each connected component of ∂M , and all critical
points of f belong to the interior of M ;

(P) for each critical point x of f the germ (f, x) of f at x is smoothly equivalent to some
homogeneous polynomial fx : R2 → R without multiple linear factors.

4. Main result. The following theorem gives the description of fundamental groups of
functions from the class F(T 2) on 2-torus T 2.

Theorem 1. Let f be a function on 2-torus T 2 from the class F(T 2) and Γf be its Kronrod-
Reeb graph. Then we have on of the following two cases: if

• Γf is a tree, then there exist the set of 2-disks {Di}ri=0 ⊂ T 2 for some r ∈ N and n,m ∈ N
such that

π1Of (f) ∼=
r∏
i=0

π0S ′(f |Di , ∂Di) oZn×Zm Z2.

In particular, π1Of (f) ∼= π0S ′(f)× Z2, whenever n = m = 1.

• Γf has a cycle, then there are the cylinder Q and n ∈ N such that

π1Of (f) ∼= π1Of (f |Q, ∂Q) oZn Z,

see [1]– [5]

[1] Sergiy Maksymenko, Bogdan Feshchenko, Homotopy properties of spaces of smooth func-
tions on 2–torus, Ukrainian Mathematical Journal, vol. 66, no. 9 (2014) 1205-1212
http://arxiv.org/abs/1401.2296arXiv:1401.2296

[2] Sergiy Maksymenko, Bogdan Feshchenko, Orbits of smooth functions on 2–torus
and their homotopy types, Matematychni Studii, vol. 44, no. 1 (2015) 67-83
http://arxiv.org/abs/1409.0502arXiv:1409.0502 (submited to Mat. Studii), 2014.

[3] Sergiy Maksymenko, Bohdan Feshchenko, Functions on 2-torus whose Kronrod-Reeb graph
contains a cycle, Methods of Functional Analysis and Topology, no. 1 (2015) 22-40,
http://arxiv.org/abs/1411.6863arXiv:1411.6863.

[4] Bohdan Feshchenko, Deformations of smooth functions on 2-torus whose Kronrod-Reeb
graps is a tree, Proceedings of Intsitute of Mathematics of Ukrainian NAS, vol. 12, no.
6 (2015)

[5] Bohdan Feshchenko, Actions of finite groups and smooth functions on surfaces, 11 pages,
submitted to Methods of Functional analysis and Topology, 2016
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An operation f on a set Q is called i-invertible if for arbitrary a1,. . . , ai−1, b, ai−1,. . . , an
of Q there exists a unique element x ∈ Q such that

f(a1, . . . , ai−1, x, ai+1, . . . , an) = b.

If f is called an invertible or a quasigroup operation, if it is i-invertible for all i ∈ 1, n :=
{1, . . . , n}. The i-th division (i)f of an i-invertible operation f is defined by

(i)f(x1, . . . , xi−1, xi, xi+1, . . . , xn) = y :⇔ f(x1, . . . , xi−1, y, xi+1, . . . , xn) = xi

for all x1, . . . , xn, y ∈ Q.
For every permutation σ ∈ Sn, a principal σ-parastrophe of operation f is defined by

σf(x1, . . . , xn) = f(x1σ−1 , . . . , xnσ−1).

Binary operations g and h defined on Q are called orthogonal, if for all a, b ∈ Q the system
of equations {g(x, y) = a, h(x, y) = b has a unique solution.

Definition 1. Let {i1, . . . , ik}, {j1, . . . , js} ⊆ 1, n and

f(x1, . . . , xn) :=g(xi1 , . . . , xim−1 , h(xj1 , . . . , xjs), xim+1 , . . . , xik).

Then f is

• a repetition decomposition, if {i1, . . . , ik} ∩ {j1, . . . , js} 6= ∅;

• a repetition-free decomposition, if {i1, . . . , ik}∩{j1, . . . , js}=∅.

Definition 2. A quasigroup is called permutably reducible, if it has a repetition-free de-
composition.

Definition 3. [1] Let τ and υ be arbitrary partial injective transformations of the set
1, n and 1, n = Im τ ∪ Im υ. Then a pair of binary operations will be called (τ, υ)-respective
{m; p}-retracts of g and h if they are defined by terms that are obtained from

g(x1τ , . . . , xnτ ), h(x1υ, . . . , xnυ)

in the following way: all the variables of the terms are replaced with some elements from Q,
except xm and xp, where p 6= m; in addition, if a variable appears in both terms, then it is
replaced with the same element.

Definition 4. [1] Let τ and υ be arbitrary partial injective transformations of the set 1, n
and 1, n = Im τ∪Im υ and m ∈ (Im υ∩Im τ). Operations g and h will be called perpendicular of
the type (τ, υ;m) if for all p ∈ (Im υ ∩ Im τ)\{m} every pair of (τ, υ)-respective {m; p}-retracts
is orthogonal.
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Perpendicularity concept is one of generalizations of orthogonality of binary operations and
is defined by certain orthogonal binary retracts.

Theorem 1. [1] Let τ , υ be arbitrary partial injective transformations of 1, n; g, h be
invertible operations;

f(x1, . . . , xn) = g(x1τ , . . . , x((m)τ−1−1)τ , h(x1υ, . . . , xnυ), x((m)τ−1+1)τ , . . . , xnτ ) (1)

be fulfilled. Then the invertibility of operation f is equivalent to the perpendicularity of the type
(τ, υ;m) of g and (Jυ(m))h, where Jυ(m) := |{1υ, . . . ,mυ}|.

The following statement gives a method for constructing n-ary quasigroup which have rep-
etition composition by two quasigroups.

Corollary 1. Let τ , υ be arbitrary partial injective transformations of 1, n, where Im τ ∩
Im υ 6= ∅; g and (k)h be perpendicular quasigroups of the type (τ, υ;m). Then operation f which
is defined by (1) is a quasigroup.

An algorithm for constructing n-ary quasigroups. f1 and f2 are orthogonal binary
quasigroups, f is (k − 1)-ary, w1 is (s+ 1)-ary, w2 is (`+ 1)-ary quasigroups, σ ∈ Sn.

1. Construction of operations g1, g2 by{
g1(x1, . . . , xk) :=f1(x1, f(x2, . . . , xk)),

g2(x1, . . . , xk) :=f2(x1, f(x2, . . . , xk)).

2. Construction of operations h1, h2 by

h1(x1, . . . , xk, xk+1, . . . , xk+s) :=w1(g1(x1, . . . , xk), xk+1, . . . , xk+s),

h2(x1, . . . , xk, xk+s+1, . . . , xn) :=w2(g2(x1, . . . , xk), xk+s+1, . . . , xn).

