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Secondary school students’ misconceptions about linear algebra

Nilgun Aygor
(Department of Mathematics, Yildiz Technical University)
E-mail: nilgunaygor@gmail.com

Hulya Burhanzade
(Department of Mathematics, Yildiz Technical University)
E-mail: hulyaburhanzade@hotmail.com

ABSTRACT

In this study, the difficulties that students have experienced in learning linear algebra, an abstract
scientific discipline of mathematics, have been researched. These difficulties, which started in secondary
education, are also reflected in the university. It was investigated where troubles originate and what
needs to be done to reduce them, in order to prevent these difficulties. For this purpose, an answer
was sought in the question "Misconceptions and proposed of solutions in linear algebra at secondary
education level". This research was conducted on 43 students studying at a secondary school. The
students were asked six questions in total: five written and one oral. The collected data were analysed
by researchers jointly. It has been revealed where the students made misconceptions. Some suggestions
have been made to minimize these misconceptions. It was determined that the students made less
misconceptions, when the concepts were explained. Findings and results will be shared detailed in the
presentation.
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Semitopological graph inverse semigroups
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We investigate locally compact semitopological graph inverse semigroups and obtain the following
result:

Theorem 1. Let E be a strongly connected directed graph which contains a finite amount of vertices.
Then a Hausdorff locally compact semitopological graph inverse semigroup G(E) over graph E is either
compact or discrete.

The above result generalizes results of Gutik |2] and Bardyla [1| who proved the above dichotomy
for locally compact semitopological polycyclic monoids P; and Py, respectively.

The following theorem characterizes graph inverse semigroup which admit compact Hausdorff semi-
group topology.

Theorem 2. Let G(E) be a compact semitopological semigroup. Then the following conditions are
equivalent:
(1) G(E) is a topological inverse semigroup;
(1) the set I = {u € Path(E) | r(u) = e} is finite for each vertex e;
(1) each D-class is finite in G(E);
(1) G(E) does not contain isomorphic copies of the bicyclic monoid and an infinite semigroup of
X x X -matrix units.

Also we construct (in canonical way) the coarsest Hausdorff inverse semigroup topology Tmin on each
graph inverse semigroup G(E). Moreover, the following theorem holds:

Theorem 3. For each directed graph E topological semigroup (G(E), Tmin) embeds into the polycyclic
monoid (Piq(g)|s Tmin)-
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On inequalities of generalized elliptic integrals

Barkat Ali Bhayo
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As an application of the eigenfunctions sin,, 1 < p < oo of so-called one-dimensional p-Laplacian
[3], we introduce new generalized elliptic integrals K, E, of the first and the second kind, respectively,
and establish two-sided inequalities. As well as, we estimate above and below the perimeter P =

Iy »/2 {/1 —rPsin,(t)Pdt = 4aEp(r) of generalized p-ellipse whose parametric equations are z = a(1 —
sin, (t)P)1/P and y = bsin,(t) for 0 < t < 27, = 4arcsin,(1).
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Currently, tuberculosis (TB) is the second, after AIDS, the most common reason of deaths in the
world. The World Health Organization estimates that one-third of the whole world’s population is
currently infected (reservoir of the infection). In 2017 the World Health Organization (WHO) reported
1.4 million deaths related to TB and 10.4 million incident cases worldwide. For any infectious disease
we can distinguish three most important parameters defining the epidemiology of the disease: (i) the
lifetime risks, (ii) the incubation period, (iii) the serial interval reflecting how fast a given person is
likely to infect others. For TB, the derivation of these measures is complicated, as clinical disease
may follow the initial infection soon or many years later, either through exogenous reinfection or after
endogenous reactivation. Unfortunately, neither the incubation period nor the lifetime risk of TB have
been measured directly. It is assumed that the lifetime risk of developing clinical TB following the
infection is approximately 10%. It is also known that homelessness increases the risk of contracting
TB by several times. Because of that, this problem should be considered at all possible levels.

The first models describing the dynamics of TB epidemics were proposed in the 1960s. Studies of
epidemic models that incorporate disease causing death and varying total population have become one
of the important areas in the mathematical theory of epidemics. Since the mid-1990s they have been
used extensively to describe the epidemiology of the disease, to evaluate the impact of cost-effectiveness
of interventions, and to identify strategies for disease control.

The main idea of our work is to subdivide the total population into two subpopulations with varied
risk of developing TB and then to build a simple criss-cross model describing the disease dynamics.
The community of homeless people is a natural reservoir of TB and the disease may be transmitted
from this subpopulation to the general population. Thus, we consider heterogenous population of non-
homeless and homeless individuals to better describe and understand the disease dynamics. We have
investigated the existence and stability conditions for stationary states of the system. Bifurcations
diagrams have been also considered. The model is based on the ideas presented in [1, 2]. In our model,
however, the Malthusian properties do not appear.

From the practical point of view, models considered by us can be used to understand the transmission
behaviors of the disease and to forecast the disease trends, which can help to implement more preventive
interventions in TB control among the “high” risk of developing TB subpopulations.
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Foliations with leaves of non-positive curvature and bounded total
curvature on closed 3-manifolds
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Let (M,g) be a complete non-compact surface equipped with a smooth riemannian metric. The
total curvature of M is the improper integral | v K dp of the Gaussian curvature K with respect to the
volume element dp of (M, g). It is said that M admits total curvature if for any compact exhaustion

Q; of M, the limit
lim / Kdu:/ Kdu, (1)
1—+00 Q; M

exists. In [1] Cohn-Vossen proved that [,, Kdu < 2wy (M), where x(M) is the Euler characteristic of
M. Huber in [2] states that if
/ K_ < oo, (2)
M

where K_ = maxz{—K,0}, then [,, Kdu exists and M is homeomorphic to a compact Riemann surface
with finitely many punctures, i.e. M has a finite topology. Hartman in [3] under the assumption (2)
proved that the area of a geodesic ball of radius r at a fixed point must grow at most quadratically
in 7. Note also that Li proved in [4] that if M has at most quadratic area growth, finite topology and
the Gaussian curvature of M is either non-positive or non-negative near infinity of each end, then M
must have finite total curvature.

The following theorem describes a topological structure of riemannian 3-Manifolds admitting codi-
mension one C?-foliations F with leaves which have both non-positive curvature and bounded total
curvature in the induced riemannian metric.

Theorem 1. Let F be a transversaly orientable C?-foliation of a closed orientable riemannian 3-
Manifold M. Suppose, that the leaves of F have non-positive curvature and admit a finite total curva-
ture in the induced riemannian metric. Then the following holds:
(1) M is aspherical;
(2) F is a foliation almost without holonomy;
(3) At least one of the following holds:
(a) F is a surface bundle over the circle with the fiber genus g > 1 ;
(b) M is divided by a finite set of compact surfaces {K;}, which are homeomorphic to torus
T2, into pieces {A;}, which are fibered over the circle. This division defines a graph G of
fundamental groups m(A;) and 71 (K;), where vertexes of G correspond to the {A;} and
edges of G correspond to the tori {K;} and the fundamental group m (M) is isomorphic to
a fundamental group of the graph G;
(4) F is a flat foliation (i.e. all leaves of F are flat) iff M is either torical bundle or torical
semi-bundle.

Conversely, let M be such as described in (3) above. Then M admits a riemannian metric and transver-
saly orientable foliation with leaves of non-positive curvature and finite total curvature in the induced
metric.
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Algebraic and geometric questions about a 6D physics
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The puzzling observation of a whirling plane of satellite galaxies around Centaurus A [5] opens to
cosmological hypotheses alternative to the A-CDM model, such as the 6D spacetime proposed more
than ten years ago (|1, 2, 3]) and reinforced by new data from the Hubble Space Telescope revealing that
the universe is expanding faster than expected [6]. Assuming a three-dimensional time, the geometric
and algebraic analysis of the temporal distortions around a structureless rotating sphere would lead
to an elegant explanation of both the galaxy-scale planar alignment of orbiting bodies (radial time)
and the Universe’s increasing expansion rate (angular time). We mean that the effects attributed to
two alleged dark entities (matter and energy) could find a unitary explanation within the germinal 3T
theory [4] we wish to illustrate now.
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Mukai-Fourier Transform in Derived Categories to Solutions of the
Field Equations: Gravitational Waves as Oscillations in the
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Starting of fact that the Mukai-Fourier transform is an equivalence of derive categories(with arbitrary
decorations: +, —,b), is feasible construct a Fourier-Mukai equivalence given for

Deon(TVA) = Deop(AY x H)

, where exist a distinguished deformation of the category Deon(TV A), which is a non-commutative
deformation of TV A, defined by a natural symplectic form, that is their quatization [1].

Then T)Y A, results a 1-parameter deformation A’ of the space AY x H, to an affine bundle over
AV, classified by H'(AY; O @ H). Then the Fourier-Mukai equivalence relative to the projection T A,
deforms an equivalence between the deformed categories DoopDa — mod, and Dcoh(A)b.

Then we use the deformed version of the Mukai-Fourier transform that results on D 4— modules and
we characterize to A, as a Picard variety of €', !, where C, is a curve. Then a Hecke functor is definid
as the integral transform

® . Do (Pic(C), D) —+ Deon(C x Pic(C), D),

to D-modules on “Bun. But using the classical limit conjeture is had the equivalence through of the
interpretation of Higgs sheaves, given in the category Deon (Y Higgso, ©), which can be extended to the
corresponding Langlands correspondence c¢, of the quantum sheaves given by ¢ = quant Bunoéoquantal,
where ®, is the Fourier-Mukai transform that we want. Then we have as integral the integral transforms
composition [2] ¢ o ®* =" ®# which is solution to the field equation Isomdh = 0, where h, are the
cotangent vector (Higgs fields).

Then by superposing of these states, considering the field corresponding ramifications(connections),
we have

H=H"(w.) ® H(wS?) & --- & H(wE"),

which has their re-interpretation as the curvature energy expressed through the H-states which can be
written using the superposing principle to each connection ng , (with C, a curve) that describes the
corresponding dilaton (photon or gauge particle).

Likewise, in a Hamiltonian densities space [3| we have the Figure 1, considering a Hitchin base. In
the case of a spinor representation the corresponding H-states can be given as spinor waves (Figure 2)
which can be consigned in oscillations in the space-time-curvature/spin, to a microscopic deformation
measured [4] in H.

Una physical context (could be taken M = Pic(C), where M, is the space-time), this represent a trace of particles in
the symplectic geometry that can be characterized in a Hamiltonian manifold.
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Figure 1 Figure 2
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A study on the teaching methods in determinants
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(Department of Mathematics, Yildiz Technical University)
E-mail: hulyaburhanzade@hotmail.com

Nilgun Aygor
(Department of Mathematics, Yildiz Technical University)
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ABSTRACT

This research was conducted with the participation of 82 engineering students. Students were asked
to find the determinant values of the matrices given in concrete and abstract form. The results were
evaluated on the basis of the answers given by the students to the questions. The methods students
preferred when answering questions were investigated. In addition, the rates of success were determined
according to question types. The study was a qualitative in nature. The obtained data were analysed
by the researchers. It has been seen that engineering students are more successful in concrete examples
than abstract examples. The fact that the matrices are given in an abstract and concrete form has
caused the students to use different approaches. Considering these results, it was determined what
should be taken into consideration while teaching determinants. Findings and results will be shared
detailed in the presentation.
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Order continuity properties of lattice ordered algebras
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First, we give some fundamental notions.

Definition 1. A linear ordering of a real linear space X is an ordering satisfying these conditions:
(1) z <y implies z + 2z <y + z, for all z,y,z in X,
(2) = <y,A >0 implies Az < Ay.

Definition 2. An ordered linear space is a linear space with a linear ordering. Let A be an algebra
with the unit e and A" be positive cone of A. For elements =,y of A x < y means x —y € AT. Ais
an ordered linear space with this ordering.

Definition 3. If xy > 0 whenever = > 0,y > 0, then A is called an ordered algebra. If A is a Banach
algebra with a closed cone AT, then A is called an ordered Banach algebra.

Definition 4. If A is a real vector lattice and is associative but not necessarily commutative or unital
algebra such that the multiplication and the partial ordering in A are compatible, i.e. z,y € AT =
xy € AT, then A is called a lattice-ordered algebra(l—algebra).

Definition 5. An [—algebra is called

(1) a d—algebra whenever the multiplications by positive elements are lattice (Riesz) homomor-
phisms of A, that is, (zVy)z =zzVyzand z(xVy)=zxVzy forallz,y € A,z € AT.

(2) an almost f—algebra if z Ay = 0 implies 2y = 0.

(3) an f—algebra if z Ay =0 implies zz Ay = zz Ay = 0 for all z € AT,

In this work, we mainly deal with lattice ordered algebras such as f—algebras, d—algebras and
almost f—algebras and their properties.
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Problem on non-overlapping polycylindrical domains with poles on
the boundary of a polydisk
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The goal of the present work is the study of the problem of a product of powers of the generalized
conformal radii of polycylindrical nonoverlapping domains with poles on the boundary of a polydisk.
The spatial analogs of a number of known results concerning the nonoverlapping domains on a plane
were obtained in [1], where a generalization of the notion of inner radius was given. Namely, the notion
of harmonic radius of the spatial domain B C R" relative to some internal point was introduced. Work
[1] was the essential break-through in the consideration of nonoverlapping domains in the spatial case.
Then, work [2] advanced an approach that allowed the transfer of some results known in the case of
a complex plane onto C™. At the same time, the problems of nonoverlapping domains in the case of
a complex plane represent a sufficiently well-developed trend of the geometric theory of functions of
complex variable (see, e.g., [1-6]).

Let N, R and C be the sets of natural, real, and complex numbers, respectively, and RT = (0, 00).
Let C be a Riemann sphere (extended complex plane). It is well known that C* = (C x C x ... x C),

n—times

neN C'=(CxCx...x C) is a compactification of the space C" (see, e.g., [3, 4, 5]), where

n—times
the set of infinitely remote points has the complex dimension n — 1. Let [D]™ (Cartesian degree of a
domain D € C) denote the Cartesian product D x D X ... x D, and let [d]"™ (Cartesian degree of a

n—times
point d € C) denote the point with C", which have the coordinates (d,...,d). Tt is clear that C' = C,
N——
n—times

T' =T. The topology in C' is introduced like in a Cartesian product of topological spaces. In this
topology, C" is compact (see [3, 4, 5]).

The domain B = By x By x ... x B, C C", where each domain By, C C, k = 1,n, is called a
polycylindrical domain in C" (see [3]). The domains By, k = 1,n, are called coordinate domains of
the domain B.

Let 7(B,a) be inner radius of the domain B C C with respect to the point a € B. The generalized
inner radius of the polycylindrical domain B relative to the point A = (a1, aq,...,a,) € B, a; € By,
k=1,n,is

R(B,A) = (H T’(Bk,ak)> " :

k=1
where the quantities (B, ai), K = 1,n, mean the inner radii of the coordinate domains B, relative to
ay

Let U™ = [U]", where U = {z € C: |z| < 1} (unit disk in the complex plane C). By I';, we denote
the skeleton of the polydisk U™ i.e., the set of points A = (ay,as,...,a,) C C" |as] =1, s =1,n.

The system {By}}", (Bk = BYC) X ... X By(Lk), k=1, m) is called a system of nonoverlapping poly-
cylindrical domains, if, for every fixed pg, po = 1,n, the system of domains {B,(,’g)}, k=1m,is a

system of nonoverlapping domains on C.
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Let m € N, m > 2. The system of points A, := {ax}j-,, ax € C, is called m-radial, if |a| € RT
for k=1,m,0=arga; < argas < ... < arga,, < 2m.

The system of points {Ag};~, (Ak = (agk), agk), .. (k)> eCr, k=1, m), is called radial in the

space C", if, for every fixed py the sequence {agz)}, k = 1,m, is an m-radial system of points on the
corresponding complex plane C.
We will consider radial systems of points in the space C" of the form

{Ak}?:u Ak = (agk)’aék)a B 7a£1k)> € (an k= 17m7 a(l) > 07 pbo = L,n,

arg a(k) < arg a(kﬂ), k=1m-—1, arg a(m) < 2. (1)
We introduce the followmg notations

1 1 1
1) ._ 2 1 2) . 3 2 m) .__ m
041(30) = (arg aéo) arg al )) , oz]()o) = (arg a](m) — arg aéo)) ,...,ozéo) 2 (2% arg a( )) .

Let Fy(2) ::2x2+6_xx2+2725_(2___x)f%(Zsz(2_+_x)f%(2+zP’
€(0,2], d€]0,1], Fs(z)cC.
Then the following proposition is valid.
Theorem 1. [6] Let m,n € N, m > 7, v € (0,%], o = &/m and 6 € [0; 0,7]. Then, for any radial
system of points of the form (1) {Ag}fL, = { ](Jk)}k: e C", p=1,n, such that A, € Ty, k =1, m,

and for any collection of nonoverlapping polycylindrical domains By, A € By C C", k =0,m,
Ag € By C C", the following inequality holds

oo s (i) [ (20)

k=1p=1

Sl

m
2

One of the extreme systems is the system

B}y = { B, 1B B, 1BO

iy = {or o] o8] o]}
0)

where the domains B,(CO) and the points bt , k= 1,m, are, respectively, the circular domains and the

poles of the quadratic differential

Q(w)du? = — (ZZzujn)w Jvd 2.
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Inverse three spectra problem for a Stieltjes string with the
Neumann boundary conditions

A. Dudko
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E-mail: nastysha00301@gmail.com

V. Pivovarchik
(South Ukrainian National Pedagogical University named after K.D. Ushynsky)
E-mail: vpivovarchik@gmail.com

The notion of Stieltjes string was introduced in [1, Supplement II]. Like in [1] we suppose the string
to be a thread, i. e. a string of zero density, bearing a finite number of point masses. Assume that the
string consists of two parts, which are joined at one end and free to move in the direction orthogonal to
the equlibrium position of the string at the other end. Starting indexing from the free ends, n; masses

m,(cj) >0, k=1,..nj, are positioned on the j-th part, j = 1,2, which divide the j-th part into n; +1
substrings, denoted by l,? ) > 0, k = 0,...n;, again starting indexing from the free end. In particular,
l(()J) is the distance on the j-th part between the free endpoint and nL(1'7), ZY) for k=1,...,n; —11is the
distance between m,(g ) and m](ii)_l, and l,(fj) is the distance on the j-th thread between the joined end
point and m%). The tension of the thread is assumed to be equal to 1.

Considering small transverse vibrations of such string like in [2, p.55] we obtain the following spectral
problem
(7) (9) (9) (4)
U — Ut | Y T U1 () () _ R

l,(gj) + l,(j)l my zup =0 (B=1,2,..,n;, j=12), (1)

1 2
uld o =l (2)

2 ) @
YIS <, 3)

1
uf) =u, j=12. (4)
where u,(j ) is the amplitude of vibrations of the mass mfj ), z is the spectral parameter. Also we consider
following two problems for the parts of the string:

©) () ) )

upy’ —u uy —u N
Uy, 5 k1, Tk 5 k=1 mi(cj)zui(cj) =0 (k=1,2,..,n), (5)
~1
u(()j.) _ ugj), (6)
ugj)ﬂ =0. (7)

We denote by {u}r_, where n = ny 4+ ng the spectrum of problem (1)-(4) , and by {V,gj)}Zil,
j = 1,2 the spectra of problems (5)—(7). Let {&}}_, = {V,(Cl)}}zl:l U {u,(f) »2 | be indexed such that
& < k-
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Location of the spectra is described by

Theorem 1.The sequences {ui}r_, and {{x}_, interlace as follows:
DO0=p <& <po < <&y
2) pg = -1 if and only if py = &;
3) the multiplicity of & does not exceed 2.

The corresponding inverse problem lies in finding the masses {m,(j )}Z]: , and subintervals {ll(Cj )}ZJ: 1
(j = 1,2) using the three spectra, i.e. spectra of problems (1)—(4), (5)—(7) with 7 = 1 and (5)—(7) with
j=2

Theorem 2.Let m; >0 (j =1,2) be given together with the numbers

(b, ey and Vit o < e < off) fork < W) L&) = 047 L U 1!
which satisfy the following conditions:

0=p1 <& <p2 <& <...<&p—1 < fin.
"
Then there exists a unique collection of sequences of positive numbers {{m 1

(j=1,2), {lkj)} ey (J=1,2)} such that Z m =my, {ur}i_, is the spectrum of problem

(1)-(4), {V,il)}Z; is the spectrum of problem (5) (7) with j =1, {1/1162)}"2 Lis a sequence of eigenvalues
(a part of the spectrum) of problem (5)—(7) with j = 2.