3. Construction of operation p by

p(x1, . . . , xn) :=h1

(
(1)h2(x1, . . . , xk, xk+s+1, . . . , xn), x2, . . . , xk+s

)
.

4. Finding σ-parastrophe σp of the operation p.

Theorem 2. Let m ∈ 1, n. If mσ = 1, then

1) operations h1 and h2 which are constructed by items 1)-2) are perpendicular quasigroups
of the type (τ, υ; 1), where τ and υ are partial injective monotonically ascendant transfor-
mations of the set 1, n and satisfy the conditions

Im τ ∩ Im υ = 1, k, {(k + 1)τ, . . . , (k + s)τ} = ∅, {(k + s+ 1)υ, . . . , nυ} = ∅;

2) operation σp which is constructed by items 1)-4) is a quasigroup with a repetition decom-
position.

This algorithm constructs permutably reducible quasigroups which have repetition decom-
position by two quasigroups.

[1] F.M. Sokhatsky, I.V. Fryz, Invertibility criterion of composition of two multiary quasi-
groups, Comment. Math. Univ. Carolin., 53, 3 (2012), 429− 445.
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Ñòàöiîíàðíi ãàðìîíiéíi òà δ-ñóáãàðìîíiéíi ôóíêöi¨
íà îäíîðiäíèõ ïðîñòîðàõ

Â. Õîðîùàê
Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà

v.khoroshchak@gmail.com

Ó ðîáîòi [1] âèâ÷àþòüñÿ ñòàöiîíàðíi ãàðìîíiéíi ôóíêöi¨ íà îäíîðiäíîìó ïðîñòîði (
→
R 3, G),

äå
→
R 3 = {(x1, x2, x3) = x : x2

1 +x2
2 > 0} - ïðîíèçàíèé åâêëiäiâ ïðîñòið, G - ãðóïà êîìïîçèöié

ç ãîìîòåòié òà îáåðòàíü íàâêîëî îñi x3. Çàôiêñó¹ìî q, 0 < q < 1. Ðîçãëÿíåìî ïiäãðóïó
H ãðóïè G, ÿêà ñêëàäà¹òüñÿ ç êîìïîçèöié ãîìîòåòié ç êîåôiöi¹íòîì {qn}, n ∈ Z, òà îáåð-
òàíü íàâêîëî îñi x3, ÿêi çàäàþòüñÿ ìàòðèöåþ A. Òîäi ãàðìîíiéíó â

→
R 3 ôóíêöiþ h íàçâåìî

ñòàöiîíàðíîþ âiäíîñíî H, ÿêùî âîíà çàäîâîëüíÿ¹ íàñòóïíó óìîâó

∀x ∈
→
R 3 h(qnAx) = h(x).

Ïîçíà÷èìî ÷åðåç HH êëàñ òàêèõ ãàðìîíiéíèõ ôóíêöié. Ìè äîâåëè, ùî êëàñ HH ¹ íåòðè-
âiàëüíèì, òîáòî ìiñòèòü âiäìiííi âiä ñòàëèõ ãàðìîíiéíi ôóíêöi¨. Îêðiì öüîãî ïîêàçàëè
iñíóâàííÿ ó ïðîøàðêó ïîäâiéíî ïåðiîäè÷íèõ ãàðìîíiéíèõ ôóíêöié òðüîõ çìiííèõ.

Íàñòóïíèé åòàï äîñëiäæåííÿ ïîëÿãà¹ ó âèâ÷åííi ñòàöiîíàðíèõ δ-ñóáãàðìîíiéíèõ ôóí-

êöié íà îäíîðiäíîìó ïðîñòîði
( ◦
R 3,G

)
, äå

◦
R 3 = R3\{0}, G - ãðóïà êîìïîçèöié åëåìåíòiâ ç

ãðóïè îáåðòàíü SO(3) òà ãîìîòåòié.
Çàôiêñó¹ìî τ = q ◦ ρ ∈ G, äå 0 < q < 1, ρ ∈ SO(3). Íåõàé H öèêëi÷íà ïiäãðóïà ãðóïè

G, ïîðîäæåíà åëåìåíòîì τ.

Îçíà÷åííÿ 1. δ−Ñóáãàðìîíiéíó â
◦
R 3 ôóíêöiþ u íàçâåìî ñòàöiîíàðíîþ âiäíîñíî

H, ÿêùî âîíà çàäîâîëüíÿ¹ óìîâó

∀n ∈ Z ∀x ∈
◦
R 3 u(τnx) = u(x).

Ìíîæèíó ñòàöiîíàðíèõ δ−ñóáãàðìîíiéíèõ â
◦
R 3 ôóíêöié âiäíîñíî H ïîçíà÷àòèìåìî

÷åðåç δSHH(
◦
R 3).

×åðåç ν(t) ïîçíà÷èìî ôóíêöiþ ðîçïîäiëó äåÿêî¨ ìiðè µ â
◦
R 3 (äèâ. [2]). ×åðåç B áóäåìî

ïîçíà÷àòè êëàñ îáìåæåíèõ áîðåëåâèõ ìíîæèí â
◦
R 3, çàìèêàííÿ ÿêèõ ìiñòÿòüñÿ â

◦
R 3. Äëÿ

B ∈ B ïîêëàäåìî τB = {τx : x ∈ B}, τ ∈ G.
Ìè äîâîäèìî íàñòóïíi òåîðåìè.

Òåîðåìà 1. Ìiðà µ â
◦
R 3 ¹ ìiðîþ Ðiñà ôóíêöi¨ ç êëàñó δSHH(

◦
R 3) òîäi i ëèøå òîäi,

êîëè âèêîíóþòüñÿ îáèäâi óìîâè
(i)µ(τB) = qµ(B) äëÿ êîæíî¨ B ∈ B, τ = q ◦ ρ;

(ii)
r∫
qr

dν(t)
t

= 0 äëÿ âñiõ r > 0, äå ν(t) ôóíêöiÿ ðîçïîäiëó ìiðè µ.

Òåîðåìà 2. Êîæíà ôóíêöiÿ u ∈ δSHH(
◦
R 3) çîáðàæà¹òüñÿ ó òàêîìó âèãëÿäi

u(x) = C +

∫
q<|a|≤1

Kτ (x, a)dµu(a),
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äå

Kτ (x, a) =
+∞∑
n=0

(
1

|a|
− 1

|τnx− a|

)
−

+∞∑
n=1

1

|τ−nx− a|
,

q < |a| ≤ 1, C - äåÿêà ñòàëà.

[1] V. S. Khoroshchak, A. A. Kondratyuk. Stationary harmonic functions on homogeneous
spaces, U�msk. Mat. Zh., 2015, Volume 7, Issue 4, 155-159.