The method of recovering {{m,(ﬁj) 2 (G=1,2), {l(J w1 (7 =1,2)} is similar to that in [3]
(see also [2], p. 222).
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On the existence of a global diffeomorphism between Fréchet spaces

Kaveh Eftekharinasab
(Institute of mathematics of NAS of Ukraine)
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We provide sufficient conditions for the existence of a global diffeomorphism between tame Fréchet
spaces. We prove a version of Mountain Pass theorem which plays a key ingredient in the proof of the
main theorem. We apply differentiability in the sense of Micheal and Bastiani.

Theorem 1 (The Mountain Pass Theorem). Let I be a Fréchet space and ¢ : F :— R a C'- functional
satisfying the Palais-Smale condition. Assume f € F satisfies infuen || f "> r > 0 for a real number
7 and the geometric condition inf,cg o,y I(p) > max{y(0),v(f)} = a, where S(0,7) is a sphere of the
radius . Then ¢ has a critical value ¢ 2 a which can be characterized as

¢= Inf o P(v(1))-

Where I' = {y € C([0,1]; F) : v(0) = 0,v(1) = f € F}.
Let £ and F be tame Fréchet spaces and 7 : E — F a smooth tame map. Assume that a c!-
functional () is such that it and and its derivative J/(y) are zero if and only if 2 and y are zero. In

addition, we suppose that the derivative 7/(e)f = k has a unique solution f = v(e)k for all e € E and
all k, and the family of inverses v : £ x F' — FE is a smooth tame map.

Theorem 2. Assume that a smooth tame map 7 : E — F and a C'-functional v on F are as above.
If the following conditions hold

C1: for any f € F the functional j: E — R given by
Je) = ur(e) = f)

satisfies the Palais-Smale condition;

C2: there exist positive real numbers a,b and ¢ such that for f in the disk D(0,a)

u(f) 2 ca’ where o = sup || f[|" . (1)
neN

Then T is a diffeomorphism.
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Class groups of rings with divisor theory, L-functions and moduli
spaces

Nikolaj Glazunov
(NAU, Kiev, Ukraine)
E-mail: glanm@yahoo.com

The study of class groups of rings and corresponding schemes ts an actual scientific problem (see
[1, 2] and references therein). For regular local rings, according to the Auslander-Buchsbaum theorem,
the (divisors) class group is trivial. But in most interesting cases the group is nontrivial. The Heegner
approach, together with the results of Weber, Birch, Baker and Stark, makes it possible to calculate
and even parametrize rings with a given (small) class number in some cases. Let R be a commutative
ring with identity for which there exists the theory of divisors [2]. The order of the class group is
calculated on the basis of the use of L-functions. We investigate one of the aspects of this problem,
consisting in finding the moduli spaces of elliptic curves defined over the rings R with the given class
number.

Problem 1. To investigate the case of elliptic curves over rings of integers of quadratic fields (rings
of integers O of quadratic algebraic extensions k of the field of rational numbers Q) with a small class
number, see [2].

We present an elementary introduction to this problem and give the moduli spaces as trivial bundles
over affine part of the groups of rational points of some elliptic curves over the ring of integers Z. Below
we present parameter spaces and moduli for class number one and two. Let

E:y* =23+ azx +b, Disc(E) = 4a®+ 27b%, Disc(E) # 0, (*)

be an elliptic curve over the ring O . Let A; be the affine part of the group of rational points over Z
of the Heegner elliptic curve y? = 2z(z3 + 1). With results by Heegner, Deuring, Birch, Baker, Stark,
Kenku, Abrashkin, we deduce

Proposition 2. Let O be the ring of integers of the imaginary quadratic field with class number one.
Then the parameter space of elliptic curves of the form (*) is the trivial bundle

(O x O/(Disc(E) =0)) x A;.

Proposition 3. Let k be the imaginary quadratic field with class number one. Then the moduli space
of elliptic curves of the form (*) is the trivial bundle

k‘XAl.

Let A5 be the affine part of the group of rational points over Z of the elliptic curve X3 +3X = —Y?2,
let Az be the affine part of the group for the elliptic curve X3 — 3X = 2Y2, and A4 respectively for
9X* —1=2v2%

Proposition 4. Let O be the ring of integers of the imaginary quadratic field with class number two.
Then the parameter spaces of elliptic curves of the form (*), without an exceptional case, are trivial
bundles

(O x O/(Disc(E) = 0)) x As, (O x Of(Disc(E) = 0)) x As, (O x O/(Disc(E) = 0)) x Ay.

Proposition 5. Let k be the imaginary quadratic field with class number two. Then the moduli spaces
of elliptic curves of the form (*), without an exceptional case, are the trivial bundles

kXAQ,kXAg,k‘XA4.
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In the article [3| the main object of the investigation is the L—function of the family of superelliptic
curves over K = F,(t) and their models £ — P! . In the article [4] authors investigate some aspects
of the problem in the framework of the theory of Heegner-Stark (Darmon) and Darmon-like points in
elliptic curves E over Q of conductor N with a prime p such that N = pDM, where D is the product
of even (possible zero) distinct primes and (D, M) = 1, and develop the (co)homological techniques
for effective construction of the quaternionic Darmon points on E(K),), where K, is the p—adic upper
half plane. If there is enough time, we plan to discuss the possible extension of the research in these
directions |3, 4].
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Let X be an Archimedean vector lattice. X~ denotes the order dual of X and X~ denotes the
order bidual of X. By (X™) we denote the order continuous bidual of X . The canonical mapping
o of X into X~ is defined by o(x)(f) = f(z) = «~(f) for all f € X~ .Here, ™ defines an order
continuous algebraic lattice homomorphism on X~ and canonical image o(X) of X is a subalgebra of

(X)) . The band generated by o(X) is order dense in the order continuous bidual (X~)7 of X.

n

Definition 1. Let X be an Archimedean vector lattice. A bilinear mapping T : X x X — X is called
a b-bimorphism if t Ay =0 and z A z =0 in X imply x A T(y,z) = 0.

Every biorthomorphism is a b-bimorphism by the definition.

Theorem 2. Let X be an Archimedean vector lattice. If T : X x X — X is a b-bimorphism, then the
triadjoint of T, T" : (X™) x (X™)y — (X™)7 is a b-bimorphism.

n

As a result of this study, we obtain that if A is a b-algebra, then the order continuous bidual of A
is a b-algebra. Also, as a special case, the following result is presented, [7]

Corollary 3. If a b-algebra A has positive squares , then the order bidual of A is a b-algebra.
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On the second regularized trace formula for a differential operator
with unbounded coefficients
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Let H be an infinite dimensional separable Hilbert space. Let denote the inner product and the
norm in H by (.,.) and |||, respectively and denote the set of all kernel operators from H to H by
o1(H). Let Hy = La([0,7]; H) be the set of all strongly measurable functions f defined on [0, 7] with
their values in H such that for every g € H the scalar function (f(z),g) is measurable in the interval
[0, 7] and

/0 " (@) |2 < oo.

In Hy = Ly([0, 7]; H) we consider the operators

L=Lo+Q, Li=y +4y

with the same boundary conditions 3 (0) = ¢'(7) = ¢y (0) = y" (r) = 0 . Here the operator
A : D(A) — H is a densely defined on H such that A = A* > [, A= € o, (H) where I is identity
operator on H, A* is the adjoint operator of A and o (H) is the set of all compact operators from H
to H. And, Q(z) is an operator function satisfying the following conditions:

(a) Q(z) : H— H is a self-adjoint operator for every z € [0, 7].

(b) Q(x) is weakly measurable in the interval [0, 7] and for every f,g € H, the scalar function

(Q(x)f, g) is measurable on [0, 7|.

(c¢) The function ||Q(x)| is bounded on [0, 7.

Let v1 < 79 < -+ <, < ... be the eigenvalues of the operator A and 1, 2,...,@n,... be the
orthonormal eigenvectors corresponding to these eigenvalues. Here, each eigenvalue is represented as
many times as its multiplicity. Moreover, let the eigenvalues of the operator Ly and L be u; < o <
o< pup <..oand Ay < A <o <N, <L respectively.

Lemma 1. Ifv;j ~a.j% (a > 0,a < o0) as j — oo then the asymptotic formula
da
Any fip ~ dnite as n — 00 (1)
holds where d is a constant.

Let R = (Lo — )\I)fl, Ry= (L - )\I)fl be the resolvents of the operators Ly and L , respectively.
By the well known equality

Ry = RS — R,QRY (M€ p(L) N p(Lo))

we have:

Lemma 2.
np s
Z (>\q2 - Nq2 )= Z Myj + MISS)
q=1 Jj=1

where

My = EV / N r((QR)JAA (=1, 2,...) 2)
W:bp

mj
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—1)8 s+1
a) = / N*tr[RA(QRS)" ]dA. 3
? 21 S, r[RA(QRY) ] (3)
Theorem 3. If the operator function Q(z) satisfies the conditions (a), (b), (c) and v; ~ aj® (a >
0,a > 5(3+V2)) as j — oo then ,

lim My; =0 (j=2,3,4,...).

p—0o0

Theorem 4. If the operator function Q(x) satisfies the following conditions
i) Q(z) has weak derative of the 8-th order in the interval [0, 7] and the function
(Q®) (z)u,v) is continuos for every u,v € H .
ii) For every z € [0,7], QW(z): H— H (i =0,1,...,8) are self-adjoint operators.
iit) For every z € [0,7], Q®(z), AQ®)(z) € o1(H) (i =0,1,...,8) and the functions |Q® (z)]| o1 (H)
|AQ®) (z)|| oy (0=0,1,...,8) are bounded and measurable in the interval [0, 7] .

and if vj ~ aj® (a > 0,a > %(3 +v/2)) as j — oo then the formula

& 2 ([T
s, 2 No* = 1ta” =~ g /0 (Q()pj,, pj,)d]
1 L oW (4) L[
= 5[757“14@(0) +trAQ(m)] + 3—2[#@ (0) + tr@Q"(m)| — - trAQ(x)dx (4)
0
is satisfied. Here ji, jo, ... are natural numbers.
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In the paper [1] the general Lie-algebraic approach to constructing the Lax-Sato integrable heavenly
type systems has been developed. It is based on the classical Adler-Kostant-Symes (AKS) theory

and R-operator structures related with the loop Lie algebra g;ff (T™) of the vector fields on the n-
dimensional torus T" and adjacent Lie algebra dif f;,,(C x T") C dif f(C x T™) of the holomorphic
in the “spectral” parameter A\ € SL vector fields on C x T". A generalization of this Lie-algebraic

scheme, related with the loop Lie algebra EZ’}JJC(THN ) of superconformal vector fields on the 1|N-
dimensional supertorus THV ~ St x A{V , where A := Ay ® A; is an infinite-dimensional Grassmann
algebra over C C Ag, has been proposed in [2| for n = 1 and applied to construct the Lax-Sato
integrable superanalogs of the Mikhalev-Pavlov heavenly equation for every N € N\ {4;5}. In our
report the Lax-Sato integrable superanalogs of the Liouville heavenly type equations are obtained by

use the loop Lie algebra ﬁf (T(lclN) of the superconformal vector fields on TgN ~ TL x AY as a result

of some diffeomorphic mapping in the space of variables (z,v) € ’H‘(1C|N7 where 9 := (Y91,...,9n5)",
¥; € Al, i=1,N.
At first one introduces the superderivatives Dy, := 9/09; + 9;0/0z, z € T§, ¥; € A1, i = 1,N, in

the superspace Ag x AY. The loop Lie algebra E’L\f/f (']I‘(IC‘N) are formed by the superconformal vector
fields such as @ := ad/dz+ < Da,D > /2, where D := (Dy,, Dy,, -+ ,Dyy)", ¥ := (91,...,9n) ",
a € COO(']I‘(IC‘N; Ap), with the commutator

[a,b] := &= ¢d/0z+ < De, D > /2, ¢=adb/dz — bda/dz4+ < Da, Db > /2,

This loop Lie algebra m(Tg \) allows the splitting m(T(lc'N) = gijf/f(’ﬂ‘gN)Jr ® @JJC(T(QN)_. Here
the Lie subalgebras cjzxf!/f (T}C'N)i are assumed to be formed by the vector fields a(z) on T(lclN, being
holomorphic in z € SL C C respectively, where @(oo) = 0 for any a(z) € dsz( 1|N)

The nontrivial Casimir invariant h(®v) € T (@/f (’]I‘}C‘N)*) on a dense subspace di f f(T 1‘N) ~ AN(TE)
of the dual space through the pairing (l~7 a) = resyec Jon 27 dz fA{\;(la)dNﬁ, [:=1ldz € dsz( 1‘N)
satisfies the relationship

(UTRPI(1))2). — NI(VA®)(1))2). /4 = (~1) < DI DT (1))* > /4, 1)
where VA®Y) () := VAP (1)9/024 < DVh(py)(l),D > /2. If the corresponding gradient has the
asymptotic expansion VA®v) (1) ~ Ejgr Vjz9, where p, =7 and V; € C3(R? x AYN;Ag), j €Z, j <,
r € Z,, are some functional parameters, as |z| — oo, we can construct the Hamiltonian flow

di/dy = -1,V (1) — (4 = MUV (1))./2 + (-1)N < DI, DVRPY (1) > /2 (2)

in the framework of the classical AKS-theory. The constant Casimir invariant h(*) e I (@JJC (']I‘}C‘N)*)
generates the trivial flow

di/dt = 0. (3)
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The compatibility condition of these two flows for all y,¢ € R is equivalent to the following system of
two a priori compatible linear vector field equations

OOy + Vorp )92+ < DV,Dip > /2 =0, /ot =0, (4)

where Vhffy)(l) =V, V =V(y,t,0;2) = 3o V;2?, and VAP (l) = 0, for a smooth function
Y € C%(R? x AY; Ag). In this case we have the evolutions
dz/dy =V —<0,DV > /2, d¥/dy = (DV)/2, dz/dt =0, df/dt = 0. (5)
Under the diffeomorphic mapping z — z — %— < 0,np >:=Xand 9 — 0 +n:=0, n:= (n,...,n8) ",
9= (01,...,95)7, on T(IC|N, generated by the functions s := »(y,t) € C3(R?; Ag) and 71 := n(y,t) €
C3(R?; AY), the equations (4) are rewritten as
o)Ay + W /OM+ < DW,Dyp > /2 =0, /ot —UdY/ON— < DU, Dip > /2 =0, (6)
where W = W (y,t,9;A) = Y o<, WjMN, U := U(y,t,9), D := (Dy,, Dy,..... Dy,)" and Dy, =
8/09; +0;0/0), i = 1, N. Taking into account the evolutions (5) and
d\/dy = W— < 0, DW > /2, d9/dy = (DW)/2, d\/dt = —U+ < 6, DU > /2, d¥/dt = —(DU)/2,
one obtains the function W' such as W = V4 < 0, DV > —0x/0y+ < 1,0n/dy >, where V :=
V(y, t, 19; )‘) = V(y7 t7 19; z)‘z:)\+%+<0,n>, 79:15—7]'
rules Dy, = Dy — 2n;0/0\, i = 1, N, and the functions » and 7 obey the relationships 0s/0t— <
n,dn/0t >=U, dn/dt = —(DU)/2.
If Wy :=1and U := 1/2exp ¢, ¢ := ¢(y,t,1¥), the compatibility condition for the first order

partial differential equations (6) leads to the Lax-Sato integrable superanalogs of Liouville heavenly
type equations [3]

Futhermore, the superderivatives transform by the

Pyt = €Xp @ — Z (D, /00;) (D exp /00;) /4, Wy =1, (7)
Pyt = Pr = eXp p — Zizl(a(@y —00)/00:)(Dexp /09:) /4, Wo = ~1/2exp o. (8)

Because of the relationship (1) the element [ e @/f (Téle)* can be found explicitly. For example, in
the case of r =2 and N =1 it has the following form

Iy, t,0h;2) = (271 (01 (1 = 201271 + (30] — 200)272) + B1/2 + (Bo/4 — 9B1v1/8)2))dz,  (9)
where V3 := 1 and V} := vj + ¥ 3;, j = 0,1. Thus, one can formulate the following proposition.

Proposition 1. For all N € N the super-Liouville heavenly type equations (7) and (8) possess the Lax-
Sato vector field representations (6), being equivalent to the commutability condition of two Hamiltonian

flows (2) and (3) on (Tz}?( 1‘N) . In the case of N = 1 the equations (7) and (8) are put into the
AKS-scheme for the loop Lie algebra dsz( 1‘N) with the element | € diff(TgN)* in the form (9).
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In a natural topological sense a typical linear nonhomogeneous
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Let Z[[z]] be a ring of formal power series with integer coefficients. On Z][[z]] we consider the
topology of coefficientwise convergence (see [1], Ch.1, section 0.4). Let b € Z, b # 0 and f € Z][[z]].
The following implicit linear nonhomogeneous differential equation

by + fx) =y (1)
is considered.

If f(z) is a polynomial with integer coefficients, then the equation (1) has a unique solution as a
polynomial with integer coefficients. If f € Z][[x]] is a nontrivial formal power series, then this equation
can has no solutions in the ring Z[[z]]. For example, the equation y +1+z + 22+ ... =y has no a
solution as a formal power series with integer coefficients.

We denote by M the set of all formal power series f € Z[[z]] for which the equation (1) has a
solution in the ring Z[[z]].

The next main result is obtained

Theorem 1. M is an uncountable dense submodule in the ring Z[[x]]. Moreover, Z[[x]]\ M, i.e. the
set of those elements in the ring Z|[x]] for which the equation (1) has no solutions from Z|[z]], is a
dense set of the class Gj.
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On the Cauchy problem for matrix factorizations of the Helmholtz
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Using our previous results, we show an explicit construction of the Carleman matrix for matrix
factorisations of the Helmholtz equation in an unbounded planar domain. This allows one to get a
formula for a regularized solution of the Cauchy problem with data on the finite part of the boundary.

It is known that the Cauchy problem for elliptic equations is unstable relatively small change in the
data, i.e., is incorrect (Hadamard’s example). In unstable problems the image of the operator is not
closed, therefore the solvability condition can not be written in terms of continuous linear functionals.
Thus, in the Cauchy problem for elliptic equations with data on a part of the boundary of the region,
the solution is usually unique, the problem is solvable for an everywhere dense set of data, but this set
not closed. Consequently, the theory of solvability of such problems is essentially It is more difficult
and deeper than the theory of solvability of the Fredholm equations [8].

In this paper we construct a family of vector-functions U, s)(z) = U(x, f5) depending on a parameter
o and it is proved that, under certain conditions and a special choice of the parameter o = o(9); as
6 — 0, the family U, (z) converges in the usual sense to a solution U(x) at the point z € G.

Following A.N. Tikhonov [5], a family of vector-functions Uy, s)() is called a regularized solution
of the problem. A regularized solution determines a stable method of approximate solution of the
problem. For special domains, the problem of extending bounded analytic functions in the case when
the data is specified exactly on a part of the boundary was considered by Carleman [1|. The researches
of T. Carleman were continued by G.M. Goluzin and V.I. Krylov [4]. A multidimensional analogue of
Carleman’s formula for analytic functions of several variables was constructed in [3]. The use of the
classical Green’s formula for constructing a regularized solution of the Cauchy problem for the Laplace
equation was proposed by Academician M.M. Lavrent’ev [2], in his famous monograph. Extending
Lavrent’ev idea, Yarmukhamedov constructed the Carleman function for the Cauchy problem for the
Laplace equation ([6]-[7]). The Cauchy problem for the multidimensional Lame system is considered
by O.I. Makhmudov and I.E. Niyozov [9]. The construction of the Carleman matrix for elliptic systems
was carried out by Sh. Yarmukhamedov, N.N. Tarkhanov, O.I. Makhmudov, I.LE. Niyozov and others.

In many well-posed problems for a system of equations of elliptic type of the first order with constant
coeflicients, the factorizing operator of Helmholtz, the calculation of the value of the vector function
on the whole boundary is inaccessible. Therefore, the problem of reconstructing, solving a system
of equations of elliptic type of the first order with constant coefficients, the factorizing operator of
Helmholtz, is one of the topical problems in the theory of differential equations ([10]-[12]).
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Macroscopic electromagnetism via complex quaternions
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Quaternions, which are non-commutative but associative, have a great importance in terms of rep-
resentation of physical systems and mathematical problems in a different way [1, 2|. Many subfields
of physics such as electromagnetism, gravitation, magnetohydrodynamics, plasma physics, acoustic,
quantum mechanics can be dealt with quaternions. In this work, electromagnetic equations have been
studied for macroscopic environments with quaternions forming the generalization of complex numbers
in four dimensions. Polarized and magnetized media are great importance for these environments, and
there are linearities both electric and magnetic induction fields, respectively [3, 4|. Here, as shown in
the notation of tensor, the relation between field and source expressions has been written in a short,
different and simple form [5] by defining quaternion induction fields. In addition, electromagnetic
energy conservation with induction fields [6] has been derived for the first time by using quaternion
algebra under some approaches.