[2] V. S. Khoroshchak, A. A. Kondratyuk. The Riesz measures and a representation of multi-
plicatively periodic δ-subharmonic functions in a punctured Euclidean space, Mat. Stud., 43
(2015), 61�65. doi:10.15330/ms.43.1.61-65
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On some identities of ternary quasigroups
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Let Q be a nonempty set and let n be a positive integer. An n-ary groupoid (Q,A) is
called an n-ary quasigroup if in the equality A(x1, x2, . . . , xn) = xn+1 any element of the set
{x1, x2, . . . , xn+1} is uniquely determined by the remaining n elements. If (Q,A) is an n-ary
quasigroup and σ ∈ Sn, then the operation σA defined by the equivalence: σA(xσ1, xσ2, . . . , xσn) =
xσ(n+1) ⇔ A(x1, x2, . . . , xn) = xn+1, for every x1, x2, . . . , xn, xn+1 ∈ Q, is called a σ-parastrophe
(or, simply, a parastrophe) of (Q,A). We will denote the transposition (i, n + 1), where
i ∈ {1, 2, . . . n}, by πi, so (i,n+1)A =πi A. A σ-parastrophe of an n-ary quasigroup (Q,A)
is called a principal parastrophe if σ(n + 1) = n + 1. The n-ary operations A1, A2, . . . , An,
defined on Q, are called orthogonal if, for every a1, a2, . . . , an ∈ Q, the system of equa-
tions {Ai(x1, x2, . . . , xn) = ai}i=1,n has a unique solution. A system of n-ary operations
A1, A2, . . . , As, defined on a set Q, where s ≥ n, is called orthogonal if every n operations of
this system are orthogonal. For every mapping θ : Qn → Qn there exist, and are unique, n n-
ary operations A1, A2, . . . , An, defined on Q, such that θ((xn1 )) = (A1(xn1 ), A2(xn1 ), . . . , An(xn1 )),
for every (xn1 ) ∈ Qn. Moreover, the mapping θ is a bijection if and only if the operations
A1, A2, . . . , An are orthogonal [1, 4]. The operations E1, E2, . . . , En, defined on Q, where
Ei(x1, x2, . . . , xn) = xi, for every x1, x2, . . . , xn ∈ Q, are called the n-ary selectors on Q. An
n-ary operation A is a quasigroup operation if and only if the system {A,E1, E2, . . . , En} is
orthogonal. n-Ary quasigroups, for which there exist n orthogonal parastrophes (principal
parastrophes) are called parastrophic-orthogonal (self-orthogonal). Quasigroups with minimal
identities are parastrophic orthogonal [2, 5]. T. Evans proved in [3] that if a ternary quasigroup
(Q,A) satisfies the identity A(x,A(x, y, z), A(z, x, y)) = A(y, z, x), then it is self-orthogonal.

If Σ = {A1, A2, . . . , An, E1, E2, . . . En} is an orthogonal system, then we will denote the
system {A1θ, A2θ, . . . , Anθ, E1θ, E2θ, . . . , Enθ} by Σθ. A bijection θ : Qn → Qn is called a
paratopy of the system Σ if Σθ = Σ.

Let A1, A2, A3 be ternary quasigroups defined on a nonempty set Q and let E1, E2, E3 be
the ternary selectors: Ei(x1, x2, x3) = xi,∀x1, x2, x3 ∈ Q, i = 1, 3. We consider the orthogonal
system Σ = {A1, A2, A3, E1, E2, E3} and denote the set {A1θ, A2θ, A3θ, E1θ, E2θ, E3θ} by Σθ.
Let θ : Q3 → Q3, θ = (B1, B2, B3), be a mapping, where B1, B2, B3 are ternary operations
on Q and θ(x3

1) = (B1(x3
1), B2(x3

1), B3(x3
1)), for every (x3

1) ∈ Q3. If θ is a paratopy of Σ, then
Σ = Σθ = {A1θ, A2θ, A3θ, E1θ, E2θ, E3θ} = {A1θ, A2θ, A3θ, B1, B2, B3}, so {B1, B2, B3} ⊂ Σ,
i.e. all paratopies of Σ are triples of operations from Σ.

We proved that, a triple of operations of Σ defines a paratopy of Σ if and only if the quasi-
group operations of Σ are expressed each by other (using parastrophy and/or superposition)
and, in most of cases, the corresponding quasigroup satisfies an identity. Moreover, some of the
obtained identities involve the self-orthogonality of the corresponding ternary quasigroup or of
its binary retracts. We showed in [6, 7] that there exist 153 orthogonal systems consisting of
three ternary quasigroup operations and three ternary selectors, which admit at least one non
trivial paratopy.

Let Σ = {A1, A2, A3, E1, E2, E3} be an ortogonal system, where A1, A2, A3 are ternary
quasigroup operations, defined on a set Q, and E1, E2, E3 are the ternary selectors on Q. We
show [6, 7] that the existence of nontrivial paratopies of Σ implies the folowing 67 identities,
where A ∈ {A1, A2, A3}:
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1. A(A,(132) A,(123) A) = E2;
2. A(A,(132) A,(123) A) = E3;
3. A(E1, A,

(23) A) = E3;
4. A(E1, E3,

π2 A(E1, E2, A)) =
π3A(E1, A,E3);

5. A(E1,
π3 A(E1, A,E3), E2) =

π2A(E1, E2, A);
6. A(π2A(E3, A,E2), E1,

π1 A(A,E3, E1)) = A;
7. A(π2A(E2, E1, A),

π3 A(A1, E1, E3), E1) = E2;
8. A(π3A(A,E3,

π3 A(E2, A,E3)), E1, A) = E2;
9. A(π2A(E2, E3, A),

π1 A(E3, E1, A), E3) = A;
10. A(π3A(E2, E3, A),

π1 A(A,E1, E2), E1) = A;
11. A(E3, A,

π2 A(E2,
π2 A(A,E2, E1), A)) = E1;

12. A(π3A(E3, A,E2), E2,
π1 A(E2, A,E1)) = A;

13. A(A,π1 A(E3, A,E1), E2) =
π2 A(E3, E2, A);

14. A(E2,
π1 A(A,E3, E1),

π2 A(E3, A,E2)) = A;
15. A(π3A(E2, A,E3),

π1 A(E2, E1, A), E2) = E1;
16. A(E2,

π3 A(E3, A,
π3 A(A,E1, E3)), A) = E1;

17. A(π2A(E2, E3, A),
π1 A(E3, E1, A), E3) = A;

18. A(π3A(A,E2, E3), E2, E1) =
π1 A(E1, E2, A);

19. A(E3, E2,
π1 A(E1, E2, A) =

π3 A(A,E2, E3);
20. A(E1,

π3 A(A,E3, E1),
π2 A(A,E1, E2)) = A;