Acknowledgement: This work has been supported by Dumlupinar University Scientific Research
Project, which has Project number DPU-SRP 2017-39.
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An extension of Mobius—Lie geometry with conformal ensembles of
cycles
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Lie sphere geometry in the simplest planar setup unifies circles, lines and points—all together called
cycles in this setup [8]. Symmetries of Lie spheres geometry include (but are not limited to) fractional
linear transformations (FLT) of the form:

<Z Z) DT Zaf—i—'——fl’ where det (CCL Z) # 0. (1)
There is a natural set of FLT-invariant geometric relations between cycles (to be orthogonal, to be
tangent, etc.) and the restriction of Lie sphere geometry to invariants of FLT is called Mdbius—Lie
geometry. Thus, an ensemble of cycles, structured by a set of such relations, will be mapped by FLT
to another ensemble with the same structure.

It is convenient to deals with cycles through Fillmore-Springer—Cnops construction (FSCc) which
also has a long history, see [8, § 4.2]. Compared to a plain analytical treatment [3, Ch. 3], FSCc
is much more efficient and conceptually coherent in dealing with FLT-invariant properties of cycles.
For example, the inner product (Cy,C,) of cycles C; and C, is equal to zero if and only if cycles are
orthogonal, Other properties, e.g. tangency, has a natural presentation as well, see [8, Ch. 4-5| and
[9].

It was shown recently that ensembles of cycles with certain FLT-invariant relations provide helpful
parametrisations of new objects as follows.

Example 1. (1) The Poincaré extension of Mobius transformations from the real line to the upper
half-plane of complex numbers is described by a triple of cycles {C}, Cy, C3} such that:
(a) C) and C, are orthogonal to the real line;
(b) <C1702>2 < {01, C)) (Cy, )
(c) Oy is orthogonal to any cycle in the triple including itself.

A modification [10] with ensembles of four cycles describes an extension from the real line to
the upper half-plane of complex, dual or double numbers. The construction can be generalised
to arbitrary dimensions.

(2) A parametrisation of loxodromes is provided by a triple of cycles {C}, C,, C3} such that [12]:
(a) C) is orthogonal to C,, and Cj;
(b) (Cy, C3)* = (Cy, Cp) (Cs, Ca).
Then, main invariant properties of Mobius—Lie geometry, e.g. tangency of loxodromes, can be
expressed in terms of this parametrisation [12].

(3) A continued fraction is described by an infinite ensemble of cycles (C)}) such that [2]:
(a) All €}, are touching the real line (i.e. are horocycles);
(b) (C)) is a horizontal line passing through (0, 1);

(c) Cpqq is tangent to C), for all k& > 1.

This setup was extended in [10] to several similar ensembles. The key analytic properties
of continued fractions—their convergence—can be linked to asymptotic behaviour of such an
infinite ensemble [2].

(4) An important example of an infinite ensemble is provided by the representation of an arbitrary
wave as the envelope of a continuous family of spherical waves. A finite subset of spheres can
be used as an approximation to the infinite family. Then, discrete snapshots of time evolution
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of sphere wave packets represent a FLT-covariant ensemble of cycles. This and further physical
applications of FLT-invariant ensembles may be looked at [5].

Definition 2. The extend Moébius—Lie geometry considers ensembles of cycles interconnected through
FLT-invariant relations.

Naturally, “old” objects—cycles—are represented by simplest one-element ensembles without any
relation. The paper [9] provides conceptual foundations of such extension and demonstrates its practical
implementation as a CPP library figure!. Interestingly, the development of this library shaped the
general approach, which leads to specific realisations in |11, 10, 12].

More specifically, the library figure manipulates ensembles of cycles (quadrics) interrelated by
certain FLT-invariant geometric conditions. The code is build on top of the previous library cycle |7,
8, 6], which manipulates individual cycles within the GiNaC [1] computer algebra system. Thinking
an ensemble as a graph, one can say that the library cycle deals with individual vertices (cycles),
while figure considers edges (relations between pairs of cycles) and the whole graph. Intuitively, an
interaction with the library figure reminds compass-and-straightedge constructions, where new lines
or circles are added to a drawing one-by-one through relations to already presented objects (the line
through two points, the intersection point or the circle with given centre and a point).

It is important that both libraries are capable to work in spaces of any dimensionality and metrics
with an arbitrary signatures: Euclidean, Minkowski and even degenerate. Parameters of objects can
be symbolic or numeric, the latter admit calculations with exact or approximate arithmetic. Drawing
routines work with any (elliptic, parabolic or hyperbolic) metric in two dimensions and the euclidean
metric in three dimensions.
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The classic experiments (|2],[3]) of David Hubel and Torsten Weisel published in 1959 (Gross Horwitz
Prize, 1975, and Nobel Prize,1981) gave us understanding how neurons extract information about
light cast on the retina. They investigated how neurons in the primary visual cortex respond when
they moved a bright contour in retina. They noticed that neurons react only if the line passed a
particular place of retina and with a certain orientation. Moreover, "sometimes a moving spot gave
more activation for one direction than for the opposite",(|3]).

Geometrically this result could be formulated in the following way. Assume that the retina is a
2-dimensional manifold M. Then for a given point of retina a € M "simple" neurons detect the point
and an oriented line in the tangent plane, p C T, M. Moreover, they constitute a "hypercolumn", which
allows to detect any oriented line p C T, M at each point a € M.

Oriented lines in tangent (or cotangent) planes to M (we’ll work with cotangent planes) form so-
called spherization of the cotangent bundle

S (M) = (T*M ~. 0) /R*

-the classical 3-dimensional contact manifold.

It is also known, that the simple neurons operate as filters (see [1], [4] for more details) on optic
signal which could be considered as convolution with the Gaussian or Gabor filters. This means that,
in addition to the contact structure, we have metric structure on M, (cf. [1]).

We consider the case of spherical geometry, M = S? and G = SO (3,R) - the special orthogonal
group of rigid motions of the sphere.

Let S? be riemann sphere equipped with stereographic coordinates (x,%) given by the stereographic
projection and the Fubini -Study metric

4 2 2
g (1+x2+y2)2 (dm +dy )

The Hamiltonian lift of Lie algebra so3R, which is the symmetry Lie algebra of metric g, to S(M)

is generated by the following vector fields:

(1 + 2?2 = yQ) Op + 2xy0y + 2y0y, 2xy0y, + (1 — 2?4 yQ) Oy — 220y, 10y — YOy + Oy

in the standard canonical coordinates on S(M).

The action of Lie group SO3(R) on S(M) is free and transitive, and therefore we expect two
independent 1-st order differential invariants for oriented distributions.

The standard Liouville 1-form gives us normed differential form on S(M)

2
wy = T 21, (cosu dx + sinu dy)
and SO3 (R)-invariant orthonormal coframe (w1, w2) on S(M) where
2
wo (—sinu dx + cosu dy) .

Tty
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The structure equations
dwi = Jiw1 Awe, dwo = Jowi A wy
give us two differential so3(R)-invariants of the 1-st order:

1 2 2

J, = ﬁ(uxcosu+uysinu)+(ycosu—xsinu),
1 2 2

Jo = #(—uxsinunLuycosu)—(ysinquﬂSCOSU)-

The frame dual to coframe (wi,ws) provides us with two so3(R)-invariant derivations

1 24 .2 d d 1 2 4 g2 d d
V1:w (cosudx+sinu dy)’ V2:w (—sinudx—i-cosu dy)’

with the following the syzygy relation for so3(R)-invariants of oriented distributions has the form
Jo1 — Ji2 = J} 4+ J§ + 1, where J;; =V, (J;).

Taking invariant derivatives V; (.J;) we get basic differential invariants J;; of the second order in the
form:

1 1422+ )
Jii = 7(A0082u+Bsin2u)—|—um+uyy( y),
2 2 4
1 u2 +ud (1+22 +42)°
Ji2 = = (Bcos2u— Asin2u) — — y V)
2 2 4
1+ 22 +y?
+— Y (uy — g, — 1),

2

1 3 14 22 + 92 2
Joag = —=(Acos2u+ Bsin2u) + Usz 1 Uy ( Y ) )
2 2 4
where
(o s g7 (142 1 47)°

The following theorem describes the structure of differential so3(R)-invariants of oriented distribu-
tions.

Theorem 1. (1) Differential soz(R)-invariants of oriented distributions on the unit sphere are gen-
erated by basic differential invariants Ji, Jo and invariant derivations Vi, Va, subjected to syzygy
relation i.e. any soz(R)-differential invariant is a rational function of invariants V#* (J1) and V* (J2).

(2) In a neighborhood of regular point SO3 (R)-orbit of oriented distribution on the unit sphere is
uniquely defined by invariants Jy1, J12, Jao as functions in Jy, Jo .
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Let I be an interval of real axis, and let L(I) be the space of all locally integrable functions defined
on I. Assuming (without loss of generality) that the interval contains 0, for every locally integrable
function u € L(I), let J(u) denote the (absolutely) continuous function defined by

J(u)(x) = /Ox u(a)da, z€l.

The integral operator J : L(I) — L(I) is injective, but not bijective (of course).
Define the Mikusinski space M (I) to be the inductive limit of the sequence

OESTHES T ES 10 .

Call its elements Mikusinski functions. By the very definition, a Mikusinski function is represented
by a pair (u,m), where u € L(I) and m € Z,. Two such pairs (u,m) and (v,n) represent the same
Mikusinski function if and only if
J"u = J".
Remark. In fact, our Mikusinski functions constitute a very small portion of Mikusinski’s operators
defined in [1].
Obviously, the map u — (u,0) is injective. This permits us to make the identification
u = (u,0).
We extend the integration operator J to Mikusinski functions by setting
J(u,m) = (Ju,m).
Define the differentiation operator D : M (1) — M (I) by
D(u,m) = (u,m+ 1).
Notice that
DJ =id and JD =id.
So, both of the operators J : M(I) — M(I) and D : M(I) — M(I) are bijective, and are inverse to
each other.

The iterated derivatives of constant functions are not zero, and a natural idea is to "kill" all of them.
We are led to consider the quotient space

M(I)/N(I),

where N (I) denotes the subspace of M(I) spanned by functions D™1, m > 1.
The differential operator of M (I) induces a differential operator of M (I)/N(I). We shall denote it
by the same letter D. Thus,

D(w(mod N(I))) = (Dw)(mod N(I)), w € M(I).
Lemma 1. L(I)NN(I) ={0}.
Define the canonical map j: L(I) — M(I)/N(I) by the formula
J(u) = u (mod N(I)).

It is immediate from the above lemma, that j is injective.
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Theorem 2. M(I)/N(I) is canonically isomorphic to D', (I), the space of Schwartz distributions of
finite order.

Proof. This is easy. Indeed, for each uw € L(I), let T, be the corresponding Schwartz distribution.
One can show that if u € L(I), then Dj(u) = 0 if and only if u is a constant function. This implies
that D™ y(u) = 0 if and only if u is a polynomial function of degree < m. It follows that the mapping

D"y(u) — D™T,
is well-defined and injective. The surjectivity is clear.

Remarks. 1) Mikusinski functions admit multiplication by all rational functions. Due to this property
of Mikusinski functions, the representation of distribution space as M (I)/N(I) provides a simple
foundation of Heaviside’s operational calculus.

2) As is known, Schwartz distributions defined on a compact interval have finite order. Therefore,
the Schwartz space D'(I), can be defined as the projective limit

lim M ([ev, B]) /N ([ev, B]),

where [a, §] runs over all compact subintervals of I that contain 0.
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Let M be a compact orientable surface and w be a volume from M. We will study the right action
of the group Symp(M,w) of symplectic difeomorphisms on the space C*°(M,R) of smooth functions
on M.

Let f: M — R be a C* Morse function, H be the Hamiltonian vector field of f with respect to
w, and Z,(f) be the set of all C*°-functions M — R, taking constant values along orbits of H. Then
Z,(f) is an abelian group with respect to point wise addition.

Further, let S(f,w) = {h € Symp(M,w) | f o h = f} be the stabilizer of f with respect to the right
action of the group Symp(M,w). Thus S(f,w) consists of diffeomorphism mutually preserving f and
w. Let also Sy(f,w) be the identity path component of S(f,w) with respect to C*° topology.

We will prove that there exists a canonical epimorphism of topological groups:

¢ Zu(f) = Solfw),

which is an isomorphism whenever f has at least one saddle critical point, and an infinite cyclic covering
otherwise.

In particular, So(f,w) is an abelian group, being either contractible of homotopy equivalent tothe
circle.
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Let p be a prime and Z,, is the ring of p-adic integers with the standard topology (see [1], §3). Let
A be an infinite matrix with integer coeflicients:

ailp a2 aig
A az1 G22 (23
Tl a31 a3z2 ass

We say that det A converges in the p-adic sense if there exists such number d € Z,, that

ail @12 Q13 ...01n
a1 a2 a23

det A4,, := |@31 d32 Q33 d
Upl Ap2 ap3 ...0pp

in the ring Z,.
We consider some applications of infinite order determinants with integer coefficients to study of
implicit linear difference equations over the ring Z. The next main results are obtained.

Theorem 1. Let a,b,€ Z,b # 0,0 # £1, a,b are coprime and p is a divisor of b. The difference
equation

brp+1 = axy + fn, n=0,1,2,.. (1)
for an arbitrary sequence f,, of integers has the unique solution over the ring Z,,. Moreover, this solution
can be find by using a version of Cramer’s rule for solving infinite linear systems.

Theorem 2. Let a,b, f € Z,b# 0,b# +1 and a,b are coprime. The difference equation
brpi1=ax,+f, n=0,12 .. (2)
has an integer-valued solution if and only if b — a is a divisor of f. In this case the unique solution of
Equation (2) can be find by using a version of Cramer’s rule for solving infinite linear systems.
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In the last conference (2017, Odessa), we defined 2 type warped product semi-slant submanifolds in
an almost Hermitian manifold and we considered these submanifolds in a locally conformal Kaehler (an
l.c.K.-) manifold and mainly considered some properties of the first type warped product semi-slant
submanifold in an l.c.K.-manifold.

In this talk, we consider a same submanifold with the parallel second fundamental form in an
l.c.K.-space form (an l.c.K.-manifold with a constant holomorphic sectional curvature). Using Codazzi
equation, we partially determine the tensor field P which defined in the curvature tensor field of an
l.c.K.-space form. Finally, we consider T, F' and t.
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Control systems linear in controls, with linearly independent vector field’ generators, sometimes
happen to be locally nilpotentizable. That is, to locally possess bases that generate (over reals, not
over functions) nilpotent algebras of vector fields. The existence of a nilpotent basis may be somehow
mischievously hidden in the nature of a system. When it exists and is at hand, a number of key control
problems related with the system (e. g., motion planning) become much simpler. We call such systems
weakly nilpotent. When a system ¥ is given globally on a manifold M, we call weakly nilpotent those
points in M, around which ¥ is weakly nilpotent.

In turn, strongly nilpotent are those points p in M, around which ¥ is equivalent to its nilpotent
approximation at p. Naturally, ‘strongly’ implies ‘weakly’, but not vice versa: ‘strongly’ appears to be
a much more stringent property.

An important class of weakly nilpotentizable distributions are Goursat distributions — members of
Goursat flags which live on so-called Monster Manifolds ([1]). Local nilpotent bases found for Goursat
distributions permit much more — to compute the nilpotency orders (sometimes also called ‘indices’,
sometimes ‘steps’) of the generated real Lie algebras, see [2]. Those Lie algebras are sometimes called
‘Kumpera-Ruiz’ after the names of the discoverers of Goursat’s singularities as such. A big problem,
with only partial answers known to-date, reads

Problem 1. What points in the Goursat Monster Tower are strongly nilpotent ?

Problem 2. What are the dimensions of the Kumpera-Ruiz algebras, hidden in the Goursat distri-
butions ?

(The nilpotency orders of the Kumpera-Ruiz algebras are tractable, but not their real dimensions.)
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We say that a topological space X is locally 7-dense at a point x € X if 7 is the smallest cardinal
number such that x has a 7 -dense neighborhood in X. The local density at a point = is denoted by
ld(x).

The local density of a space X is defined as the supremum of all numbers ld(z) for = € X; this
cardinal number is denoted by Id(X).

A topological space is locally weakly dense at a point x € X if 7 is the smallest cardinal number
such that x has a neighborhood of weak density 7 in X. The weak density at a point x is denoted by
lwd(zx).

A topological space X is called locally weakly 7-dense if it is weakly 7-dense at each point z € X.

The local weak density of a topological space X is defined with following way:

lwd(X) =sup{lwd(z) : z€X }.

A system £ = {F, : a € A} of closed subsets of a space X is called linked if any two elements from
¢ intersect [1].

A.V. Ivanov defined the space NX of complete linked systems (CLS) of a space X in a following
way:

Definition 1. A linked system M of closed subsets of a compact X is called a complete linked system
(a CLS) if for any closed set of X, the condition
“Any neighborhood OF of the set ' consists of a set & € M”
implies F' € M|2].

A set NX of all complete linked systems of a compact X is called the space NX of CLS of X. This
space is equipped with the topology, the open basis of which is formed by sets in the form of

E = OU,Us,...,Up)(Vi,Vo,....,Vi)={M € NX : for any i = 1,2,...,n there exists F; € M
such that F; C Uj, and for any j = 1.2,...,s, FNV; # & for any F € M}, where Uy, Us,...,U,,
V1, Va, ..., Vs are nonempty open in X sets [2].

Definition 2. Let X be a compact space, ¢ be a cardinal function and 7 be an arbitrary cardinal
number. We call an N7 - kernel of a topological space X the space
NfX={MeNX:3dF € M : o(F) < 7}.
Theorem 3. Let X be an infinity compact space and ¢ = d, 7 = Xg. Then:
1) ld(NFX) # 1d(X);
2) lwd(Nf X) # lwd(X).
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Quantum gravity in the framework of string theory provides a microscopic quantum description of
charged black holes using D-brane-soliton objects in string theory [1]. Such a D-brane is represented in
the form of a brane-antibranch configuration characterized by a magnetic charge, taking on a value in
the Hilbert space. Thus, the singularities of black holes are described by the vacuum space-time, which
is identified with the physical Hilbert space [2]. According to Rosenberg, the principal bundles over
a locally compact space, X, with fibers isomorphic to compact operators on an infinite-dimensional
Hilbert space, K, define sections that represent the C* algebra of sections of the principal bundle.
A characteristic class associated with such an algebra is called the Dixmier-Douady invariant corre-
sponding to the Neveu-Schwartz field, H. For an oriented three-dimensional manifold, according to
the Rosenberg theorem, there is a classifying element - a Dixmier-Dudi invariant and the morphism,
B: H*(X,Zs) — H3(X, Z), which is connected with the Bockstein homomorphism [3]

02 —~2Z—Zy—0.

This relation allows us to associate the bundles of C* algebras, associated with principal bundles, with
the observed states of Hilbert spaces, which corresponds to the phase transition from one soliton state
of the D-brane to another. These phase transitions for N large are characterized by K-theory.
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Mathematics is the most important tool of science and technology and a part of everyday life. Math-
ematics education is an important factor in the rational approach of individuals to analytical thinking
and problem solving problems. Misconceptions is one of the factors that complicate the mathemat-
ics education. The aim of this research is to determine the relationship between misconceptions and
analytical concepts.

In the first stage, an open-ended exam was applied to 2552 tenth-grade students studying at 19 high
schools under Istanbul Provincial Directorate of National Education and 299 students from two high
schools were tested in the second stage. In the last stage 10 students were interviewed. Errors and
misconceptions of the students in the questions covering the analytic geometry were examined.