21. A(A,E3,
π1 A(π1A(E1, A,E2), E1, A))) = E2;

22. A(π2A(E2, A,E1),
π3 A(E3, E1, A), E2) = A;

23. A(π2A(A,E3, E2), A,E1) =
π1 A(E1, E3, A);

24. A(E3,
π3 A(E2, E3, A),

π1 A(A,E1, E2)) = A;
25. A(π2A(E3, E2, A), E3,

π1 A(E3, A,E1)) = E1;
26. A(E2,

π3 A(E3, A,E1), A) =
π2 A(A,E2, E1);

27. A(π3A(E3, A,E2), E2,
π1 A(E2, A,E1)) = A;

28. A(E1,
π3 A(A,E3, E1),

π2 A(A,E1, E2)) = A;
29. A(π3A(E3, E1, A), E3,

π2 A(E2, A,E1)) = A;
30. A(π3A(A,E3, E2), E1, A) =

π1 A(E1, A,E2);
31. A(E3,

π1 A(E1, E3, A),
π2 A(A,E3, E2)) = E2;

32. A(A,(12) A,E3) = E2;
33. A(π2A(A,E2, E3), E1, E3) =

π1 A(E1, A,E3);
34. A(E2,

π1 A(E1, A,E3), E3) =
π2 A(A,E2, E3);

35. A(E1, E2, A(E1, E2, A)) =
π3A;

36. A(E1, E2, A(E1, E2, A)) =
π3A;

37. A(E1, E2, A(E2, E1, A)) =
(123)π3A;

38. A(E1,
(23)π3 A,A(E1, A,E2)) = E3;

39. A(E1,
π3 A(E1, E3, A),

π2 A(E1, A,E2)) = A;
40. (132)π2A(E2,

(132)π2 A,E1) = A(E3, E1, A);
41. π2A(π3A(E3, E1, A), A,

π2 A(E2, A,E1)) = E3;
42. A(A,E3, A(E3, E1, A)) =

(132)π2A;
43. A(E3,

(132)π1 A,A(A,E1, E2)) = E2;
44. A(E3,

π3 A(E2, E3, A),
π1 A(A,E1, E2)) = A;

45. A(π3A(E3, E2, A), E2,
π1 A(A,E2, E1)) = A;

46. A((13)π3A,E2, A(A,E2, E1)) = E3;
47. A(E1, A(E1, E3, A),

(23)π2 A) = E2;
48. A(E1,

π3A(E1, E3, A),
π2A(E1, A,E2)) = A;

49. A(A,A(E2, A,E1), E2) =
(123)π3 A;

50. A(π2A(E2, A,E1),
π3 A(E3, E1, A), E2) = A;
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51. A(E1, A(E1, A,E3), E3) =
π2A;

52. A(E1, A(E3, A,E1), E3) =
(13)π2A;

53. A((12)π2A,A(A,E1, E3), E3) = E2;
54. A(π2A(E2, A,E3),

π1A(A,E1, E3), E3) = A;
55. A(E2, A(A,E3, E1),

(123)π2 A) = E3;
56. A(E2,

π1 A(A,E3, E1),
π2 A(E3, A,E2)) = A;

57. A(A(E2, E3, A),
(123)π1A,E1) = E2;

58. A(π3A(E2, E3, A),
π1A(A,E1, E2), E1) = A;

59. A(A(E3, E2, A), E2,
(123)π1A) = E1;

60. A(π3A(E3, E2, A), E2,
π1 A(A,E2, E1)) = A;

61. A(A(A,E2, E1), E2, A) =
(123)π3 A;

62. A(A(E2, A,E3),
(12)π1A,E3) = E1;

63. A(π2A(E2, A,E3),
π1A(A,E1, E3), E3) = A;

64. A(A(E3, A,E2), E1,
(132)π1 A) = E3;

65. A(π2A(E3, A,E2), E1,
π1 A(A,E3, E1)) = A;

66. A(A(A,E2, E3), E2, E3) =
π1A;

67. A(A(A,E3, E2), E2, E3) =
(23)π1A.

Theorem 1. Every of the given above 67 identities on ternary quasigroups is equivalent to
one of the following four identities:
I. αA(βA,γ A,δ A) = E1,
II. αA(βA,γ A,E1) = E2,
III. αA(βA,E1, E2) =γ A(δA,E1, E3),
IV. αA(βA,E1, E2) =γ A(δA,E1, E2),
where A is a ternary quasigroup and α, β, γ, δ ∈ S4.

[1] Belousov V. Systems of orthogonal operations. Matem. Sbornik, 1968, 77 (119), 33-52 (in
Russian).

[2] Belousov V. Parastrofic-orthogonal quasigroups. Quasigroups and Related Systems, 14
(2005), 3-51.

[3] Evans T. Latin cubes orthogonal to their transposes - a ternary analogue of Stein quasi-
groups. Aequationes Math. 9 (1973), 296-297.

[4] Syrbu P. On orthogonal and self-orthogonal n-ary operations. Matem. Issled., 66 (1987),
121-129 (in Russian).

[5] Syrbu P., Ceban D. On π-quasigroups of type T1. Buletinul Academiei de Stiinte a Republicii
Moldova. Matematica., 2014, no.2, 36-43.

[6] Syrbu P., Ceban D. On paratopies of orthogonal systems of ternary quasigroups. I. Buletinul
Academiei de Stiinte a Republicii Moldova. Matematica (to appear).

[7] Syrbu P., Ceban D. Paratopies of orthogonal systems of ternary quasigroups. 12th Inter-
national Scientific Seminar ”Discrete Mathematics and its Applications”, dedicated to the
memory of academician O. B. Lupanov, State University ”M. V. Lomonosov”, Moscow,
Russia (to appear).
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Ìíîãîâèäè Êàëàái-ßó òà ãîëîìîðôîíî-ïðîåêòèâíi
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ÎÍÅÓ, Îäåñà, Óêðà¨íà

cherevko@usa.com, chepurna67@gmail.com

Kåëåðîâi ìíîãîâèäè âèêîðèñòîâóþòüñÿ âæå äîñèòü äîâãèé ÷àñ äëÿ ïîáóäîâè ñóïåðñè-
ìåòðè÷íèõ ñiãìà-ìîäåëåé, çîêðåìà âiäîìî¨ ìîäåëi, Âåñà-Çóìiíî [6]. Ìåòðèêà g êåëåðîâîãî
ìíîãîâèäó ôiãóðó¹ ó ëàãðàíæèàíi ñóïåðñèìåòðè÷íî¨ âçà¹ìîäi¨:

L =
1

2
giĵDΦiDΦĵ,

äå
Φi(x, θ) = φi(x) + θψi(x) + θθF i(x)

� äåÿêå ñóïåðïîëå. Òàêîæ, ó òåîði¨ ñòðóí âèêîðèñòîâóþòüñÿ êîìïàêòíi êåëåðîâi ìíîãî-
âèäè, òàê çâàíi ìíîãîâèäè Êàëàái-ßó. Íàé÷àñòiøå ¨õ âèçíà÷àþòü, ÿê êîìïàêòíi Êåëåðîâi
ìíîãîâèäè K2m, êðèâèíà Ði÷i ÿêèõ äîðiâíþ¹ íóëþ [1]:

Rij = 0, i, j = 1, n. (1)

Òóò ìè ââàæà¹ìî n = 2m ¹ äiéñíîþ ðîçìiðíiñòþ ìíîãîâèäó, à m � êîìïëåêñíîþ. Ó
öié ðîáîòi ìè ðîçãëÿíåìî ìîæëèâiñòü çàñòîñóâàòè äî ìíîãîâèäiâ Êàëàái-ßó ãîëîìîðôíî-
ïðîåêòèâíi âäîáðàæåííÿ. Äàìî äåÿêi íåîáõiäíi îçíà÷åííÿ.

Íåõàé, (M2m, g, J) � äîâiëüíèé ìàéæå êîìïëåêñíèé ìíîãîâèä. Ïðè÷îìó, g ¹ ðèìàíîâîþ
ìåòðèêîþ öüîãî ìíîãîâèäó, à J � éîãî ìàéæå êîìïëåêñíîþ ñòðóêòóðîþ. Êðèâà L ïðî-
ñòîðó M2m â ÿêîìó iñíó¹ íàïiâñèìåòðè÷íà ìàéæå êîìïëåêñíà çâ'ÿçíiñòü, ùî ¹ çàäàíîþ
ïàðàìåòðè÷íèìè ðiâíÿííÿìè xi = xi(t), òà âiäïîâiäà¹ äèôåðåíöiàëüíèì ðiâíÿííÿì [5, ñ.
258]:

d2xh

dt2
+ Γhjk

dxj

dt

dxk

dt
= α(t)

dxh

dt
+ β(t)Jhi

dxi

dt
, (2)

äå α(t), β(t) � äåÿêi ôóíêöi¨, à Γhjk � êîåôiöi¹íòè ìàéæå êîìïëåêñíî¨ çâ'ÿçíîñòi, ìà¹ íàçâó
àíàëiòè÷íî-ïëàíàðíî¨, àáî, ãîëîìîðôíî-ïëàíàðíî¨ êðèâî¨.

Îçíà÷åííÿ 1. Äèôåîìîðôiçì f : M2m −→ M
2m

çâåòüñÿ ãîëîìîðôíî-ïðîåêòèâíèì
âiäîáðàæåííÿì, ÿêùî ó ðåçóëüòàòi äi¨ f óñi ãîëîìîðôíî-ïëàíàðíi êðèâi M2m ïåðåõîäÿòü
ó ãîëîìîðôíî-ïëàíàðíi êðèâi M

2m
.

Ôàêòè÷íî, ãîëîìîðôíî-ïðîåêòèâíå âiäîáðàæåííÿ � öå ñïiââiäïîâiäíiñòü äâîõ íàïiâñè-
ìåòðè÷íèõ ìàéæå êîìïëåêñíèõ çâ'ÿçíîñòåé. ßêùî âîíè ¹ ñèìåòðè÷íèìè, òî:

Γ
k

ij = Γkij + δki ψj + δkjψi − ψtJ tiJkj − ψtJ tjJki ,

äå ψi � äåÿêèé, âèçíà÷åíèé íà M2m êîâåêòîð. Γkij òà Γ
k

ij � êîåôiöi¹íòè çâ'ÿçíîñòåé âiä-

ïîâiäíî ìíîãîâèäiâ M2m òà M
2m
. Îñêiëüêè ìåòðèêè íà îáîõ ìíîãîâèäàõ ¹ êåëåðîâèìè,

òî öi çâ'ÿçíîñòi áóäåìî ââàæàòè çâ'ÿçíîñòÿìè Ëåâi-×iâiòà. Òåíçîðè Ði÷÷i öèõ ìíîãîâèäiâ
ïîâ'ÿçàíi òàêèì ÷èíîì:

Rij = Rij + (2m+ 2)ψij, (3)
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äå
ψij = ψi,j − ψiψj + ψtJ

t
iψsJ

s
j , (4)

Êîìîþ ′′,′′ àáî ñèìâîëîì ′′∇′′, â çàëåæíîñòi âiä çðó÷íîñòi ìè ïîçíà÷àòèìåìî êîâàðiàíòíó
ïîõiäíó ó çâ'ÿçíîñòi Ëåâi-×iâiòà êåëåðîâî¨ ìåòðèêè gij ìíîãîâèäó (M2m).

Òåïåð, íåõàé f : CY2m −→ CY2m
¹ ãîëîìîðôíî-ïðî¹êòèâíèì âiäîáðàæåííÿì ìíîãîâèäiâ

Êàëàái-ßó (CY2m, g, J) òà (CY2m
, g, J). Òîäi, âíàñëiäîê (1) ¹ òà (3) ç (4) ìà¹ìî, ùî

ψi,j − ψiψj + ψtJ
t
iψsJ

s
j = 0. (5)

Òåïåð, çãîðíåìî (5) ç J ikJ
j
l . âðàõîâóþ÷è âëàñòèâîñòi àôiíîðà J , ìà¹ìî

ψi,jJ
i
kJ

j
l − ψiψjJ

i
kJ

j
l + ψkψl = 0.

àáî
ψt,sJ

t
iJ

s
j − ψtψsJ tiJsj + ψiψj = 0. (6)

ßêùî äîäàòè (5) òà (6), îòðèìà¹ìî:

ψt,sJ
t
iJ

s
j + ψi,j = 0. (7)

Çãîðíåìî (7) ç òåíçîðîì gij, ùî ¹ ìàòðèöåþ çâîðîòíüîþ äî ìàòðèöi gij ìåòðè÷íîãî òåíçîðó
ìíîãîâèäó (CY2m, g, J). Âíàñëiäîê òîãî, ùî öÿ ìåòðèêà ¹ åðìiòîâîþ, òîáòî

gij = gtsJ tiJ
s
j ,

ìà¹ìî, ùî
gijψi,j = 0. (8)

Ç iíøîãî áîêó, îáèäâi çâ'ÿçíîñòi, ÿê Γkij òàê i Γ
k

ij ¹ çâ'ÿçíîñòÿìè Ëåâi-×iâiòà, îòæå òåíçîðè
Ði÷÷i Rij, Rij. Îòæå ç (3) òà (4) âèïëèâàòèìå, ùî

ψi,j − ψi,j = 0. (9)

Êîâåêòîð ψi çàäîâiëüíÿ¹ (8) òà (9), îòæå, âií ¹ ãàðìîíi÷íèì [5, ñ. 28]. Â ñèëó êîìïàêòíîñòi
(CY2m, g, J) òà (1) ìîæíà çðîáèòè âèñíîâîê, ùî âåêòîð ψi ¹ êîâàðiàíòíî ñòàëèì( [5, ñ. 29]):

ψi,j = 0.