At the end, it was concluded that knowledge levels, errors and misconceptions of students in the
analytic geometry should be identified to use proper instructional strategies. It is necessary to design
different activities to improve the levels of students who cannot comprehend the analytic geometry on
the level of their classrooms. This will ensure that the whole classroom achieves the same compre-
hension level. A decrease in errors and misconceptions will be observed and misconceptions will be
identified more easily. Eliminating the misconceptions is possible by getting beyond the traditional
instructional methods and keeping the teacher from the role of information transferer and the student
from the role of passive listener.
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Let E3 be 3-D Euclidean space endowed with a scalar product (-, -) and cross-product - x - , and let ¢ :

S? < 3 stands for the inclusion map of 2-D sphere S? into E3: ¢ (S?) := {x e B3 : x| = (x,x) = 1}.
We consider a partial case of Newton equation

Vit = f(tw,x) + P(tw, x)& (1)

that governs the motion of quasiperiodically excited particle on S?. Here V stands for the Levi-Civita,

connection of naturally induced Riemannian metric on S2, {f(¢, )}perk is a smooth family of vector

fields on S? parametrized by points of the standard k-dimensional torus T* := R* /27ZF {P(¢,-)} pETF

is a smooth family of (1,1)-tensor fields, and w € R* is the basic frequency vector with rationally
independent components. For Eq. (1), there naturally arise the problem of quasiperiodic response,
i.e. the existence problem for w-quasiperiodic solution ¢ — z(t) := u(tw) associated with a continuous
mapping u(-):T* — S? . Such a solution is said to be hyperbolic if the corresponding system in
variations

Vimmn=¢
Va:(t)C = [Vf (tw7 33) U R(na 33‘).%’ + VP (twa .%‘) (777 .%') +P (tw7 JJ) C]x:x(t) )
where R is the Riemann curvature tensor, is exponentially dichotomic.

We consider the case where the charged particle of unit mass is constrained to move on ¢ (82) =

{x cE3: ||XH2 = 1} by the applied force ® represented in the form

®(tw,x,%X) = —Lag + E(tw) + % x B(tw).
[x —al]
Here a € E? is a constant vector with norm a := |a||; E(-) : T¥ — E3 and B(-) : T* +— E3 are smooth

mappings. The force ® can be naturally interpreted as the superposition of the Coulomb force caused
by a charge placed at point a and the Lorentz force caused by the electric field E and the magnetic
field B. Let ¢, stands for the derivative of the inclusion map. In the case under consideration, the
forces affecting the motion of the constrained particle are

k k
- X R(tw) + <X+“ -
[+ ak| e+ k]
1 P(tw, z)& = x X B(tw) — (x x B(tw), x) x.

L f (tw, ) = f(tw, x) =

E(tw), x> X,

where x := 1(x), X := 1.&, k := —a/a. First consider the case where the influence of magnetic field
can be neglected.

Theorem 1. Let B(p) = 0. If there holds the inequality
_a
(1+a)®
and there exists a point pg € TF such that E(¢o) [k, then the system of charged particle on S? has a

unique w-quasiperiodic solution t — x(t) such that 0 < (x(t),k) <1 for allt € R where x(t) := tox(t).
This solution is hyperbolic.

— (E(p),k) >0 VYpeT* (1)
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This theorem is obtained by applying results of [1]. We essentially use the so-called U- monotonicity
property of the system V;& = f in the hemisphere ST := {z € §?: 0 < (1(z),k) < 1}.

Namely, to ensure such a property we have constructed a function U(-) € C*°(S*+— R) satisfying
the conditions

(VU(z), f(¢, 7))

A, ) + 5 >0, ple)>2 Y(p,z)eTFxSt
where
Ap(p, ) = min {W}
neT,S? ||77||
. V., VU (z), VU (z), )2
po (@) = min (Vs (2) m _ (VU( )277> |

When B(yp) # 0, we restrict ourselves to the case where (E(y),k) = 0 and B(p) L E(p). We
show how to establish sufficient condition for the existence of hyperbolic w-quasiperiodic solution in
the domain {z € §?: 0.5 < (1(z),k) < 1}. Set

E:=max |[E(¢)|, B :=max|B(s)]
p€eTk peTk
Define zy = 24 (B, E) and z, = z.(B, E), respectively, as the greatest roots of the equations

J(2) ::zz—B—Qz—ﬁ(E—i—l):O,

4
23 B2
I(z) = 3 §22 —V3(E+1)z=1(zy) +V3(E +1)z4.
It turns out that the sought sufficient condition take the form
4a

AE
> ma QBzz*,+B2}.
(1+a)? X{ V3
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An ultrametric on a set X is a function d: X x X — R R = [0, 00), such that for all z,y,z € X:
(i) d(z,y) = d(y,z),
(i) (d(z,y) =0) & (z = y),
(iii) d(z,y) < max{d(z,z),d(z,y)}.
The pair (X, d) is called an ultrametric space. If condition (iii) is omitted, then (X, d) is a semimetric
space, see [1]. The spectrum of a semimetric space (X, d) is the set

Sp(X) = {d(z,y): =,y € X}.

Recall that a graph is a pair (V, E) consisting of a nonempty set V' and a (probably empty) set E
elements of which are unordered pairs of different points from V. For a graph G = (V, E), the sets
V =V(G) and E = E(G) are called the set of vertices and the set of edges, respectively. A connected
graph without cycles is called a tree. A tree T' may have a distinguished vertex called the root; in this
case T is called a rooted tree. With every finite ultrametric space (X, d) it is possible to associate a
labeled rooted tree T'x, which is called a representing tree of the space X, see, for example, [2, P. 109].

Definition 1. Let 77 and 75 be rooted trees with the roots v1 and vy respectively. A bijective function
V: V(T1) — V(T2) is an isomorphism of 77 and T if

({z,y} € E(Th)) & ({V(z), ¥(y)} € E(T2))
for all z,y € V(T1) and ¥(v1) = vy. If there exists an isomorphism of rooted trees 77 and T5, then we
will write T7 ~ T5.

Definition 2. Let (X, d) and (Y, p) be semimetric spaces. A bijective mapping ®: X — Y is a weak
stmilarity if there exists a strictly increasing bijection f: Sp(X) — Sp(Y') such that the equality

fld(z,y)) = p(®(z), (y))

holds for all z, y € X. If ®: X — Y is a weak similarity, then we write X =Y and say that X and YV’
are weakly similar.

The notion of weak similarity of semimetric spaces was introduced in [3] is a slightly different form,
where also some properties of these mappings were studied.

Denote by R the class of finite ultrametric spaces X for which Tx has exactly one inner node at
each level except the last level. The rooted tree Tx without the labels we will denote by T'x.

The next theorem gives a description of finite ultrametric spaces for which the isomorphism of
representing trees implies the weak similarity of the spaces.

Theorem 3 ([2]|). Let X be a finite ultrametric space. Then the following statements are equivalent.
(i) The implication (Tx ~Ty) = (X 2Y) holds for every finite ultrametric space Y.
(il)) X € R.

Denote by ® the class of all finite ultrametric spaces X such that the different internal nodes of T'x
have the different labels. It is clear that R is a subclass of ©. A question arises whether there exist
finite ultrametric spaces X, Y € © which do not belong to the class R and for which the isomorphism
of Tx and Ty implies X 2y.
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Let us define a rooted tree T' with n levels by the following two conditions:

(A) There is only one inner node at the level k of T" whenever k < n — 1.

(B) If w and v are different inner nodes at the level n — 1 then the numbers of offsprings of u and v
are equal.

Denote by ¥ the class of all finite ultrametric spaces X for which Tx satisfies conditions (A) and

(B).

Theorem 4 ([2|). Let X € ® be a finite ultrametric space. Then the following statements are equiva-
lent.

(i) The implication (Tx ~Ty) = (X ZY) holds for every finite ultrametric space Y € D.
(i) X € T.
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Let M be a closed smooth 3-manifold and f,g: M — R be smooth functions.

Definition 1. Functions f,g: M — R are called topologically equivalent if there are homeomorphisms
h: M — M and k : R — R such that f oh = ko g. If k additionally preserve the orientation of R, f
and g are called topologically conjugated and homeomorphisms k, g by conjugated.

The problem of topological classification of Morse functions was solved in [1| and [2] for closed
manifolds of different dimensions. The same result for arbitrary functions with isolated critical point
on closed 2-manifolds was obtained in [3]. The relevance of this problem is contributed by the close
connection with the Hamiltonian dynamical system’s classification in dimensions 2 and 4. Local topo-
logical classification with isolated critical points and global topological classification with 3 critical
points on oriented manifold were obtained in [4] The main issued of this research is to get similar
results in non-oriented case.

It is known [3] that if p is an isolated critical point, y = f(p), then there exists closed neighborhood
U(p) such that

fHy)NU(p) = Con(US}).
Here Con(US}) is a cone on a disjoint union of circles S}
the centers of which are pasted together.

In order to describe the behavior of function in a neighborhood of critical point p we will construct
a tree (graph without cycles) G'f,. Let U(p) be the neighborhood described above, which boundary is
the sphere S? and d(f~!(y) NU(p)) = US; is the union of the embedded circles. To each component
Dj of S2\ USZ»1 we put in correspondence vertex v; of the graph Gf, and to each circle Si1 we put
an edge e;. The vertex v; is incident to ¢; if the boundary of D; contains S}. Thus, v; and v; are
connected by an edge if D; and D; are neighbor.

, that is the union of two-dimensional disks,

Theorem 2. Let p and g be isolated critical points of smooth functions f : R? = R! and g : R? — R!
correspondingly. Then there are neighborhoods U of p and V' of ¢ and homeomorphisms h : U — V
and k : R — R such that f o h = ko g if and only if graphs G f, and Ggq are isomorphic.

We construct a distinguishing graph G f for the function f with 3 critical points on 3-manifold, such
that it has the following properties:

1) The vertices of the graph are divided into four types: white, black, gray and non-colored. The
number of vertices of each color (the first three types) is same. The non-colored vertices have degree
3. Each white vertex is equipped with the orientation number (+1 or —1).

2) If from the graph we remove vertices of one color and edges that incident to them, we obtain
simply-connected graphs (tree) G f/.

Theorem 3. Let f,g : M — R be smooth functions that have three critical points on a smooth
closed 3-manifold. The functions f and g are conjugated if and only if their distinguishing graphs are
equivalent.
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Example 4. The number of

(1) topologically non-equivalent and topologically non-conjugated functions defined on S*xS?
equals 1;

(2) topologically non-equivalent functions with three critical points on S'xS?#S! xS? equals 16;

(3) topologically non-conjugated functions defined on S xS24S! % S5? equals 24.
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A note on similarity of matrices
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(IAPMM NAS of Ukraine, L’viv, Ukraine)
E-mail: v.prokip@gmail.com

Let F be a field of characteristic 0. Denote by F,,«, the set of m x n matrices over F and by
Fruxnl®1, T2, , x,) the set of m x n matrices over the polynomial ring F[xy, z2,, z,]. Denote by GL(n,TF)
the group of invertible matrices in F,,«,. In what follows, we denote by I,, the n x n identity matrix
and by 0,1 the zero m x n matrix. The Kronecker product of matrices A = [ ajj ] € Fpuxn and B is
denoted by
anB e alnB
A®B= :

amB ...  amnB

Matrices A € F,«p, and B € F, «,, are said to be similar, if there is a nonsingular matrix P € Fp«p
such that A = PBP~!. Two tuples of n x n matrices over F

A:{Al,AQ,...,Ak} and B:{Bl,BQ,...,Bk}
are said to be simultaneously similar if there exists a matrix U € GL(n,F) such that
A =U"'BU  forall =12, ..,k

The task of classifying square matrices up to similarity is one of the core and oldest problems in
linear algebra (see [2], [4], [5], [9], [7] and references therein), and it is generally acknowledged that
it is also one of the most hopeless problems already for k& = 2. Standard approaches for deciding
similarity depend upon the Jordan canonical form, the invariant factor algorithm and the Smith form,
or the closely related rational canonical form. In numerical linear algebra, this leads to deep algorithmic
problems, unsolved even up to this date, that are caused by numerical instabilities in solving eigenvalue
problems or by the inability to effectively compute sizes of the Jordan blocks or degrees of invariant
factors, if the matrix entries are not known precisely.

The purpose of this report is to give an exposition of geometric ideas to solution of similarity
of matrices over a field. We propose new necessary and sufficient conditions under which matrices
A €F,x, and B € F,«, are similar.

Chris Byrnes and Michael Gauger 6] derived a new type of rank conditions for algebraically deciding
similarity of arbitrary pairs of matrices over a field F. Their main result is that two matrices A, B €
F,,xn are similar if and only if the following two conditions hold:

1. The characteristic polynomials coincide, i.e. det(l,x — A) = det(I,z — B).

2. rank ([, ® A— AR I,) =rank ([,B—-—B®I,) =rank (B® I, — I, ® A).

In subsequent work by J.D. Dixon [1] it was shown that the first condition on the characteristic
polynomials is superfluous, so that similarity can be solely decided based on rank computations. He
proved that two matrices A, B € [, «,, are similar if and only if

r?(A,B) = r(A, A)r(B, B).

Here (A, B) = rank (B ® I,, — I, ® A) and similarly for r(A, A) and r(B, B).
Over an algebraically closed field, S. Friedland [3] showed the closely related linear dimension in-
equality

2dimKer(B® I, — I, ® A) < dimKer(A® I, — [,, ® A) + dimKer(B® I,, — I,, ® B)

and proved that equality holds if and only if matrices A and B are similar.
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For given two matrices A, B € F),«,, we define the matrix
M=[A®IL,—I,®B | €Fu2yp,.
For matrix M there exist a matrix W € GL(n?,F) such that

0l71 Ol,n271
Hl Oml,n271
MW = Hpy = |Hz 0y, 22
Hk Omk,r
is the lower block-triangular matrix and [ is the number of first zero rows of matrix M. The matrices
H; are defined as follows:

* ok * ok k%

1 0 1 0 ... 01
H, = |:*:| S Mml,l(F)y Hy = |: :| S Mm272(F), H, = |: :| S Mmr,ngfr(F)
and [ +my +mg + - - +mg = n>.
The lower block-triangular matrix H) is called the Hermite normal form of the matrix M and the
form Hyy is uniquely determined by M (see [8]). It is evident that rank Hy; = n? — 7.

Let z1,x9,...,z, be independent variables. Consider the vector
Ora]  [Wiler,-oa)] [
T Wg(xl,...,xr) IVQ(T)
W . == . — . an271[x17x27"'7$7‘]7
Ly Wn(xlw"axT') Wn(f)

where Wi(z) = Wi(x1,...,x,) € Fyal[z1. 22,. .., 2,]. Put

W(f) = [Wl (f) WQ(T) . Wn(f)] € an[xl, T2y ... ,177»].
Theorem 1. If matrices A, B € F,,,, are similar over F then rank M < n? —n.
Theorem 2. Matrices A, B € I, «y, are similar over F if and only if matrizc W () is nonsingular.

Corollary 3. If A= B € F, «, then matrizc W(T) is nonsingular.
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Inversion with respect to an elliptic cycle of a hyperbolic plane of
positive curvature
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In the Cayley—Klein projective interpretation, the hyperbolic plane H of positive curvature (see,
for instance, [1], [2]) is defined as the exterior (with respect to the oval curve ~, called the absolute
of the plane H ) domain of the projective plane P». A complete Lobachevskii plane A? is realized on
the domain of the plane P, that is interior with respect to the oval curve 4. The planes A? and H are
components of the expanded hyperbolic plane H2. The group G of projective automorphisms of the
oval curve = is the fundamental group of transformations for H ., H?, and the Lobachevskii plane A2,

In articles [3] and [4], we studied the inversion of the plane H with respect to a hypercycle and a
horocycle, respectively. In the present work we investigate the inversion I with respect to an elliptic
cycle of the plane H. We obtain the analitical expression of the inversion in the canonical frame of the
first type, and we define the images of lines and cycles which are concentric with the inversion base.
Also we investigate the horizons of elliptic and hyperbolic cycles of the plane H.

We formulate the main results of our research in the following theorems. We denote the cycle of the
plane H with centre S and radius r by w(S,r).

Theorem 1. Let w(S,r) be an elliptic cycle of the hyperbolic plane H of positive curvature. Assume
that a hyperbolic cycle wo(S,ro) of the plane H has the common horizon &(S,7) with w(S,r). Then
the inversion I with respect to the elliptic cycle w(S,r) possesses the following properties.

1. The cycles w(S,r) and wo(S, o) are invariant under the inversion I. The cycle &(S,7) corresponds
under I to the absolute of the plane H.

2. An elliptic cycle we(S,re) of H corresponds under T to an elliptic cycle w(S,rl) with radius 7,
which satisfies the following conditions:

pov/

tg,—e = tanh !
p

P

Te

r! r
tg —¢ = tg® — ctg
p p

Te
ctg —, tg
p
where p, p € Ry, is a curvature radius of the plane H.

The cycles we(S,re) and wl(S,r) lie in the different domains of the point S valiana with respect to
the cycle w(S,r). If r = wp/4, then the height of the cycle w.(S,r.) is equal to re.

3. Assume that r < wp/4, that is, the cycles w(S,T) and wy(S,ro) lie in the plane H.

If a hyperbolic cycle wy (S, ry,) of the plane H? is ixterior with respect to the cycle @(S,7), then under
I the cycle wp(S,ry) corresponds to an equidistant w) (S,7}) of the plane A%. In this case the module
of the height of the equidistant wy, (S, r},) grows when the radius of the cycle wp (S, rp) grows.

If a hyperbolic cycle wy,(S,r1,) of the plane H? lies between the cycles w(S,7) and wo(S,70), then
under I the cycle wp (S, rp) corresponds to a hyperbolic cycle w) (S, 7)) between the absolute of the plane
H and the cycle wo(S,ro). In this case the cycles wp(S,rp) and wj (S, 1},) together approach the cycle
wo or move away from this cycle.

4. Assume that r = wp/4, that is, the cycles @ and wy coincide with the absolute of the plane H. The
hyperbolic cycle wy, (S, rp) of the plane H corresponds under the inversion I to an equidistant wj (S,7},)
of the Lobachevskii plane. In this case the module of the height of the equidistant wj (S, 1) grows when
the radius of the cycle wp(S,ry) grows.

5. Assume that r > mp/4, that is, the cycles @ and wy are equidistants of the plane A2
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Let wy, be an equidistant of the plane A%, and let wy, lies in the interior domain with respect to the
cycle w. Then wy, (S,rh) corresponds under the inversion I to the hyperbolic cycle w} (S,r}) of the

plane H. In this case the module of the height of the equidistant wy(S, 1) grows when the radius of
the cycle wj}, grows.

Let wy, be an equidistant of the plane A%, and let wy, lies between the equidistants @ and wo. Then
wp (S, 1) corresponds under the inversion I to the equidistant wj, (S, 1)) which lies between the absolute

of the plane H and the equidistant wo. In this case the equidistants wp(S,74) and wy, (S,7},) together
approach the equidistant wg or move away from this equidistant.

6. The radius 1}, of the image w}, of a hyperbolic cycle wy, of the plane H? under the inversion I can
be expressed by the formulae:

/ / ~
tanh Th _ tg? r coth r—h, tanh Th tanh r coth T—h, tanh -2 ! = tanh? = 10 coth —
P p p p P P P P P’
Theorem 2. The image I’ of a line | under the inversion I with respect to the elliptic cycle w of the
plane H is symmetric with respect to the common point of the line | and the base of w. The curve I’
contains the centre of the cycle w, the absolute points of this cycle, the pole of the line | with respect to
the cycle w, and the points of intersection of the line | with w.

If the line l is the axis of an elliptic cycle w of the plane H, then the image of | under the inversion
I with respect to w is couple of lines containing the line I and the base of the cycle w.

If the line | passes through an absolute point X of the cycle w, then the image of the line | under
the inversion I is couple of lines containing the parabolic line connecting the center of cycle w with its
absolute point X, and the hyperbolic line connecting the second absolute point Y of w with the point of
the intersection of I and w.

If the line | is the base of the cycle w, then the image of | is the couple of parabolic lines with the
common point at the cycle w centre.

If the pole of the line I with respect to the cycle w lies in the plane A2, then the image of the line
is a hyperbola (see [5], [2, Section 2.3|) of the plane H.

If the pole of the line | with respect to the cycle w lies on the absolute of the plane I;T, then the image
of the line | is a hyperbola of the plane H which has one branch and one interior domain.

If the pole of the line | with respect to the cycle w lies in the plane H and the point of the intersection
of the line | with the base of w lies in the plane A%, then the image of the line | is a bihyperbola (see
[5], [2, Section 2.3]) of the plane H which has one interior domain.

If the pole of the line | with  respect to the cycle w and the point of the intersection of the line | with
the base of w lie in the plane H then the image of the line | is a bihyperbola of the plane H which has
two interior domains.

REFERENCES

[1] Romakina L. N. Geometry of the hyperbolic plane of positive curvature. P. 1: Trigonometry, Publishing House of the
Saratov University : Saratov, 2013.

[2] Romakina L. N. Geometry of the hyperbolic plane of positive curvature. P. 2: Transformations and simple partitions,
Publishing House of the Saratov University : Saratov, 2013.

[3] Lyudmila N. Romakina. Inversion with respect to a hypercycle of a hyperbolic plane of positive curvature. J. Geom.,
107(1) : 137-149, 2016.