Îòæå, çâiäñè âèïëèâà¹, ùî (5) ìîæíà çàïèñàòè ó âèãëÿäi:

−ψiψj + ψtJ
t
iψsJ

s
j = 0. (10)

Çãîðíåìî (10) ç êîíòðàâàðiàíòíèì âåêòîðîì ψi = ψkg
ik. Âíàñëiäîê òîãî, ùî

ψkψtJ
t
k = 0,

îòðèìó¹ìî
−||ψ||2ψj = 0, (11)

äå ||ψ||2 = ψkg
ikψi. Îñêiëüêè ìåòðèêà íà ìíîãîâèäi (CY2m, g, J) ¹ ðiìàíîâîþ, (11) îçíà÷à-

òèìå, ùî âåêòîð ψi ¹ íóëüîâèì. Îòæå, ìè îòðèìàëè òåîðåìó.
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Òåîðåìà 1. Ìiæ äâîìà ìíîãîâèäàìè Êàëàái-ßó (CY2m, g, J) òà (CY2m
, g, J) íåìî-

æëèâî íàâiòü ëîêàëüíî âñòàíîâèòè íåòðèâiàëüíå ãîëîìîðôíî ïðîåêòèâíå âiäîáðàæåí-
íÿ.

Íåõàé íà ìàéæå êîìïëåêñíîìó ìíîãîâèäi Mn, íà ÿêîìó çàäàíî íàïiâñèìåòðè÷íó J-
çâ'ÿçíiñòü, iñíó¹ âåêòîðíå ïîëå ξ, òàêå, ùî ïåðåòâîðåííÿ

xh = xh + εξh(x1, x2, . . . , xn), (12)

äëÿ ìàëèõ çíà÷åíü ε âiäîáðàæó¹ áóäü-ÿêó àíàëiòè÷íî-ïëàíàðíó êðèâó ó àíàëiòè÷íî-ïëàíàðíó
êðèâó. Òîäi, ïåðåòâîðåííÿ (12) ìàòèìå íàçâó iíôiíiòåçèìàëüíîãî ãîëîìîðôíî-ïðîåêòèâíîãî
ïåðåòâîðåííÿ. Âðàõîâóþ÷è (2), ìà¹ìî [5, ñ. 267]:

Lξ
(d2xh

dt2
+ Γhjk

dxj

dt

dxk

dt
− α(t)

dxh

dt
− β(t)Jhi

dxi

dt

)
= γ(t)

dxh

dt
+ δ(t)Jhi

dxi

dt

(13)

óçäîâæ áóäü-ÿêî¨ àíàëiòè÷íî-ïëàíàðíî¨ êðèâî¨, äå γ(t) òà δ(t) � äåÿêi ôóíêöi¨ ïàðàìåòðó
t. Ñèìâîëîì Lξ ìè ïîçíà÷à¹ìî ïîõiäíó Ëi(Lie derivative) ãåîìåòðè÷íèõ îá'¹êòiâ. Çîêðåìà,
ïîõiäíà Ëi òåíçîðà LξT

i1...ip
j1...jq

òèïó (p, q) óçäîâæ âåêòîðíîãî ïîëÿ ξ â êîîðäèíàòàõ ìà¹ âèãëÿä
[2, ñ. 196]:

LξT
i1...ip
j1...jq

= T
i1...ip
j1...jq ,s

ξs + T
i1...ip
kj2...jq

ξk,j1 + . . .+ T
i1...ip
kjk...jq

ξk,j1−

−T li2...ipj1...jq
ξi1,l − T

i1i2...l
j1...jq

ξ
ip
,l.

(14)

Ïîõiäíà Ëi îá'¹êòó çâ'ÿçíîñòi, ìàòèìå âèãëÿä:

LξΓ
h
ij = ρjδ

h
i + ρiδ

h
j − ρtJ tiJhj − ρtJ tjJhi + θjδ

h
i + θtJ

t
iJ

h
j , (15)

äå ρ òà θ � ¹ ïåâíèìè êîâåêòîðíèìè ïîëÿìè. Âåêòîð ξ ìà¹ íàçâó H-ïðîåêòèâíîãî âåêòîðó.
ßêùî æ J-çâ'ÿçíiñòü ¹ ñèìåòðè÷íîþ, òî (15) ïðèéìå âèãëÿä [4]:

LξΓ
h
ij = ρjδ

h
i + ρiδ

h
j − ρtJ tiJhj − ρtJ tjJhi . (16)

Êàæóòü, ùî êîâåêòîð ρ ¹ àñîöiéîâàíèì êîâåêòîðîì äî âåêòîðó ξ. Êðiì ñèìåòðè÷íîñòi J-
çâ'ÿçíîñòi, âèìàãàòèìåìî çáåðåæåííÿ ïðè ïåðåòâîðåííÿõ ìàéæå êîìïëåêñíî¨ ñòðóêòóðè,
à ñàìå

LξJ
i
j = ξk∂kJ

i
j − Jαj ∂αξi + J iα∂jξ

α = 0.

Îñêiëüêè ìè ðîçãëÿäàòåìî ëèøå ñèìåòðè÷íi J-çâ'ÿçíîñòi, ÷àñòèííi ïîõiäíi ìîæíà çàìiíèòè
êîâàðiàíòíèìè ó áóäü ÿêié ñèìåòðè÷íié çâ'ÿçíîñòi:

LξJ
i
j = ξk∇kJ

i
j − Jαj ∇αξ

i + J iα∇jξ
α = 0.

Äëÿ äîâiëüíîãî êåëåðîâîãî ìíîãîâèäó (K2m, g, J) ó çâ'ÿçíîñòi Ëåâi-×iâiòà êåëåðîâî¨ ìå-
òðèêè, ðiâíÿííÿ iíôiíiòåçèìàëüíèõ ïåðåòâîðåíü, ùî çáåðiãàòèìóòü êîìïëåêñíó ñòðóêòóðó,
ìàòèìóòü âèãëÿä:

1)ξi,j = ξij;

2)ρ,i = ρi;

3)ξi,jk = ξαR
α
kji + ρjgik + ρkgij − ρtJ tjJik − ρtJ tkJji;

4)ρi,j =
1

n+ 2
LξRij;

5)LξJ
i
j = ξk∇kJ

i
j − Jαj ∇αξ

i + J iα∇jξ
α = 0.