[4] Romakina L. N. Inversion with respect to a horocycle of a hyperbolic plane of positive curvature. Tr. Inst. Mat.,
25(1) : 82-92, 2017.

[5] Romakina L. N. Oval lines of the hyperbolic plane of positive curvature. zv. Saratov Univ. (N.S.), Ser. Math. Mech.
Inform., 12(3) : 37-44, 2012.



53

On the relationship between the Smith normal forms of matrices and
of their least common multiple

Romaniv A. M.
(Pidstryhach Institute for Applied Problems of Mechanics and Mathematics NAS of Ukraine)
E-mail: romaniv_a®@ukr.net

Let R be a commutative principal ideal domain with 1 # 0, M,,(R) be a ring n x n matrices over R
and let A, B € M,(R).

If A = BC, then we will say that B is a left divisor of matrix A and A is a right multiple of B.
Moreover, if M = AA; = BB; then the matrix M is called a common right multiple of matrices A
and B. If in addition the matrix M is a left divisor of any other common right multiple of matrices A
and B then we say that M is a least common right multiple of A and B. ( [A, B], in notation).

In the 80’s of the last century, M. Newman formulated the problem to establish of the relationship
between the Smith normal forms of matrices and of their least common multiple and greatest common
divisor over commutative principal ideal domain. The most important results in the study of M.
Newman’s problem are obtained in the papers [1], |2, 3] and [4].

Let A be non-singular n x n matrix over R. Then there exist invertible matrices P4, Q4 , such that

P4AQy = E = diag(e1,€2,...,6n), where ¢ileiy; ,i=1,...n—1.
The matrix E is called the Smith normal form, P4 and Q4 are called left and right transforming
matrices for matrix A. Denote by P4 the set of all left transforming matrices for matrix A. Let the
Smith normal form of the matrix B is
B ~ A =diag(61,92,...,0n), where §;|0i41,i=1,...n—1.
Consider the set of matrices
L(E,A) ={L e GLy(R) | 3L; € My(R) : LE = AL;}.
Theorem 1. Let R be a commutative principal ideal domain and let
A ~diag(l,e,...,¢e), B ~diag(1,...,1,0),

PpPy' = ||sijl|}, Pz € P, Py € Pa. Then

[A, B], = (LaPa)"'Q = (LpPp)'Q,
where

W (,0)
Q= dw,g(m,e, .6 e, 0)),

Ly , Lp belong to sets L(Q, E), L(Q, A) respectively and satisfy the equality:
(PpP,;")L4 = Lp.
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Estimates for the surface with given average curvature
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Let S be a compact regular surface locally defined by equation 7 = r¥(u,v) in R3. Let a function
H(z,y, 2) be given in some locality of S. We consider a question of the existence some surface S7
homeomorphic to S, defined by an equation 7 = r°(u,v) + f(u,v)7°(u,v) and in each point A has
average curvature H(A). This problem has been considered in [1] (271-303) and in [2] for the case
when S is a sphere or a torus.

There are coordinate system (u, v, p) emerges in the locality of S, where (u,v) - local coordinates
on S and p is offset along perpendicular to S.

This problem reduces to the question of some second-order differential equation solvability on f(u,v)
within S . Evaluation of solution and of first derivatives of solution is required for the proof of solv-
ability of this equation.

Let S” be a surface defined by an equation r = °(u, v) 4 pi® (u, v) where p is a constant, such that
lp| < ¢. Here ¢ = mm(AEs’i:fz){ﬁ} and k;(A) are main normal curvatures of S at the point A.

P p— k4 _ky
Average curvature of S” equals H” = 1= ohr T Tk

We represent H as the sum
H(u,v,p) = H(u,v,p) + h(u,v, p).
Theorem 1. If a and b are constants and —c < a < b < c, and if
h(u,v,p) <0 when p<a,
h(u,v,p) >0 when p>0b,
there are the following estimates hold for the function f(u,v):
a < f(u,v) <b.
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Kinematic renormalization of energy in the gravity
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The Lagrangian in the theory of gravity in the affine frame (TGAF) [1] is
Ly= 5559bd’73c75d> (1)
where 65: is the alternator, e, = hf,0), is the affine frame in the Riemann space, and gq = €, - €y, Ve

are coefficients of the torsion-free and metric-compatible affine connection in the affine frame e,.
Under GLY-transformations e/, = Lg/ e Lagrangian L. is transformed by the rule:

Ly =Ly, +V,AVY, (2)

where AV? = 67/ gbd&,Lg,Lg. Transformation (2) is canonical transformation and don’t changes the
equations of motions — Einstein equations:

Gh =-VeBi7 -t =1, (3)
but changes energy-momentum tensor of the gravitational field t4 and the superpotential B5? of the
complete energy-momentum tensor of the gravitational and matter fields Ty = th + 74"

1 g
ta' =th — ﬁahg(v —gVeAVT), (4)
B" = BM 4 3ayhg VAV, (5)

This changing permits to renormalize the complete energy by changing general reference frames.
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Fuzzy metrization of the spaces of idempotent measures
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Let X be a compact Hausdorff space. As usual, by C'(X) we denote the space of continuous functions
on X endowed with the sup-norm. For any ¢ € R, we denote by cx the constant function on X taking
the value c.

Let Ryax = RU{—00}. We consider the natural order on Ry,,x. We also use the following traditional
notation from idempotent mathematics: @ for max and ©® instead of 4 (this may concern either
numbers or functions).

A functional p: C'(X) — R is said to be an idempotent measure (Maslov measure) if the following
holds: (1) p(ex) = ¢; (2) (e @) = pl(e) ® p(); (3) p(A©p) = (A® pp). Remark that the notion of
idempotent measure is a counterpart of the notion of probability measure in the so called idempotent
mathematics.

The set I(X) is endowed with the weak™ topology (see [1]). Actually, the construction I determines
a functor in the category of compact Hausdorff spaces. The space [(X) is known to be metrizable for
metrizable X.

The aim of the talk is to provide a fuzzy metrization of the space I(X) for fuzzy metrizable X. We
use the notion of fuzzy metric in the sense of George and Veeramani [2|. Recall that a triple (X, M, x)
is said to be a fuzzy metric space if X is an arbitrary set, * is a continuous t-norm and M is a fuzzy
set on X x X — (0, 00) satisfying the following conditions for all z,y,z € X and s,t € (0, 00):

(1) M(z,y,t) > 0;

(2) M(z,y,t) =1 1if and only if z = y;

(3) M(z,y,t) = M(y,z,1);

(4) M(z,y,t) « M(y,z,s) = M(z,z,1 + s);
(

5) the function M (z,y,-): (0,00) — [0, 1] is continuous.

Our approach is based on the notion of density of idempotent measure. Also, we use the fuzzy
Hausdorff metric on the hyperspaces of fuzzy metric spaces [3]. We also show that the obtained
construction determines a functor in the category of compact fuzzy metric spaces and non-expanding
maps. We establish some properties of this functor related to the notion of monad.
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General form of the Maxwellian distribution with arbitrary density
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The kinetic Boltzmann equation is one of the central equations in classical mechanics of many-
particle systems. For the model of hard spheres it has a form [1, 2]

D(f) = Q(f, f)- (1)

As, analogous to [3], we will also consider the distribution function of the form:

+oo
f= [du [ dott.a.upri(e,u.p), (2)
RS 0
which contains the global Maxwellian
3
2
Mvup) = (2) oo Q
T

It is required to find ¢(t,z,u,p) and the behavior of all parameters so that the uniform-integral
(mixed) or pure integral remainder [4], i.e. the functionals of the form

A= D(f dv,

tiugw / \ QS f)l (4)

A _/dt/dfr/D Q(f, fldv, (5)
Rl R3

become vanishingly small.

In this work we succeeded a few to generalize results, which obtained in [3|, where distributions
generalize bimodal distributions obtained earlier. It was assumed that the mass velocity of the global
Maxwellian does not take fixed discrete values and becomes an arbitrary parameter taking any values
in R3. Now we constructed the continual approximate solution of the Boltzmann equation (1) with
arbitrary density [5].

Also some sufficient conditions which minimized the uniform-integral remainder and pure integral
remainder between the left- and the right-hand sides of this equation are founded.
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The commutator and centralizer of Sylow subgroups of alternating
and symmetric groups, its minimal generating set
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Given a permutational wreath product sequence of cyclic groups [1, 3| of order 2 we research a
commutator width of such groups and some properties of its commutator subgroup. Commutator width
of Sylow 2-subgroups of alternating group Ay, permutation group Sor and C, ! B were founded. The
result of research was extended on subgroups (SyloAsk)’, p > 2. The paper presents a construction of
commutator subgroup of Sylow 2-subgroups of symmetric and alternating groups. Also minimal generic
sets of Sylow 2-subgroups of A,x were founded. Elements presentation of (SylaAgk)’, (SylaSar)’ was
investigated. We prove that the commutator width [2] of an arbitrary element of a discrete wreath
product of cyclic groups Cp,, p; € Nis 1.

Lemma 1. For any group B and integer p > 2, p € N if w € (B1C)) then w can be represented as
the following wreath recursion

k
W= (11,79, Tp_1,7] Ty Hfi’gJ
j=1

where 1,...,1p—1, fj,9; € B, and k < cw(B).
Lemma 2. An element (g1,92)0" € G}, iff 1,92 € G—1 and g1g2 € Bj,_;.
Lemma 3. For any group B and integer p > 2 inequality

cw(BCy) < max(1l, cw(B))

holds.
Corollary 4. If W = Cp, 1... 200y, then for k> 2 cw(W) = 1.
Corollary 5. Commutator width cw(Syl,(S,x)) = 1 for prime p and k > 1 and commutator width
cw(Syly(Aye)) =1 for prime p > 2 and k > 1.
Theorem 6. Elements of SylaSi, have the following form SylaSy, = {[f,1] | f € By,l € Gp} =
{ll. f11 f € Bi,l € Gk}
Theorem 7. Commutator width of the group SylaAqr equal to 1 for k > 2.

Proposition 8. The subgroup (sylaAgr)' has a minimal generating set of 2k — 3 generators.
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We consider two-placed functions defined on an arbitrary set @, called carrier, whose domain is
Q@ x @ and the functions are called binary operations. Left and right multiplications are defined on the
set of all binary operations Oy by

(f@9)(@.y) = flg(z,y).y) and (f@g)(w,y) = flz,g(z.1))
respectively. The obtained groupoids (Os; ?) and (Oq; @) are called left and right symmetric monoids.

An operation f is called left (right) invertible if it has an invertible element “f ("f) in the left (right)
symmetric monoid and invertible if both are true. ’f and "f are called left and right divisions. The
sequence f, °f, "(*f), "f, ... consists of at most six different operations called parastrophes of f:

(10, T25) = T35 & f(x1,22) =23, 0 € S3:= {7 |7 is a permutation of {1,2,3}}.

Every parastrophe of an invertible operation is invertible. In other words, the set of all invertible binary
operations Ay defined on a carrier ) is parastrophically closed. The group Ps(f) :={7|7f = f} is a
subgroup of Ss and called parastrophic symmetry group of f. (Q; f,°f,"f) is quasigroup, if f is invertible
operation and @ is its carrier. If, in addition, the operation f is associative, then the quasigroup is a
group, i.e., it has a neutral element and every element has an inverse.

Two operations f and g are called isotopic if there exists a triple of bijections (d,v,~) called an
isotopism such that f(x,y) := vg(6~'z,v 1y) for all 2,y € Q. An isotope of a group is called a group
isotope. A class of quasigroups is called a variety if it described by identities.

In most cases solving a problem for some set ® of invertible functions, we solve it for all parastrophes
of functions from ®. That is why @ is suppose to be parastrophically closed. Very often it is difficult
or even impossible to find the general solution of a problem for all operations from &.

Partition problem: Find a partition of the given parastrophically closed set of invertible func-
tions into parastrophically closed subsets with respect to the given property.

The second author [1] solved this problem for group isotopes with respect to parastrophic symmetry
group. Here we consider a partition of group isotopes on an arbitrary carrier with respect to the
property of linearity. Let (Q;-) be a group isotope and 0 be an arbitrary element of @, then the right
part of the formula z -y = ax + a + Py is called a 0-canonical decomposition, if (Q;+,0) is a group
and a0 = S0 = 0. An arbitrary element b uniquely defines b-canonical decomposition of an arbitrary
group isotope [2].
In this case: the element 0 is a defining element; (Q; +) is a decomposition group; a is its free member;
a is its left, i.e., 2-coefficient; B is its right, i.e., 1-coefficient; JaB™' is its middle, i.e., 3-coefficient.
An isotope of an arbitrary group with a canonical decomposition x -y = ax + a + Sy is called
o (strictly) i-linear, if the i-coefficient is an automorphism of the decomposition group, where
i =1,2,3 (another coefficients are neither automorphism nor anti-automorphism);
o (strictly) i-alinear, if the i-coefficient is an anti-automorphism of the decomposition group,
where i = 1,2, 3 (another coefficients are neither automorphism nor anti-automorphism);
e semi-linear or one-sided linear, if it is i-linear for some 7 = 1, 2, 3;
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semi-central or one-sided central, if it is semi-linear and its decomposition group is commutative;
central if it is linear and its decomposition group is commutative;

semi-alinear or one-sided alinear, if it is i-alinear for some 7 = 1, 2, 3;

ij-linear, if it is ¢-linear and j-linear; linear, if it is ¢-linear and j-linear for some i # j;
alinear, if it is i-alinear for all 7,5 € {1,2,3}.

anti-linear, if all its coefficients are neither automorphism nor anti-automorphism.

Theorem 1. All group isotope operations on an arbitrary carrier is parted into the following paras-
trophically closed blocks: 1) strictly semi-linear operations whose decomposition groups are not commu-
tative; 2) strictly semi-alinear operations whose decomposition groups are not commutative; 3) linear
operations whose decomposition groups are not commutative; 4) alinear operations whose decomposition
groups are not commutative; 5) strictly semi-central operations; 6) central operations; 7) anti-linear
operations.

Theorem 2. Let i € {1,2,3} and o € Ss. If a group isotope is i-linear (i-alinear), then its o-
parastrophe is ic " -linear (ioc~'-alinear).

Quasigroups with linearity form 14 varieties: 1) three pairwise parastrophic vatieties of one-sided
linear quasigroups: left £, right £, and middle £,,; 2) three pairwise parastrophic vatieties of one-
sided alinear quasigroups: left £, right £,, and middle £,,,; 3) three pairwise parastrophic vatieties
of linear quasigroups: left-right linear £, (consequently they are middle alinear), left-middle linear £¢,,
(consequently they are right alinear) and right-middle £, linear (consequently they are left alinear);
4) a variety consisting of all left-right-middle alinear quasigroups £,; 5) three pairwise parastrophic
vatieties of one-sided central quasigroups: left £, right £,. and middle £,,.; and 6) the variety of all
central quasigroup £.. The varieties form the following semi-latice.

£ £, Lo Lina Lra Lia

P
e
/‘yg}\
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Let D be a domain in C and p: D — C be a measurable function with |u(z)| < 1 a.e. in D. The
linear PDE

fz=n(2)f (1)

is called the Beltrami equation; here z = x + iy,

1 1
ffzi(fm‘i’ify)a fzzi(fx_ify)-

The function p is called the complex dilatation.
Let 0: D — C be a measurable function, and m > 0. We consider the following nonlinear equation

fr=a(re®) | fo™ fo. (2)
written in the polar coordinates (r,6). Here f, and fy are the partial derivatives of f in r and 6,
respectively, satisfying
rfr=zf.+2fz, fo=1i(zf. = Zfz).
The equation (2) in the Cartesian coordinates has the form
A(2)|zf. — Zfz|™

Je = A(z)]zfz—ifg\m—i-ljfz’ (3)

where A(z) = o(2) |z 1.
Note that in the case m = 0, the equation (2) is the usial Beltrami equation (1) with the complex
dilatation
A(z) -1
A

ME) =S Ao+

Let B={z€C:|z| < 1}.

Theorem 1. Let f: B — B be a reqular homeomorphic solution of the equation (2) which belongs to

Sobolev class T/VI})C?, and normalized by f(0) = 0. Assume that the coefficient o : B — C satisfies the
following condition

m+1
dzd
lim inf 2// Tey —— <opg<00.
r—0 mr |Z Imo- m+1
|z|<r

Then X

lim inf |/ (2)] < cm O'OR < 00,
z—0 ]z‘

where ¢, 1 a positive constant depending on the parameter m.
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The idea of loess as a natural multi-fractal was formed in the works of Bird [1], Russell [2]. On the
basis of the fractal characteristics of the pore and particle structure, there were obtained theoretical
models describing diffusion, deformation of the compaction and the shift of the medium [3], [4]. In [2]
the distribution function Ng(L > ds) of the particles sizes is defined as the number of particles of the
size L such that L > dgz, where ds runs over the real numbers. The fractal dimension of the particle
size distribution function is defined as follows

In the presented paper we study subsidence of soils, which are eluvial, eluvial-deluvial loess-like
deposits of the Middle-Upper Pleistocene age, lying on the Right-Bank Loess Upland Plain (Middle
Dnieper, Ukraine). Under some additional conditions of fractal nature of the loess soil and developing
methods introduced in our paper [5] we obtained certain predictive estimations of the coefficient of
porosity after the disintegration of micro-aggregates.

The particles forming the ground may have only a finite set of sizes. We denote these sizes
di,ds, ...,dp—1,d, ranging in decreasing order from the largest. We assume that o = o; = d;/d;_1,
where 2 < j < n , does not depend on j. This assumption corresponds to the idea of the self-similarity
of fractal structures. In addition, all known mathematical fractals are constructed on this principle.
Then we put 81 = 1 and By = (dj/dj_l)?’*Ds - (dj/dj_1)3 = a3 Ps — 3, where 2 < j < nand D, is
the fractal dimension of the particle size distribution function. As the structures formed by particles
of a fixed size are self-similar, we also assume that all these structures have the same coefficient of
porosity k, as well as the same porosity K, = k,/(1 + k,). We discovered that under such conditions
two different situations may occurred.

Theorem 1. In the above denotations, two different situations may occurred:
1. If K, > B2, then

er = (14 kp)di® %) /(P + Bo(Y

AP P)) -1

1s the porosity coefficient after the disintegration of micro-aggregates.

2. If K}, < B2, then
er = (14 kp)d,* P 4 (P + 82D dj ™ P))/(d® P+ 52(d

18 the porosity coefficient after the disintegration of micro-aggregates.

i) -1

Jj=2 Jj=2

Applying the obtained estimations for e; , we can obtain a predictive estimate of the volume defor-
mation by the following formula: € = e; — ey , where eg is the - coefficient of porosity in the initial
(natural) state and e; is the predicted value of the porosity coefficient. The results of our experiments
and calculations show that on the basis of a new theoretical models and the "Microstructure" tech-
nique, having the values of the fractal dimension of the particle size distribution function, it is possible
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to forecast the volume deformations after the disintegration of the micro-aggregates.. Depending on
the type of loess soil and the specific experimental conditions, this may be the amount of subsidence
deformation, swelling or suffusion.
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Presented work studies subspace of all primitives PB(n) in B(n) = (A(n —1)/A(n))*, with respect
to the coaction ¢} : B(n) — A* ® B(n), where the primitives are those elements o € B(n) for
which ¢} (o) = 1 ® «, here A* is dual Steenrod algebra. Modules B(n) were studied in [5, 6, 7].
Works [1, 2, 3, 4, 7| contain all useful notions and results: [3] studies structures of modules over
Steenrod algebra A and their duals in dual Steenrod algebra A* [2, 4]; [1] studies modules A(n) over
A generated by annihilators of cohomology classes with degrees no greater then n and A(n)* is the
corresponding dual module of A(n); In [5, 7], A(n)™ is defined as annihilators of cohomology operations
with excess greater then n, proved that as vector space over Z, it is generated by all monomials of
A* with multiplicity no greater then n and A(n)* can be considered both left and right comodule
over A*. The filtration described in [6] Theorem 1 property 2 and 3 yields PB(n) = |J, PB(n); and
PB(n); = @, PB(n);, where s is the number of 7 operations and where ¢ is the biggest index of such
operations. By property 4 Theorem 1 follows: P(B(n)¢/B(n);—1) ~ PB(n — 1);—1. Found properties
of PB(n); can be shortly summarized here:

Theorem 1 (Properties of PB(n); spaces ). (1) PB(n) = J, PB(n): and the following dia-
gram is commutative with exact rows and columns:

0 PB(n)y 1"~ PB(n); — > PB(n — 1),
0 B(n)1———— B(n); “— B(n— 1)1 ——0

R

0— > A*® B(n) 15 A* @ B(n) —C"4* @ B(n — 1)1 — 0

Here all denoted maps are induced by maps defined in Theorem 1 prope'rty 4 16].

(2) For even n: PB(n)_1 = PB(n)y = (£} > for odd n: PB(n)y = <§1 70) -
(3) PB(n); = @, PB(n); and the followmg diagram is commutative with exact rows and columns:

S
T

PB(n);_, "~ PB(n); PB(n—1);7}

B, B(n)f —— " B(n— 1)}

Id®if 4 Id®7rt
A*QB(n)i | —— A" Q B(n)] —>= A" Q B(n — 1);_

Here all denoted maps are induced ones as in (1).
(4) Composition of maps

PB(n)fydegC_>B(n)s,deg%)B(n)s,deg/(j ) B(n)s,deg)
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is monomorphism, here I = (£9,€3,&4,--+) is ideal in A*, where deg is degree. The dimension
of B(n)®%9 /(I N B(n)®%9) is less or equal 1.

(5) dim(PB(n)$%9) < 1.

(6) For map PB(2m+1); =% PB(2m);_1, &' € Im(mg) and fort > 0: £ ¢ Im(m;); if s > 1 and
a € PB(n); then a = o'7y.

(7) Denote J(n)*99 = B(n)*99 /(I N B(n)*99) then the following diagram is commutative:

s,deg
PB(n); " — PB(n —1); "1

m

s,deg
B(n); " — B(n— 1),

jn i]nl

J(n)s,deg J(n _ 1)8—1,deg—|7't|

These properties may be useful to find bases of PB(n); 4€9 spaces and PB(n) basis as result.
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Let B1(O) be the unit ball in R"®, n > 2 with center at the origin O and G C R" \ B;(O) be
an unbounded domain with the smooth boundary 0G. We assume that there exists R > 1 such
that G = Gog U Gr, where Gy is a bounded domain in R", Gg = {z = (r,w) € R"| r € (R, ),
we Qc St 8771 s the unit sphere}.

X

[

[ go—1 1

FIGURE 0.1. An unbounded cone-like domain

We consider the following linear problem :

2 (a¥ (2)ug,) + b (2)uq, + c(z)u = f(z), =€ G;

0
@)%+ (&) v =9(@), x € 9G; (L)
lim u(x) = 0;
|x|—o00
here a% = a"(x) cos(, xi)a%j, where 77 denotes the unit outward with respect to G normal to

0G, y(w) is positive bounded piecewise smooth function on 02 such that v(w) > 79 > 0 and

alz) = { (1)’ gi ;g’ D C 0G is the part of the boundary G, where the Dirichlet boundary

condition is posed.
We assume that the following conditions are fulfilled :

(a) the condition of uniform ellipticity :

ve? <a(z)6¢ < pg® Vo e, VEERY

v, =const >0 and lim a"(z) = (5{
|z| =00
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7

(b) a¥(x) € C%G), b(z) € Ly(G), p > n; for them holds inequalities

iraz‘ww)—azr?m(';), 2 (iw‘(m)ﬁ)é §A<|xl‘), e

ij=1 i=1
where A(t), t > 0 is a monotonically increasing, nonnegative function, continuous at zero and
lim A (1) =0;
r—00

(c) 0> c(x) € Lpo(G) N La(G);
(d) f(z) € Lyj2(G) N La(G);
(e) there exist numbers f1 >0, g1 >0, s > 0 such that |f(z)| < filz|7572, |g(z)| < g1]x|*7L.

In [1] we investigated the behaviour of weak solutions to the problem (L) in a neighborhood of
infinity assuming that the function A(¢) is Dini-continuous at zero in the meaning that the integral

d
/ @dt is finite for some d > 0. More precisely, we obtained the following theorem:
0

Theorem 1. If the function A(t) from assumption (b) is Dini-continuous at zero, then

1 ||, if s> —A\_;
o) < o (Il + A+ =) -4 o Infel, ars = A
Vo |z ~%, if 0 <s< =X,

—m—a/(n—2)2
where A\_ = 2" (; 2) +419, ¥ is the smallest positive eigenvalue of the eigenvalue problem for the
Laplace-Beltrami operator on the unit sphere.

In [3] our aim was to derive the estimate of the weak solution modulus for our problems near the
infinity under assumption that leading coefficients of the equations do not satisfy the Dini-continuity
condition. We obtained the following result:

Theorem 2. Let u(x) be a weak solution of problem (L) and assumptions (a)-(e) be satisfied with A(t)
which is not Dini-continuous at zero. Then for all € > 0 there are R > 1 and a constant Ce. > 0
such that for all x € G

lzP-Fe, if s> —A;

1
u(z)| < C: (HU||2,G +ht \/7091> ' { lZ|75,  if0<s<—A_.
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The precursors of decimal numbers were sexadecimal numbers of Babylonians [1, 240]. In their
fractions, the number 60 and its natural powers served as the denominator. These fractions were
called physical or astronomical because this number system was widely used in astronomy right up to
Renaissance.

The decimal number system has already been used in ancient China in the III-rd century BC. Liu
Hui, Chinese mathematician of that time, recommended to use fractions with 10, 100, etc. as the
denominator while extracting square roots. He meant the following rule:

1 —
\/a = W a102n.

The first systematic presentation. The theory of decimal numbers was systematically ex-
pounded by Samarkand mathematician Giyas-ad-din Jamshid ibn Mas’ud al-Kashi in his work 'The
Key to Arithmetics’ in the first half of the XVth century. He gave rules of arithmetics of decimals,
the rules for converting sexadecimal numbers to decimal ones. However, his works were unknown in
Europe. Al-Kashi separated the integer part of a number from its fractional part by a vertical line, he
inscribed its decimal place above each digit and etc.

Decimal numbers in Europe. In Europe the idea of decimal numbers was systematically devel-
oped by I. Bonfis from Tarascon (Southern France) in the mid of the XIV-th century. He described the
system of fractions in which 1 = 10 primas, 1 prima = 10 seconds, etc., and briefly explained the rules
of the basic operations on these fractions in his manuscript |2, 360]. Bonfis’s work called 'The Way
of Division’ was discovered only in the 20-th century. First decimal numbers in Europe were written
as integers in a certain agreed scale. For example, the trigonometric tables of Regiomontan (1467)
contained values magnified by 100,000 and then rounded up to the nearest integer.

The discovery and promotion of decimals in Europe is a merit of Flemish engineer S. Stevin. He
published his brochure 'De Thiende, La Disme’ in 1585, where he introduced the decimal system of
monetary units, measures, weights as the natural completion of the idea of decimal numbers [1, 243].
Stevin indicated the digit place by an encircled number after each digit (or above it). First using the
decimal point for writing decimal numbers occurred in 1592 |3, 56].

J. Wallis continued the work on the theory of decimal numbers. He proved that the fraction with the
denominator 25" can be turned into a finite decimal fraction in his "Treatise on Algebra’ in 1685. In
the XVIII century German mathematician J. Lambert proved that a purely periodic decimal fraction
can be turned into a usual fraction, i.e. it is a rational number |2, 367|. Deep properties of periodic
decimal fractions were described in K. Gauss’s ’Arithmetic Studies’. For example, Gauss proved that
the largest number of digits in the period for the fraction g, where ¢ is a prime number, is less or equal
qg—1[4, 109].

Justification of the theory of decimal fractions. In the XIX century German mathematician
Karl Weierstrass considered decimal numbers as a model of the system of real numbers.
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In this paper, Theorem 1 and Theorem 2 on weighted mean summability methods of Fourier se-
ries have been generalized for |A, py,|;, summability factors of Fourier series by using different matrix
transformations. New results have been obtained dealing with some other summability methods.

Theorem 1. Let (p,) be a sequence such that
P, = O(npy) (1)
PoApn = O(pnpn+1)- (2)

If p1(t) is of bounded variation in (0,7) for any x € (—m, ) and (\,) is a sequence such that

oo

1
> =l < oo (3)
n
n=1
and
> AN < oo, (4)
n=1

then the series Y Cn(t)’\g% is summable | N,py |, k> 1
(taken from [2]).

Theorem 2. If the sequences (p,) and (A,) satisfy the conditions (1)-(4) of Theorem 1 and
B, = ZU% =0(n), n— oo, (5)

then the series Zan% is summable | N, py, |, k > 1(taken from [2]).
Lemma 3. If ¢i(t) is of bounded variation in (0,7) for any x € (—m,m), then
Zva(a:) =0(n) as n— o0 (6)

(taken from [11]).
Lemma 4. If the sequence (py) such that conditions (1) and (2) of Theorem 1 are satisfied, then

NESRE

(taken from [2]).
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The local property problem of the factored Fourier series plays an important role in many areas
of applied mathematics and mechanics. The convergence of Fourier series at any point ¢t = x is a
local property of the generating function f. Hence, the summability of this series at the point by
any regular linear summability method is also a local property of f. Mazhar [5] proved the following
theorem concerning the local property of the summability | N, p,, | ;. of Fourier series

Theorem 1. Let (p,) satisfy the following conditions:

(5}

P2n <Pn>
— _n 2
DP2n Pn ( )
— Dn
2P, < 0 (3)
and
> |Cn('7/')|kpn
E e 4
n=1 Pn - - ( )

then the summability | N, py, |, of > Cn(t) depends only on the behaviour of the generating function at
the point t = x.

In this paper, we propose to examine the local property of the summability | N, p,, 0, | i, of Fourier
series.
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ITpo A-nedopmalito 0BepXHi, 0OMexKeHy YMOBOIO CTaI[IOHAPHOCTI
CITKM aCUMOTOTUYHUX JIiHiM
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YV TPUBHMIPHOMY €BKJIJIOBOMY IPOCTOPI PO3IVISIAEMO OHO3B s13Hy moBepxHio S € C* Bix'emuol ra-
YCCOBOT KDUBMHU Ta i1 apeajibHy HECKIHUEHHO Mauly jiedpopMmaliio mepinoro nopsijiky (A-medopmariio),
IIpU {Kifl ciTKa aCUMITOTUYHHUX JIiHIN 30epira€ThCss 3 TOYHICTIO 10 MAJHUX IOPSJIKY BHINE IEPIITOTO
BiziHOCHO mapameTpa medopmarrii.

[Tonepenubo BiggHaunmo, mo 1pu A-jpedopmariisix BapiaTUBHI BJIACTHBOCTI CITOK (ACHMITOTUIHUX
JHIA, il kKpuBnHM abo k jiniil ckpyTy (LGT)) panime goc/ipkyBaiucs B OCHOBHOMY 3a YMOBH
CTAIlIOHAPHOCT1 JOBYKWH 1X JIHIN.

Jlerko 6avuTH, 1O OpHU O3HAYEHUX Yy Ha3BI 0OMEXKEHHSX TMOBEPXHS HE MOXKE JONYCKATH HETPUBI-
aJIbHUX HECKIHUYEHHO MaJIuX 3ruHaHb. Ajie y BUIAaJKax apeajbHOI abo K KBaziapeasbHol jedopmariiit
IIOCTAHOBKa TaKOI'O POJLY 3aﬂat11 HE3aJIE2KHO BiJT 11 KIHIIEBOI'O pE3yJ/IbTaTy, Ha HaIl IOV, Ma€ CEHC.

one smimenns U(z!, 22) npu A-nedopmarii myKaeMo 3 BEKTOPHOI CHCTEMI PiBHIHD

TT. ap—— s

U, = c;o T 57“5 + cio T,
[pU [IBOMY 3BIBIIN 3aJ1a9y JI0 OJHOPIJHOI CUCTEMU JBOX JUMEPEHINAJLHIX DIBHSIHb 3 YACTHHHUMEI
MMOXiTHUMHU JIPYTOTO MOPSKY BigHOCHO T, oo = 1,2,

(a75) + (aMT5) + 201 =0, (1)

Yo%

B imBapianTHili (hopMi 3HAXOIUMO JEesIKUH HEHy/ILOBUIT PO3B's130K cuctemu (1) Ta BCTAHOBJIIOEMO
HeOOXI/IHY 1 JIOCTATHIO YMOBY iCHYBaHHsI HETPUBIaJbHOI (TpuBiaibHOl) A-nedopMaliii 31 crarioHapHOIO
CITKOIO ACUMITOTUYHUX JIIHIM.

[TosHaueHHSsI OCHOBHIX Me€OMETPUYHUX BEJIMYNH IIOBePXHi 3amo3udeno 3 monorpadii [1] I. H. Bekya.

,Q
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3asiava BiTHOBJICHHS MOBEpPXHI 3a 11 rpacCMaHOBUM 00OPA30M 3BOJUTHCS JI0 JIOBEJICHHS iCHYBaHHS
PO3B’SI3KY JAUQEPEHIIATBLHOIO PIBHSIHHS JIPYTOr0 MOPSJIKY V YacTHHHUX moxinuux. [lg 3agadua po3s’s-
3yBaJlach sIK JIOKAJIBHO, TaK 1 B TVIOGAIBLHOMY acleKTi y eBKJioBoMy mpocTopi [1] ta y mpocropi Min-
KOBCBKOTO [2|. ¥V pobGoti [3] posrisiiaerbest 3aada BiTHOBIEHHsSI MOBEPXHI 3 KPaeM Yy €BKJIJIOBOMY
[POCTOPI, 110 Ma€ 3aJaHuil paccMaHiB 0bpa3.

Hamu poss’sizana 3a1a9a BiIHOBJIEHHS JBOBUMIPHOI HEI30TPOIIHOT TOBEPXHI 3 KPaeM mpocTopy MiH-
KOBCBKOT'O 33 11 IpaccMaHoOBHM oOpa3oM. loBemeHa MOXKJINBICTD BiIHOBJIEHHSI TaKOl 9acOMOIIOHOI Mo-
sepxui V2 kinacy C? B 'Ry, sika GiEKTHBHO ITPOEKTYETHCH HA YACOIOIOHY HOBEPXHIO V2 rpuBumipHOro
npocTopy ! R3, mpuuaomy V2 mae GiekTusauil cepudnuit oopas. Tosi IIOCTABJIEHY 33/1a9y MOYKHA I10-
YaTU 3 BiIHOBJICHHS TOBEPXHI VZ, dKa TP BKA3aHUX yMOBaX ITOBHICTIO BU3HAYAETHCS CBOEIO OTIOPHOIO
dyukiieo. Bkazani BuMorn MozkKHa 3aI0BOJIbHUTH HACTYITHUM YHHOM. PO3IJIssHEMO IEeHTpaJbHE IIpoe-
KTYBaHHS i3 IEHTPY cdepu OAMHIYHOIO Pajiycy 1Ipoctopy 'Rz Ha JOTUYHY 10 Hel IJIOMUHY B TOYIN
0(0,0,1). LHenrpanbHe npoekTyBaHHsI € roMeoMopdizMoM miBcdepn 1 06/acTi HA JOTUYHIN TLIOMKHI,
JIEKAPTOBI KOOPJMHATH ', Y TOUYOK $IKOI 32/[0BOJIBHSIOTH YMOBY 22 — 12 < 1. CaMe I JIeKapTOBi KOOp/u-
HaTH 00epeMO B SKOCTi1 BHYTPIITHIX KOOPIUHAT MIyKAHO! ToBepxHi. JIJis1 oTpuMaHHs PIBHAHHS BiHOCHO
onopuoi (yHKIIil (OCHOBHOIO piBHsIHHs) pyXomuii pernep ( L2 e, f4) npoctopy MiHKOBCBKOIO 00OH-
PAEMO CIIeIHaIbHAM YHHOM, OB sI3yI0UH HOro 3 PO3IMIISHyTOoIo iBcdepoo. Ilomicrusim BexTopu f1, f2
y JOTHYHY ILIOMMHY moBepxHi V2, a Bektopu f3, f4 — y if HOpMasIbHY IJIOMIIHY, OTPUMAEMO PYXOMMUIt
perep nosepxui V2.

dxmo nosepxnto V2 samasatu pagiyc-sexropom 7(x,y) = (21(x,y),2%(x,y), 23(z,v), 24 (z,v)), a
TpuBHMipHHit mpoctip ' Rs piBrsnHaM z? = 0, To moepxms V2 mae BEKTOpHE DiBHsIHHS 71(T,y) =
(2Y(z,y), 22(x,y), 2(z,y),0). Y BuIaAKY "acomomibHOT HOBEPXHi OCHOBHE PiBHAHHA HAOYBAE€ BUIJISAILY

Ayhgy — (Ay + By)hay + Bphyy = 0,

B gKOMYy Koediriearamu ¢ dacTtuHHI ToXinHi GyHKIIH A = —(% + Zp), B = ny BiJ JOKAJTBHEX

KOODJIMHAT T, ¥, A, {l I'PACCMaHOBOrO MHorosuiay, k = /1 — 22 +y2, n = /1 + y2. Beegemo me mo-
sHadeHHs a = +/1+ p2 — A\2. Baganuii rpaccManis obpas OyneMo 3aJaBaTH SBHUMHU PiBHSHHAME
A = ANx,y),n = p(x,y). 3po3ymino, Mo BUKOPUCTAHHS CIEIiaIi30BAHOIO PYXOMOTO Delepy BH3HA-
4ae NeBHUN BUIJISAL IIIOKEPOBUX KOOPJMHAT IPAcCMaHoBOro obpasy. Mae wmicre

Teopema 1. Hexati I? % PG(2,4) — dsosumipna noseprus ¢ 3R, sadana padiyc-eexmopom
_ yA+zxB A =z B y 1
O'(.’L',y):( 77777_77777)7
ak ak’ ak’ ak’ ak’ ak
de x,y — woopdunamu ma niscgepi S* odunuunozo padiycy. Hexat 0 — obaacmv na S?, obmescena

060Ma KPUSUMU, AKI € NEPEMUNAMU NIGCHEPU NAOUUHAMYU, UL NPOTodamb uepes ii diamemp; ) —
npoexuis obaacmi  na domunny naowuny do S% . Oynwuii A(x,y), B(x,y) e dynxuismu xiacy C2
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6 obaacmi Q' U pasom 31 ceoimu noridHumu do Opy2020 nopAdky examouno obmesceni ¢ €Y. Hexadi
BUKOHYIOMBCA YMOBU
D =4A,B, — (A, + B,)* <0,
ming {|4A, By — (Az + By)?|, |Ayl, | Bz|} > no = const > 0

i mexati na odwiti i3 wpueux I, wo obmesicyromv obaacmy §), sadama nenepepena dynruia R(s) =
(RY(s), R%(s), R3(s), R*(s)), R2 = —a,R! — sR2, R} = —A|;R} + B||R2, a, = const. Todi icnye cdumna
deosumipna pezyaapra waconodiona nosepxua V2 xaacy C1 e 'Ry maxa, wo i epaccmanis obpas
36icaemuvcsa 3 noseprrero 12 i xpati noseprmi V2 s6izaemuca s xpueoto R = R(s).

Ilepmia 3 ymMOB TeopeMu BU3HA4YAE TirepOOTiYHUN THII OCHOBHOTO piBHAHHS. JloBeleHa TakoK MO-
JKJIUBICTDH BiHOBJIEHHS IIPOCTOPOBOMOIIOHOT ITOBEPXHI 3a 11 IpacCMaHOBUM 0OPA30M.
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OjiHuM i3 BaXKJIMBUX HAIIPSIMKIB CydacHOI Teopil KpafloBUX 3aJia4 JJisi PIBHAHD i3 YaCTUHUMU I10-
XITHUMHU, KA AKTUBHO PO3BUBAETHCS YIIPOIOBXK OCTAHHIX JECATUJIITH, € BUBYEHHSI BJIACTHBOCTEM
PO3B’sI3KiB TakuX 33724 i3 p-ajnaauMu 3MinEnMu. MoTuBaIi€o 10 po3B’si3yBaHHs KpailoBuX (B TOMY
I HeJIOKAIBHUX ) 3a/1a4 JJIs PIBHAHD Ta CHCTEM DIBHSHD 13 YaCTHHUMIE [TOXITHIMH HAaJT HeapXiMe1o-
BHUM ITOJIEM P-aIUTHUX UUCEJI, IO € MOMOBHEHHSIM I10JIsT PAIliIOHAJIBHAX 9HCENT 38 P-aInIHOI0 HOPMOIO,
€ CTPIMKHX PO3BUTOK pP-aINTHOI MaTeMaTHIHOI (Di3uKU, 30KpeMa MOC/IIJRKEHHS P-aIuIHuX MOJeseit
KBaHTOBOI MexaHiKu, Teopii rpasirtanii Toro [1, 2, 4]. OcHOBOIO OO AJILTEPHATUBHOTO PO3/ILILY MaTe-
maTu4aHol (disuku ciyrye ines B.C.Baazximiposa ta 1.B.Bososiua [1], 110 Ha 1nIaHKIBCbKHUX BijcTaHsIX
CTPYKTYypPa IMPOCTOPY-9IaCy MOBUHHA OIUCYBATUCS HEAPXIMEIOBUM IOJIEM P-aIUTHUX TUCE].