(17)
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Òåïåð, íåõàé äîñëiäæóâàíèé ìíîãîâèä ¹ ìíîãîâèäîì Êàëàái-ßó (CY2m, g, J). Âíàñëiäîê
êîìïàêòíîñòi ìîæíà çðîáèòè âèñíîâîê, ùî ãîëîìîðôíî-ïðîåêòèâíèé âåêòîð ξ ¹ êîíòðà-
âàðiàíòíèì àíàëiòè÷íèì âåêòîðîì, âíàñëiäîê òåîðåìè íàâåäåíî¨ ó [4], [5, ñ. 280]. Âåêòîð
ξ ìà¹ íàçâó ãîëîìîðôíî-ïðîåêòèâíîãî, ÿêùî âií ¹ ðîçâ'ÿçêîì ðiâíÿíü (171-174). Âåêòîð,
äëÿ ÿêîãî âèêîíó¹òüñÿ (175) ìè çâåìî êîíòðàâàðiàíòíèì àíàëiòè÷íèì âåêòîðîì. Âðàõîâó-
þ÷è öå, à òàêîæ, áåðó÷i äî óâàãè (1), îòðèìó¹ìî, ùî íà ìíîãîâèäi Êàëàái-ßó (CY2m, g, J),
ñèñòåìà ðiâíÿíü iíôiíiòåçèìàëüíèõ ïåðåòâîðåíü, ùî çáåðiãàòèìóòü êîìïëåêñíó ñòðóêòóðó
(17) íàáóâà¹ âèãëÿäó:

1)ξi,j = ξij;

2)ρ,i = ρi;

3)ξi,jk = ξαR
α
kji + ρjgik + ρkgij − ρtJ tjJik − ρtJ tkJji;

4)ρi,j = 0.

(18)

Îòæå, àñîöiéîâàíèé âåêòîð ρi ¹ êîâàðiíòíî ñòàëèì. Òåïðåð, ÿêùî ìè çãîðíåìî (173) ç gjk,
ìè îòðèìà¹ìî, ùî

gjk∇j∇kξi = ξαR
α
i ,

äå Rl
i = gljRij. Ââðàõîâóþ÷è (1), ìà¹ìî:

gjk∇j∇kξi = 0. (19)

Äëÿ äîâiëüíîãî êîìïàêòíîãî ìíîãîâèäó Mn òà äîâiëüíîãî âåêòîðíîãî ïîëÿ ξi íà íüîìó, ¹
ñïðàâåäëèâîþ ôîðìóëà ( [5, ñ. 26]):∫

Mn

(
(gjk∇j∇kξi + ξαR

α
i )ξi +

1

2
(∇iξj −∇jξi)(∇iξj −∇jξi) + (∇iξi)

2
)
dσ = 0. (20)

Òóò dσ ¹ îá'¹ìíèì ¹ëåìåíòîì dσ =
√
|g|dx1 ∧ dx2 ∧ ... ∧ dxn ìíîãîâèäó Mn, ïðè÷îìó

|g| = det(gij). Äëÿ ìíîãîâèäó Êàëàái-ßó (CY2m, g, J) (20) ïðèéìå âèãëÿä∫
CY2m

(
ξigjk∇j∇kξi +

1

2
(∇iξj −∇jξi)(∇iξj −∇jξi) + (∇iξi)

2
)
dσ = 0.

Âðàõîâóþ÷è (19), îòðèìó¹ìî:∫
CY2m

(1

2
(∇iξj −∇jξi)(∇iξj −∇jξi) + (∇iξi)

2
)
dσ = 0. (21)

Ç (21) âèïëèâà¹, ùî ó âèïàäêó äîäàòíüî âèçíà÷åíî¨ ìåòðèêè gij âåêòîð ξ ìà¹ áóòè ãàðìî-
íi÷íèì:

∇iξj −∇jξi = 0, ∇iξi = 0.

Iñíó¹ òåîðåìà, çãiäíî ç ÿêîþ ( [5, ñ. 29]) êîâàðiàíòíà ïîõiäíà ãàðìîíi÷íîãî âåêòîðó ¹ òîòî-
æíî ðiâíîþ íóëþ:

∇iξj = 0. (22)

Ç (22) âèïëèâà¹, ùî âåêòîð ξ ¹ íå òiëüêè ãàðìîíi÷íèì, àëå i êiëiíãîâèì:

∇iξj +∇jξi = 0. (23)

Ðiâíÿííÿ (23) îçíà÷à¹, ùî âåêòîð ξ ïîðîäæó¹ îäíîïàðàìåòðè÷íó ãðóïó içîìåòði¨, îòæå ìè
îòðèìàëè òàêó òåîðåìó:

140



Òåîðåìà 2. Ìíîãîâèä Êàëàái-ßó (CY2m, g, J) íå äîçâîëÿ¹ iñíóâàííÿ íåòðèâiàëüíèõ
ãîëîìîðôíî-ïðîåêòèâíèõ ïåðåòâîðåíü.
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Ðåãóëÿðèçàöèÿ ìàòðè÷íîãî óðàâíåíèÿ Ñèëüâåñòðà

Ñ. Ì. ×óéêî, Ì. Â. Äçþáà
Äîíáàññêèé ãîñóäàðñòâåííûé ïåäàãîãè÷åñêèé óíèâåðñèòåò, ã. Ñëàâÿíñê

chujko-slav@inbox.ru

Ìàòðè÷íûå óðàâíåíèÿ Ñèëüâåñòðà è, â ÷àñòíîñòè, óðàâíåíèÿ Ëÿïóíîâà, øèðîêî èñ-
ïîëüçóþòñÿ â òåîðèè óñòîé÷èâîñòè äâèæåíèÿ, à òàêæå ïðè ðåøåíèè äèôôåðåíöèàëüíûõ
óðàâíåíèé Ðèêêàòè è Áåðíóëëè [1�5]. Â ñòàòüå [5] ïðåäëîæåíà ôîðìóëà ïîñòðîåíèÿ ðå-
øåíèÿ óðàâíåíèÿ Ñèëüâåñòðà. Ïðåäïîëîæèì çàäà÷ó î íàõîæäåíèè ðåøåíèé ìàòðè÷íîãî
óðàâíåíèÿ Ñèëüâåñòðà

k∑
i=1

Qi C Ri = B, Qi ∈ Rα×β, Ri ∈ Rγ×δ (1)