Hexait p — mpocre uncmno, @, — monosHenHs [3| mosst paHiOHaﬂbHHX qucesl 38 P-aJIuIHOI0 HOPMOIO
| lp; Zp = {z € Qp : |z|p < 1}, Hi(x) = (—=1)*e”* (d/dz)¥ e ", k € Zy, — noninomu Epwmira;
Ly(Qp,w(x)dx), w(z) = 6_3”2, — mupoctip ycix psaupis  f(z) = Z?’:O feHy(x), nas  sgxux
kli)ngo | felp/|E12F], = 0; A(Zp; Lo(Qp, w(z)dz)) — npocrip yeix psamis w(t,z) = Y oo uk(t)Hy(z), ae

ug(t), k > 0, — ananituani GyHkiii Ha Z,,, 1Jist SKAX klglgo max \ug(t)p\/k!2%|, = 0; HOpMu B IpocTOpax
’ P

Ly(Qp, w(z)dx) ta A(Zp; L2(Qp, w(z)dr)) BusHavsaioThes pisnoctsamu [4]

1 Ea(@p, wi)da)| = mae | fily o/ 16125y,
|13 A(Zy; La(Qy, w(z)d))]| = mpoxmax g (1) 12¥]
4

Ly(Qp, w(x)dz) — npoctip Bekrop-dyukuii v = col(vt, v?) takux, mo v/ € Lo(Qp, w(z)dx)), nust ko-
xuoro j = 1,2, i3 mopmoio |lv; Lo(Qp, w(z)dz)|| = max;||v/; La(Qp, w(z)dz)|. Ipocrip
A(Zyp; La(Qp, w(x)dzx)) 03natdyeMO aHAJIOIIIHAM YHHOM.

VY naniit po6oTi pO3MIISIAEMO TAKY JBOTOYKOBY HEJIOKAJIbHY 3aJady

0%t x o1t
Qg(t; 2 B1A(8/6w>“(8t’x) + By A*(9/0x)ii(t,x) =0, tE€Z, x€Q, (1)
oLt x) oI Lii(t, )
- — = G i=1.2 92
8t]_1 —0 2 8t3_1 7 SO] (.’,U), J <y ( )

ne i(t,x) = col(ul(t,z),u*(t,z)) ai,...,an, u € Qp, A(0/0x) = —0?/(02?%) + 220/0x, T € Zp, T # 0,
B1, By — kBajpaTHi MATPUIL 3 P-aJUIHAMHA CJICMEHTAM.

BcranosiieHo yMoBH icHyBaHHs €1nHOTO Po3B’s13Ky 3a1a4i (1), (2) B mpocropi A(Zy; L2(Qp, w(x)dx)),
AKHUil HellepepBHO 3a/1exKuTh Bij dynkiuii @1, G2 € La(Q,, w(z)dz).
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leomeTpuyni 3acobu gornoMaraioThb BUBYaTH 3012KHI Ta PO30I2KHI IUCIOBI Py, iX MIBUAKICTD 30iKHO-
cri i "posnoia"cyM miapsiiB Ha IMCJIOBIN IpsiMiit. A 116 703BOJIsSIE BJIACTUBOCTI PsiIiB IHTEIIPETYBATH
y TOIIOJIONO-METPUYHUX TepMiHaX, , a TAKOK B TepMiHax Teopil dppakraiis (dpakranbHOl reomerpii
Ta (hpakTaabHOro aHasizy). [loyaTkoM joc/izKeHb B rajysi reoMeTpii 4ucjioBnx psijis € pobora Ka-
kest [1]. 3 mux mip Teopist cyrreBo 36araTUaaCh 1 CHOrOJHI MaricTpaJbHUME HALPSMaME 11 PO3BUTKY
CJIiJ] BBaXKaTH:

1) momryk KpuTepiiB Hijie He MITBHOCTI, HYJIb-MIPHOCTI Ta KAHTOPBAJIBHOCTI [4];

2) BcraHOBJIeHHsT (DPAKTATIBHUX XaPAKTEPUCTUK MHOXKHUH THJICYM abCOIOTHO 301KHUX PsifiB |2, 5;

3) BUBUYEHHsI BJacTHBOCTEil apudMeTHUHUX CyM (CKIHUEHHUX Ta HECKIHYEHHWUX) YHCIOBUX MHO-
KUH (2], a Takok

4) 3HAXOJZKEHHS 3aCTOCYBaHb TOIOJIOIO-METPUIHUX BJIACTUBOCTEN PsA/(iB 1 Teopil po3moAiIiB BuIaI-
KOBHX BeJIM4NH (HeCKiHUeHHI 3ropTKu Beprysuii) Ta iMosipricHiil Teopil uuces [4].

Osnavennst 1. Henognotw cymoro (nidcymoro) 3amanoro 36i1KHOTO 1UCIOBOTO PsiLy

oo
D =gtz e (1)

n=1

zajexxnoro Bim muoxkunu M C N, Ha3UBa€THCs UCIIO

(o]
_ _ _ | 1, axkmo ne€ M,
L= :C(M) = ne%:CNun = nz_:lun5na e &n = { 0, sKmo n ¢ M.

Osnadvenns 2. Mwuootcunoro (eciz) nenosnux cym (muootcunoro nidcym) psiay (1) Ha3UBa€ThCsT MHO-
KHa

(o)
E(upy)=<z: z= anun, (en) € A, A={0,1}

n=1

Jlo6pe BiioMO, 1110 MHOYKUHA HEOBHUX CYM PsiJIy € KOHTUHYAJIbHOO, JJOCKOHAJIOK MHOYKUHOIO OJTHOTO
3 HaCTYIHUX TOIIOJIOIIYHUX THIIB:

1) ckinueHHuM 00’€HAHHSAM BiJIPi3KiB;
2) romeomopdHoro MuOKMHI KanTopa (jo1aTHol ab6o HysiboBoi Mipu Jlebera);
3) KAHTOPBAJIOM — MHOXKUHOIO TOMEOMOP(hHOI MHOXKUHI HEHOBHUX CYM DsiJLy

3+2+3+2+3+2
4 4 42 42 43 43

sika € crenudidanM o0’eIHaHHsIM BiJIpisKiB 1 Hige He mijbHOI MHOXKWHU. HeobximHi 1 mocraTHi yMOBHI
HAJIE?KHOCT1 KOYKHOMY 3 JIBOX OCTAHHIX THUIIIB CHOTOJMHI HEBiIOMI, X04a BiJIOMi JesKi JOoCTaTHI yMOBU.
st oKpeMux BY3bKUX KJIACIB PsAJIiB KPUTEPIl TAKOXK € BiIOMUMU.

BayBazKuMo, 0 psJ (2) € pe3yabTaToM J0JaBaHHsl IBOX PsIJIB, sIKi € CyMaMy BCIX WJICHIB HECKIHYIEH-

+o 2)

HO CHAJHUX F€OMETPUIHUX MPOrpeciii. IXx MHOXKWHM HENOBHUX CYM IIPOCTO BUPAXKAIOTLCS Y TEPMiHAX
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YETBIPKOBOT'O 300parKeHHs YUCEJI, & CaMe:

3 g
P () o= 3 0 = Al o 030

n=1

2 o
E" (M) ={oio=) 1 =Daaan. o € {0,2}}

n=1

st apudMeTuIHOT CyME IMX MHOYKUH BUKOHYETHCS PIBHICTD

3 2 3 2
/ " —
# () oo () =2 (e 5)

O6’eKTOM HAIIOIO PO3IVISY € CTPYKTYPHI Ta TOMOJOTO-METPUYHI BJIACTUBOCTI MHOXKUHU HEITOBHUX
cyM psy (2) i po3noiy BUIAIKOBOI BEJUINHN

3 2m  3mz 2m 3Nok—1 27k 2 T
T T T L L= 3
= 4 a2 g2 Ak T4k nz_:l 4k (3)

ne (ng) — HOCJIIILOBHICTI: He3aJIeKHUX BUIIAIKOBUX BEJIUYNH, K1 HaOyBaioTh 3HadeHb 0 Ta 1 3 fiMo-
BipHOCTSMU pOk Ta plk Bigmosinao. Toxi (7)) — MOCIIOBHICTD BUIIA/IKOBUX BEJINYMH, siKi HaOyBalOTh

snadenb 0, 2, 3, b BiAMOBIAHO 3 IMOBIPHOCTSIMU:

/ / ! ’ /7 / / /
Pok = Po2k—1 " Po2k» P2k = Po2k—1"P12k> P3k = P12k—1 P02k Ps5k = P12k—1 " P12k
3ayBaxkKuMo, M0 PO3IO/ILT BUIAIKOBOI BeTUINHU & HAJICKUTH JI0 KJIACy HECKIHUYEHHUX 3ropTOK bep-
HYJUII, BUBUCHHS SIKUX BEJIEThCs OLJIbIIIE CTa POKIB 1 MuMaJsIo 1rpobjieM, 3 HUMU OB’ si3aHUX, 10 IUX TP
YeKaroTh Ha CBOE BUDIleHHs [4].

SayBaXMMO TaKOXK, IO BUIAIKOBA BeandnHa & 3a (POPMOIO € BHUIMAIKOBOIO BEJIUIHOIO, MPEJCTaB-
JICHOIO YETBIPKOBUM PO3KJIAJIOM (B YETBIDKOBIl cHCTeMi YHC/eHHSI) 3 HECTAHIAAPTHUM HAOGOpOM Iudp
{0,2,3,5} = A*, gki € He3aJIEKHUME BUIIAIKOBUMI BEJTMIMHAMU.

Cumerpil asndasiry A* B 3HauHiil Mipi iHAYKyIOTE CTPYKTYpHI BiacTuBOCTi criekTpa S¢ (MHOMXKIHH
TOYOK pocTy GyHKIil posnoiay Fe, mo piBHOCHIBHO MiHIMAIBHOIO 3aMKHEHOIO HOCIis PO3HOJILLY).

[TpomoryOThCsT pe3yAbTATI TOCTIIZKEHHS JTe6eTiBCHbKOT CTPYKTYPH PO3MOJIIITY BUIIAIKOBOI BEJTUINHI
¢ (BMicT AucKpeTHOI, abCoIIOTHO HENEePEPBHOI Ta CHHTYJISIPHO HEIEePEPBHOI KOMIIOHEHT ); ABTOMO/IEIIb-
HUX BJIACTUBOCTEN CIIEKTPa PO3ITO/ILTY; TOBEIHKN MO/ XapaKTEPUCTUIHOT (DYHKIIIT, TOOTO 3HATEHHSI

[e o]

3 it2 it5
Lé‘ = ‘t1|1Hl sup ‘fé’( )|/ e fg(t) — Melt£ — H(pon +p2ne4n +p3n€4" +p5 ean )
n=1

aBTO3TOPTOK PO3IOILTY TOIIO.

Teopema 3. Posnodia eunadxkosoi sesuvuny & mae 4ucmutl Aebe2iscbkutl mun, NPuwomy €
1) wucmo duckpemmum modi i miavku modi, KoAu

o
M = int > 0; 4
U max{pin} (4)
2) wuemo cuneyasprum, axwo M =0 i pay, - ps, =0 Vn € N;

3) abcoarommno nenepepsruM, AKWO Don = Pan = P3n = Psn = % Vn € N.

Kpim Bkazanux o0’e€KTiB JOCIIIXKEHHS Y JIOMOBIII PO3TJIA AE€ThCS 1HII YHUCJIOBI PsiIH, 1O BOJIOMIIOTH
IIEBHUMU BJIACTUBOCTSIMHU OJTHOPITHOCTI, 1X MHOXKWHU HETTOBHUX CYM Ta PO3IIOJIIIN BUMAIKOBUX IIICYM
He3aJIe’KHIMU JT0JaHKaMu abo »K TaKMMU, 1[0 MalOTh MapKOBCHKY 3aJI€2KHICTD.



1]
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ITpo cramionapHicTh moBxkuH LGT-niuiit npu gedopMallisaX MOBEPXOHb

T. FO. ITomoycoBa
(Opechka nepkaBHa akajeMis OyaiBHUITBa Ta apxitekTypu, Omeca, YKpaina)
E-mail: tatyana_top@mail.ru

Hexaii npu HeckinyeHHO MaJiiil (H.M.) gedopMariil Iepuioro mopsijKy OJHO3B 3HOI PEeryJssipHol Mo~
BepxHi, 3a7aH0l y F3-npocropi, qudepeHtial jyru KpuBol Ha Hili He 3MIHIOEThCsI (B MOJIOBHOMY ).

Toni piBHAHHS

ejdr'da? =0, i,j=1,2 (1)

MOXKHA TJIYMadUTU 9K JudepeHIiiajibue PIBHAHHSA JIHIHA, 1110 30epiraloTh CBOIO JIOBXKUHY IIPU H.M. I€-
dbopmarii. TyT €;;- Bapianii merpuusoro Tensopa g;;. OdeBunHo, y BHIAIKY €;; = 0 piBHgHHS (1)
3a/I0BOJIBHSIETHCS MOBLTbHIMN udepeniianamu dr’, dz? i 6y/1b-sika KpHBa, Ha IOBEpXHI 36epirae cBOIO
JOBXKUHY, IO BiTIOBITA€ H.M. 3TUHAHHSIM.

I3 (1) BunumBae HacTyIHe: Ha Oyab-sKiil peryssapHiil MOBEpXHI ICHYIOTH /Ba JIfICHIX OfHOIApAMETPHU-
YHUX CiMeNCTBa JIiHii, Mo 30epiraoTh CBOIO JOBXKUHY IpHU H.M. gedopMmariii 3a yMOBI 6%2 —€11€22 > 0.

Y pobori 1] moBesieHo, 110 Ha Oy/b-sIKiil pery/spHiil HoBepxHi 6€3 OMOLIYHIX TOYOK iCHYIOTDH JIiHIT
reozieananoro ckpyTy (LGT-minil), nudepenniaibie pIBHSIHHS SIKUX MA€ BUTIISIL:

hz‘jdxzdl’j =0 i,j E 1,2,
ne hij = 2(Hgij — bij), bij-xoedinientn apyroi kBaaparudnol dopmi, H-cepeiHs KpUBAHA MTOBEPXHI.
Bynemo Bumararu, mob npu H.M. Jedopmarii gudepenmiasbae pisasaHs LGT-miwiit 1 jtiniit crario-
HaPHOI JOBXKUHU IIPEJICTAB/ISIN HA MOBEPXHI OJMH 1 TOM ke reoMeTpudHuii 0dbpas.
CrpasesyinBa HACTYIIHA

Teopema 1. Koowcha n.m. dedopmauia nepuozo nopaoky peeysaproi 00no36’°a3noi noseprti 6e3 ombi-
ATUYHUT MOY0K 13 cmauionaprumu dosocuramys LG T-athid 3a6otcdu 6yde H.;m. apeasvroro dedopmanicro
(A-deopmaniero) nepuwozo nopadxy.

Cuif BiI3HAYNTH, 10 H.M. apeajbHi jJedopMallil Iepiroro MopsiaIKy 31 CTaIllOHAPHUMHA JTOBXKUHAMEI
JiHI Te0/Ie3NTHOr0 CKPyTy BUBYAJNCSA B POOOTI [2].

JIITEPATYPA
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HaykH, Bun.2.-2010.-c.7-11.

[2] Beskoposaiina JI.J1., Bammanosa T.}FO. A-medopmarnii 3i cramionapanvu mosxkunavu LGT-niniit. YKp.MaT.2KypH. -
2010,1.62,Ne7,c.878-884
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IIpo nesiki HecKimveHHO MaJIi Jedpopmaliil MiHIMAJIbHIX ITOBEPXOHb

T. FO. ITomoycosa
(Omecbka eprkaBHa akaeMist OyiBHUNTBA Ta apxiTekTypn, Ojeca, YKpaiHa)
E-mail: tatyana_top@mail.ru

H. B. BammnanoBa
(Opnechka HarioHasIbHA aKajeMist XapuoBux TexHosorii, Ojeca, Ykpaina)
E-mail: vasha_nina@ukr.net

Hexaii y E3-11pocTopi 3a/1aHa 0HO3B sI3Ha pery/sapHa nosepxus S kiaacy C3 piBHsHHAM
r = r(x!, 2?), ne 2!, v2-kpuBoniniiini KoopaMHATH 3MiHHOT TOUKH S.

Perynsipae ciMeiicTBO TOBEPXOHBb St, sIKe 3aJI€?KUTh BiJl MAJIOTO mapameTpa t,
~(1 .2 _ 1,2 1,2
’I”( ,l’,t)—r($,$)+tY($,.%') (1)
3BETHCH HECKIHYEHHO MaJiolo (H.M) JedopMaIi€eio HepIoro mopsaKy 3 BekTopoM suimenns y(z!, 22)
kinacy C3.
[Mpunycrumo, 1o npu H.M. gedopmarii (1) minil reogesuanoro ckpyry (LGT-inii) [1] nepexomsTsb
y JHHIT reoJIe3nvHOro cKpyTy (B roJIoBHOMY) i 36epiraeThbesi moBHa raycosa kpusnina K mosepxui S.

AmnaiTuano 3a71a9a PO ICHYBaHHS TaKUX H.M. jedopMaliiit S 3BOJUTHCS 10 JTOCTIIKEeHHsT 1 po3B’si-
3yBaHHSI HACTYIIHOI CHCTEMH PIBHSIHB BigHOCHO Hesimomux TP, T 11 i)

Tk —bET® = puo ™, bagT? +T% =0, cqpl*? =0,

(caihjp + 2Hgiga) T = (¢ + 1) hap + 2¢ai T’y — ¢, 9apT", (2)

CiaT;‘dij +2p =0,
7€ JaBs CaBs Pap - METPUYHEN, TUCKPUMIHAHTHI Ta ciTKOBHII Tenzopu S Biamosinano, H-cepenns kpu-
BUHA, b, g-KoedinienTu qpyroi KBagpaTuinol opmvu S, bk = gkh bsa, g8 -eremenTn MaTpuIi 06epHEHOT
1o marpuri ||gi;]|, d¥ = %cio‘cjﬁbmg, KOMOIO IIO3HAYeHO KoBapiaHTHe gudepeHnifoBanHs Ha 6a3i gij,
IHJEKCH BCIOJIN NMPUHMAIOTh 3HaYeHHA 1,2.
Yepes Oyib-gKuil po3’s130K cucTeMi PIBHSAHB (2) BEKTOD 3MillleHHsT HAOyBA€ BUIJISLY

y(M) = / (ciaTo‘Brg — pr; + cmTan) dz' +yo,
JMoM

Jie KPUBOJIHINHUI 1HTErpas 0OYUC/IIOEThCA B3J0BXK Oy/ib-AKOI CIPsIMHOI KPHUBOI, IO HAJEXKUTL S i
3’ennye HoBinbHO dikcoBany Touky My i3 3minmoio Toukoo M. Bexktopme mose y npu mnpomy Oyie
OJTHO3HAYHOIO (DYHKIEIO (3 TOIHICTIO IO CTAJIOTO BEKTOPA Y(), B CHJIY OIHO3B sI3HOCTI S.

Hexait S- mimimanbna nmosepxus (H = 0).

CupasejnBa HACTYTIHA

Teopema 1. H.m. dedpopmauin nepuiozo nopadky minimasvroi noseprri S i3 cmavyitonaprumy LG T-
AHIAMU T NOBHOM0 2GYCOB010 KPUBUHOW UIAKOM BUSHAMAEMDHCA MEH30PAMU

1 . ,
af aif Bira
10 = — (a7} + 4717
ma PYHKULAMU (L = —1) = —%cmT?‘d’] , AKE npedcmasaeni weped xonwmpasapianmuuti eexmop T, axud
i
€ D036 °A3KOM HACTNYNHOIL CUCTNEMU PDIGHAHD!

Kod™T — Ka** (T7) KT =0, (3)

)
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OuesnjiHo, MO cucreMa piBHAHB (3) 3aBxkau Mae po3s’si3ok T = 0. Toxl BekTOp 3MilleHHS Yy =
const, MO 03HAYAE KOPCTKICTH MOBEpXHi S 1pu jJaHiit H.M. gedopmariii.