íåêîððåêòíî ïîñòàâëåííîé [1], à èìåííî: ïðåäïîëîæèì, ÷òî óðàâíåíèå Ñèëüâåñòðà (1) íå
èìååò ðåøåíèé C ∈ Rβ×γ äëÿ ïðîèçâîëüíîé íåîäíîðîäíîñòè B ∈ Rα×δ. Ïîñòàâèì ñëåäó-
þùóþ çàäà÷ó: ñóùåñòâóþò ëè ìàòðèöû E ∈ Rα×β, F ∈ Rγ×δ, äëÿ êîòîðûõ âîçìóùåííîå
ìàòðè÷íîå óðàâíåíèå Ñèëüâåñòðà

k∑
i=1

Qi C Ri + ε ECF = B, 0 < ε� 1 (3)

ðàçðåøèìî äëÿ ïðîèçâîëüíîé ìàòðèöû B? Äëÿ ôèêñèðîâàííîé ìàòðèöû ïîëíîãî ðàíãà F
â ñëó÷àå α, β, γ, δ > 1 íàìè ïîëó÷åíû äîñòàòî÷íûå óñëîâèÿ, ïðè êîòîðûõ âîçìóùåííîå
ìàòðè÷íîå óðàâíåíèå Ñèëüâåñòðà (3) ðàçðåøèìî äëÿ ïðîèçâîëüíîé íåîäíîðîäíîñòè B.

Ïðåäëîæåííàÿ â äîêëàäå òåõíèêà ðåãóëÿðèçàöèè óðàâíåíèÿ Ñèëüâåñòðà (1) óïðîùàåò
ñîîòâåòñòâóþùóþ ñõåìó ðåãóëÿðèçàöèè [6], ïîñêîëüêó ïðåäóñìàòðèâàåò íàõîæäåíèå çíà÷è-
òåëüíî ìåíüøåãî ÷èñëà ïàðàìåòðîâ, è ìîæåò áûòü ïåðåíåñåíà íà îáîáùåííûå ìàòðè÷íûå
óðàâíåíèÿ Ñèëüâåñòðà [7].
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Âñòàíîâëåíî ïîðÿäêîâi îöiíêè íàéêðàùèõ M�÷ëåííèõ òðèãîíîìåòðè÷íèõ íàáëèæåíü
êëàñiâ ïåðiîäè÷íèõ ôóíêöié áàãàòüîõ çìiííèõ Lψβ,1, ÿêi ó îäíîâèìiðíîìó âèïàäêó áóëè
çàïðîâàäæåíi Î. I. Ñòåïàíöåì (äèâ., íàïðèêëàä, [1]).

Íåõàé Lq (πd) , 1 ≤ q <∞, � ïðîñòið 2π�ïåðiîäè÷íèõ çà êîæíîþ çìiííîþ ôóíêöié f çi
ñêií÷åííîþ íîðìîþ

‖f‖Lq(πd) = ‖f‖q =

(
(2π)−d

∫
πd

|f(x)|qdx
)1/q

,

äå x = (x1, . . . , xd) � åëåìåíò Åâêëiäîâîãî ïðîñòîðó Rd, d ≥ 1, à πd =
∏d

j=1 [−π, π]. Ââàæà-
òèìåìî, ùî äëÿ ôóíêöié f ∈ Lq (πd) âèêîíó¹òüñÿ óìîâà

∫ π
−π f(x)dxj = 0, j = 1, d.

Â ÿêîñòi àïàðàòó íàáëèæåííÿ áóäåìî âèêîðèñòîâóâàòè òðèãîíîìåòðè÷íi ïîëiíîìè âè-
ãëÿäó P (θM ;x) =

∑
k∈θM cke

i(k,x), äå θM � äîâiëüíèé íàáið iç M ðiçíèõ âåêòîðiâ k =
(k1, . . . kd) , à ck ∈ C. Äëÿ f ∈ Lq (πd) âåëè÷èíó

eM(f)q = inf
θM

inf
P (θM ;·)

‖f(·)− P (θM ; ·) ‖q,

íàçâåìî íàéêðàùèì M�÷ëåííèì òðèãîíîìåòðè÷íèì íàáëèæåííÿì ôóíêöi¨ f ∈ Lq (πd) .
×åðåç D áóäåìî ïîçíà÷àòè ìíîæèíó òàêèõ ôóíêöié íàòóðàëüíîãî àðãóìåíòó ψ(·), ùî
1) ψ(·)� äîäàòíi òà íåçðîñòàþ÷i;
2) ∃M > 0 òàêå, ùî ∀l ∈ N ψ(l)/ψ(2l) ≤M.
Ðåçóëüòàòè ðîáîòè áóäåìî ôîðìóëþâàòè â òåðìiíàõ ïîðÿäêîâèõ ñïiââiäíîøåíü. Îòæå,

äëÿ âåëè÷èí A òà B ïiä çàïèñîì A� B áóäåìî ðîçóìiòè, ùî iñíó¹ òàêà äîäàòíà ñòàëà C1,
ùî A ≤ C1B. Çàïèñ A � B ðiâíîñèëüíèé òîìó, ùî âèêîíóþòüñÿ óìîâè A � B i B � A.
Óñi ñòàëi â ïîðÿäêîâèõ ñïiââiäíîøåííÿõ ìîæóòü çàëåæàòè ëèøå âiä òèõ ïàðàìåòðiâ, ùî
âõîäÿòü â îçíà÷åííÿ êëàñó òà ìåòðèêè, â ÿêié çäiéñíþ¹òüñÿ íàáëèæåííÿ, à òàêîæ âiä
ðîçìiðíîñòi ïðîñòîðó Rd.

Ñïðàâåäëèâà òåîðåìà.

Òåîðåìà 1. Íåõàé 1 < q ≤ 2, ψj ∈ D, βj ∈ R, j = 1, d, i, êðiì òîãî, iñíó¹ ε > 0

òàêå, ùî ψj (|kj|) |kj|1−1/q+ε íå çðîñòàþòü. Òîäi äëÿ áóäü-ÿêèõ íàòóðàëüíèõ M i n, ùî
çàäîâîëüíÿþòü óìîâó M � 2nnd−1, ìà¹ ìiñöå ñïiââiäíîøåííÿ

Φ(n)M1−1/q(logM)2(d−1)(1/q−1/2) � eM

(
Lψβ,1

)
q
� Ψ(n)M1−1/q(logM)2(d−1)(1/q−1/2),

äå Φ(n) = min
(s,1)=n

∏d
j=1 ψj (2sj),Ψ(n) = max

(s,1)=n

∏d
j=1 ψj (2sj).

[1] Ñòåïàíåö À. È. Êëàññèôèêàöèÿ è ïðèáëèæåíèå ïåðèîäè÷åñêèõ ôóíêöèé. � Ê.: Íàóê.
äóìêà, 1987. �� 286 ñ.
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