Hozuaumvo T = ¢ (zt, 22), T? = v(x!, 2?) i Bignecemo nosepxmio S 10 JiHiil KpUBHHM, AKi B JAHOMY
BUIIAJIKY YTBOPIOIOTH i30TepMmiuny citky. Toui cucrema piBHsiHb (3) HabyIe BUTJISLY:

P11 — o + arhy + bpe + cp = 0,
(4)
Vi1 — vog +dvy +eve + fr =0,
ae a,b,c,d, e, f -Bigomi dyukmil Toukn S. Koxkne i3 1ux piBHIHD € OMHOPIAHUM JrdepeHItaabHIM
PIBHSIHHSIM JPYTOTO MOPSIAKY B YaCTUHHHUX IOXITHUX Timepbosiiaaoro Tuiy. BymeMo mykaru iHTerpaIn
UX PIBHSIHD, sIKi IPUIMAIOTh II€BHI 3HAUECHHS

1 2 1,2
P =ti1(z" + %), Y =s1(x" — %)
zlzl=x] zl—a2=y]
: 4.1 1 2 __ 1 2 )
Jutst piBusians (4.1) Ha XapakrepucTukax x4+ x° = z( iz — 2% =y
i
1 2 1 2
v = to(x" + %), W = s9(x” — x*)
ol tw2=z( zl—z2=yf
~ 1 2_ w1 2 _
Jutst piBHsHHS (4.2) Ha XapaKTepUCTHKaxX T+ + &~ =g i o0 — x° =Y.

Bynemo paxysartu, mo ¢yHKIIl
ti(z' + 2%, 51 (2t + 22, ta (2! — 2?), s9 (! — 2?)
MAalOTh HellepePBHI MOXiHI MEePITOro MOPSIKY 1
t1(yo) = s1(p), t2(yg) = s2(z0)-
BrigHo 3asa4i ['ypea [2],sky Mu orpumasii, KoxKuiil napi dyHkiii
t1(z! + 2?), 51(2! — %), to(zt + %), so(x! — 2?)

Bi/IOBI Tat0Th €uHi poss’sasku 1mux pisHsis (2! 22) i v(x!, 22) Bigmosimo.
Orxke, Mae Micre

Teopema 2. Kootcna MIHIMAALHG NOBEPTHA donyckae H.m. dedopmauito 3i cmavyionaprumu LGT-
NIHIAMU Ma NO6H0I0 2a1c06010 Kpusunoto. Bexmop scyey y(zt, %) npu yvomy sarescumo 6id nacmy-
NHUT DOBIANOHUT PELYNAPHUL PYHKUIT

ti(zt + 22), ta(at + 22), 51 (!

—2%), so(xt — 22).
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I'eomeTpisi oMHOrO ABOCMMBOJIBHOTO KOJAYyBaHHSA MIICHUX YHCeJI

IIpaupoBuTuii M.B.
(Hanjonanbuuit neparoriuauii yaisepcurer imeni M.II. JIparomanosa, Incruryr maremaruku HAH
Ykpaiun)
E-mail: prats44440gmail.com

JIucenko 1.M.
(Harnionanbuuii neparoriauuii yuisepcurer imeni M.IT. Iparomanosa)
E-mail: iryna.pratsiovyta@gmail.com

Y maremaTuiii Ta 11 PI3HOMaHITHUX 3aCTOCYBAHHAX BUKOPHCTOBYETHCsS DAraTo Pi3HUX JIBOCHMBOJIb-
HUX CHCTeM 300parkeHHsI Uncesl, dKi TPYHTYIOTbCS Ha PO3KJIaIaxX YUCe B PAJIN, JAHIIONOBI 1podwH,
HeckindeHHi m06yTku Tormmo. Taki cucreMu KOMYBaHHA MNHCHAX YHUCEN HA3UBAIOTHCA AHAJITHIHUMIE.
Psanu, siki BUKOPUCTOBYIOTHCS B AKOCTI MOJesell MIHCHUX Ynucesl B MepeBarKHiit OLIbIIocTi € abo J10-
JaTHAMH, ab0 MovepeKHIMU. MU IPOIOHYEMO HOBY CHUCTEMY, 3aJIE2KHY BiJI JBOX IMapaMeTpiB, OIUH 3
JAKAX € JOJaTHUM, a iHmwuil — Big eMHuM. [IpoayKTHBHICTD HOBOTO 300pasKeHHsI 1LTIOCTPYETHCS 3aCTOCY-
BAHHSIMU.

Hani BukopucrosysaTumemo nosuadents: A; = {0, 1, ..., s—1} — andaniT s-KOBOI cHCTEMU YMCIIEHHS;
Ly =A; x Ag X ... x Ag X ... — 11pocTip 1nocjigoBHocreil aadasiry.

Hexait § = (go;91), 1e 0 < go <1, 9o —g1 =1, go > —g1, 90 = 0, §1 = go.

JIema 1. Jlas 6ydv-sxoi nocaidosnwocmi (ay,) € Lo psad

00 k—1 )
Oay +Z(50¢;; Hgaj) = Zuk (1)
k=2 j=1 k=1

e 36iicnum i o2o cyma naaescums 6idpisky 05 go).

3ayBasknuMo, 110 Ma€ MiCIle HACTYIIHE OYEBUIHE TBEPJKEHHsI: 3HAUEHHST BUPA3y
n—1
60én+1 | | Qaj = Un+1
J=1
€ Hyaem, TOJIL 1 TIIbKA TOJIL, KOJIHA Qipy1 = 0;
dodammum TUCTIO, AKIIO Ay 1 = 1 1 KIIBKICTH OJIMHUID CEPEJT TUCETT (V] , (V2 ..., Oty € TTAPHUM UUCTIOM;
610’ €EMHUM TUCTIOM, HAKITO (pt1 = 1 1 KIJIBKICTH OJUHUIL CEPEJ IUCET (], (2, ..., Oy € HEeIapHUM
wrcstoM. Tomy, Ko/ moc/ioBHICTD (ay,) MICTUTB HeCKiHUeHHY KiTbKICTH 1, To psiz (1) MicTHTH HeCKiH-
YEeHHY KIJIBKICTD $IK JIOJIATHUX, TaK 1 Bij emunx wieniB. [Ticis BustyyeHHs HyIb0BUX diieHiB psity (1) Bin
cTaHe 3HAKO3MIHHUM ([10Y€DEeKHUM), TIPUYIOMY ICHH 3 HEIAPHUME HOMEPAMU JIOJATHI, & 3 MapHUMU
— Bix eMHi.

Teopema 2. /Jlaa 6ydv-axozo wucaa x € [0;qo] icnye nocaidosnicmo (a) maka, wo

) k—1
T = 5C¥1 + Z (6ak H g(lj) = Aalag...ak...- (2)
k=2 7=1

Ckopouennit 3amuc Aqy,ay...ap... PALY (2) i floro cymu = HasuBaeTbes X A-306parkentsiM. [Tpu 1pomy
YUCIO0 = Qi () HABUBAETHCsI N-010 MU(POIO [ILOIO 300parKEeHHSI.
[TepeBazkna GinbmiicTs uncest Biapiska [0; go] Mae equne A-300pakeHHsI, 3/i9eHHA MHOKHHA TUCEJT

Mag 1x JBa, a caMe: A01(0) = A11(0)7 Aalag...ak_lockll(O) = Aalag...ak_lakOMO)'
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Teometpito 300pazkeHHst JificHUX Yuces1 (TOMoJIOriuHi, MeTpuyHi Ta (bpakTaabHI BJIACTUBOCTI) B 3HA~
YHI Mipi PO3KPUBAIOTH BJIACTUBOCTI MUIIHJIPUYIHUX Ta XBOCTOBUX MHOXKWH, €PrOJIMYHI BJIACTUBOCTL
orepaTopa 3CyBY IH(MP, METPUIHA HE3AEKHICTh UMD Ta MHOXKHUH, YaCTOTHI XapaKTePUCTUKU, 30KPe-
Ma, cepeHe 3HadYeHHs 1udp 300paskeHHs TOIIO.

Osznavenns 3. [uwIiHIpOM PaHIy 1m 3 OCHOBOIO C(C3 . . . Cpy, AJ1 A-300pasKeHHsl HA3UBAEThCS MHOXKIHA
Acicycm = {1 ai(z) =¢iy, 1 =1,m}.

Akmo om = ¢ + ¢2 + ... + ¢y € TAPHUM YUCIIOM, TO HUIHHAD Ac o 1(0) € BIIPI3KOM 3 KiHIsIMU
a=A¢ cy.cn1(0) 1 0= 2D ¢y 000 (0)5 AKIIO K Oy — TUCIIO HETIAPHE, TO

Ay e = [b;al.

m
Tomi ’Aclmcm’ = |b - a’ = —01 H e |Acl...cmi‘ = ‘giHAcl...cm’-
=1

dAxmo o, = 2k, TO sup Acl,imo =infA¢, 1

Akimo o, = 2k — 1, o sup A¢, . ¢, = Iinf A¢, ¢,0-

Mipa JleGera € iHBapiaHTHOIO MipOIO OLEPATOPA JIBOCTOPOHHBOIO 3CYBY IUdP A-300parkeHHsl, O3Ha-
YEeHOr'0 PiBHICTIO:

W(Aalag...ak...) = AOZQU/S- Q.

s dyukiis € KyckoBo-siHiitHOW 1 Mae Bupa3 w(x) = 971()1, (;mfx) Axmo Ni(z,n) — e KiIbKicTh
O(l x « (L
mdp ¢ cepen neprmmx 1 pdp A-306parkeHHs 9nucsIa &, TO TPaHuIls (Ko BoHa icaye) lim —— =
n—oo

vi(z), i € {0;1}, nmasuBaerncs gacroroo nudpu i y A-300pakeHni qucia .

Teopema 4. /las matiowce eciz (y posyminni mipu Jlebeza) wucea x 6idpiska [0; go] maromv micue
pieHoCMA!
vo(z) = go, vi(x) = —g1.

Teopema 5. IIpu 19 # go mmoorcuna Mo, 7] = {x : vy(x) = 10,v1(x) = 11} € Ppaxmanvroro i it
posmipricmo Xaycdopga- Besurosuua obuucaoemvea 3a Gopmyaono:
T0 -T1
In7,°7;

Oéo(M[To,Tl]) = W-

Teopema 6. Hezatl g = (go,g1,92), de go, —g1,92 € (0;1), go > 0 < g2, g0 + q1 + g2 = 1. Henepepena
nide we monomonna Gyruxyia f, o3navena pieHicmio

- G
y=[f(z)= f(Aium Q.. )= al(ﬂc) + Z ag(z) H gOéj(LE) Aoqaz e
=2 j=1

o0
S0 =0,6 =90, 02 = go+ g1, A ya,.. = O 3 an scmanosare Giexmusne 6idoGpasicens

MHovcunu kanmopiccvroeo muny C[A3, {0, 1}] 3 paxmanvror posmipricmio Xaycdoppa-Besurosuua
logs 2 na eidpisox [0; gol.

YV nonoBizi NpPOMOHYIOTHCA PO3B’SI3KU 1 IHITUX TOIIOJIOTO-METPUIHUX Ta HMOBIpHICHUX 3a1at, 10
CTOCYIOTBCS ITHOTO HOBOI'O 300paKeHHs MIMNCHUX THUCeT
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IuBapianT IleiikcoTo ayst XOp/10BUX AiarpaM Ha MOBEPXHi 3 MeXKero

Ilpuninak Oaekcauap OJjieroBuy
(m.Kwuis)
E-mail: prishlyak@yahoo.com

Ilpyc Anapiii AuatodiiioBu4
(m.Kuis)

E-mail: andrei.prus@mail.ru

Y po6ori M.M.Ileiikcoro [1| BBiB moHATTsSI «pO3pi3HIOIOUOrO rpaday, KUl CTaBUTHCA y BiAMOBI/I-
HICTBH JOBLILHOMY ITOTOKY Mopca Ta JOBiB TeopeMmy Mpo Te, IO JaHUil rpad € MOBHUM TOIOJIOTIIHUM
inBapianToMm, sikuit Kyracudikye moToku Mopca Ha JBOBUMIPHUX MHOTOBHJIAX 3 TOYHICTIO JI0 TOIOJIOTI-
YHOI €KBIBAJIEHTHOCTI.

Haroro mMeTo10 € y3arajJbHUTH BiJJOMOCTI PO JaHUi iHBapiaHT Il IOBEPXOHD 3 MEXKEIO Ta OMUCATH
poITec MOOYIOBY «PO3PI3HIOIOYUOro rpaday i MoTOKiB Mopca Ha 3B’I3HUX KOMIIAKTHUX MTOBEPXHSIIX
31 3B’SI3HOI0 MeXKel0, 3aJ[aHUX 3a JIONOMOIOK0 XOPJIOBUX Jiarpam. B sikocti KoJia(BHUIIEHOrO MUKILY )
OyaeMOo PO3IJISIATH MEXKY MOBEPXHI, & XOpJIaMu OYIyTh CerapaTpPUCH CiJIOBHX TOYOK MEKI.

Sagaua mobynoeu iHBapianTa [leiikcoTo st mestkoro moToky Mopca ekBiBaJIeHTHA 3a/1a49i 00YI0BI
TaK 3BaHOI cucTeMu obepranHs (rotation system) [2]| st asoro noroky. Onmiemo 1porec o0y 1081
cucTeMu obepTaHHs sl IOTOKY, 38JaHOr0 32 JIOMMOMOTOI0 XOP/I0BOI JiarpaMu.

[Tponymepyemo Bci pebpa miarpamu Ta OyaeMo 10 Iep3i po3risaaTu 0cobuBi Touku moToky. Has-
KOJIO KOYKHOI 0COOJIMBOT TOYKH OIMUIIEMO KOJIO JOCTaATHLEO MaJioro pajiyca. IIpoxomsayan mo Tiit wacTusi
KOJIa, KA 3HAXO/UTbCS BCEPE/INHI iarpaMu Ha CBOEMY ILIAXYy MU OyIeMo 3ycTpidaTru pebpa, siKi BXO-
JATh ab0o BUXOIATH i3 ocobsuBoi Touku. Homepa pebep 3aimcyemMo 10 CIIUCKY B TaKOMY IMOPSIIKY, B
SJIKOMY BOHHU 3yCTpPidajucs npu ooxo/i. AKIo B pe3yibTaTi po3pizaHHs MOBEPXHI 110 IeAKOMY pedpy Ha
JiarpaMi mpucyTHi gBa pedpa, siKi OTOTOXKHIOIOTHCSI, TO B TAKOMY BHUIAJKY IIPU 0OXOIi JEIKOI 0COOJIH-
BOI TOYKHU Ta MPOXOJ1 Uepe3 OjiHe 3 TaKux pedep M MePEHOCHMOCs Ha iHIe Ta MPOJOBKYEMO 00XiJ 110
KOJIy HABKOJIO BiJIIOBITHOT 0COOJIMBOI TOYKH, IO €KBiBaJIEHTHA MTOYATKOBI.

OrpumaHi CMCKH, Y KITBKOCTI SKa JOPIBHIOE KIJIBKOCTI OCOOJIMBUX TOYOK, i OYJyThb CKJIAJIATH CHU-
creMy obepTaHHs TAHOrO MOTOKY. JIBi cucremu OyIyTh €KBiBaJIEGHTHUMHU, SIKIO OJNHY 3 IHIINOI MOYXKHA
OTPUMATH 3a IOIIOMOTOI0 IMJICTAHOBKHU Ha MHOXKHHI HOMEpIiB pebep abo 3MIHOK TOPSJIKY HOMEDPIB y
CIIACKY HA MPOTHUJIEYXKHUI OTHOYACHO JIJI BCIX CITUCKIB.

Teopema 1. Jlsa nomoxu Mopca 3 0cOOAUSUMU MOYKAMU 1A MeIAHCT OYIYMb MPACKMOPHO eKBI8ANEH-
MHUMU MOJT T MIABKY MOJl, KOAU T CUCTIEMU 00EPMAHHA EKBI8ANEHMMHS.

Ilpuknazx 2. Hia Topa 3 aipkoio 3 6 0coOIMBUMU TOYKAMU Ha MeXKi icHye 2 Pi3HUX XOPJIOBUX Iiarpa-
mu. Cucremu obepTaHHsI JjIst JAHUX JarpaM MalOTh HACTYITHUN BULJISIT:

(1;2;3;4), (5:6;7;8), (9;6;1), (8;3;9), (4 75 10), (10; 2; 5)
(1;2;3;4), (5:6;7;8),(9;2;5), (8; 3;10), (10; 6; 1), (4; 75 9)
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Haban>keHnHst iHTEPIIOJIATIAHAMA TPUTOHOMETPUIYHUMHA MOJiHOMaMU B
MeTpHUKax IIPOCTOpiB L, Ha KjaacaxX IepioAUuYHAX IIMX (PyHKIiil

A. C. Ceparok
(Tacruryr maremaruku HAH Vkpainun, Kuie, Ykpaina)
E-mail: serdyuk@imath.kiev.ua

I. B. CokoJenko

(Tmcruryr maremarnku HAH Vkpainu, Kuis, Ykpaina)
E-mail: sokol@imath.kiev.ua

Hexait C'i Ly, 1 < p < 0o, — npocropu 2m-nepiogumaanx dbyHKIii 31 crangapTanyMm HopMamu || - || 1
|| |lp- TosHatmmo wepes C’gl Kaach 2m-nepiognaanx PyHKIN f, 9Ki 300pazKyoThCsl y BUIIA 3TOPTKH

21

fla)=2+ i/%("” —p(t)dt, ap € R, (1)

0
B akiit ¢ L1, [lol[1 <1, a ¥g(-) — anpa surmsy

> s
Ws(0) = 3 (k) cos (m_gk>, B €Ry (k) > 0, 2)
k=1
> (k) < oo (3)
k=1
dxmo nocmigosrocti B = {Br}2, € cramionmapuumu mocigoBHOCTAME, TOOTO B = 3, kK € N,

ak”

8 € R, To kiacu C’g)l [IO3HAYATHMEMO {Uepe3 Cg)l. Axmo (k) = e a > 0, r > 0, knacu C’gl

. q/) a,r a,r . . . . .
i Cﬂ , 6ynemo nosnagaTn depes C 51 Ta CB 1 » Binmosizno. Ocranni Kiacn Ha3MBAIOThL iHOMAI Kaacamm
) 5 )
y3arajgbHenux inrerpaJis Ilyaccomna.
Bynemo posriisiiaTi Kjiacu Clpl 34 yMOBH, 10 nocainosuicTs ¥ (k) > 0 Taka, mo

k+1
lim Yk +1) =0. (4)
Ak sunmmsae 3 [1, ¢. 139-145], knacu CY  3a Bukonamnus yMOBH (4) CKIaIaI0ThCs 13 QYHKIIIH, sKi 1011y~

ﬁ71
CKAIOTh PEeryJisipHe MPOJIOBXKEHHS B YCIO KOMILIEKCHY IIJIONIUHY, TOOTO CKIIAJAIOTHCS 13 1iauX pyHKIT.

3 inmoro 6oky, ik moKazaHo B [2|, ayst Toro, mob dyHKnisg f Hasexkasa 10 MHOXKUHU yCiX JifiCHO3HA~

THUX Ha JIHCHIH ocl mimnx QYHKINH, HeoOXi THO 1 10CTaTHBO, 00 BOoHA MOTJIa Oy TH 300paskeHa 3roPTKOI0

surany (1) y saxiit ¢ € Ly, a koedinientu ¢(k) snpa Vs suriany (2) sagosoibuanu yMosy (4).
Hexaii f € C. Yepes S,—1(f; ) mosHasaruMeMo TPUrOHOMETPUIHUI MOJIHOM HOPSIKY N — 1, 1110

. . . . (n—=1) _ 2krn
inTepromoe f(r) y piBHOMIPHO PO3IOAiTEHNX By3Tax I = 507,

Soa(f;20 ) = f@Y), ke

TlopsiikoBi orinku 30i2KHOCTI IHTEPIIOATIITHIX TOJIHOMIB S’n_l( f;+) mo f B Merpukax npocropis C' i
L,,, mo Bupazkaymch B TepMiHax HocJigoBHOCTel Hallkpanux Habmrkenb dynkniit 8 C' i Ly, ogepxKani
y poborax I.I. Illapamyainosa (1983) ta K.I. Ockosnkosa (1986).

Posriiinemo Bemauny

k € Z, Tob6To Takuii, 1o

ECY )y = sup 1F() = St (£l 5)
fecg1
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[Tpu p = 1 acumuroTHyYHA TIOBEIHKA BeJUIUH BUMIALY (5) Ipu n — 00 B 3aJIeXKHOCTI BiJ| THX Un
iHmmMx obMekeHb Ha 1ociioBHOCTI 1 (k) Ta [ nociaimkyBaiack y poborax [3]-[6]. S3okpema y [4, ¢. 994]
3a BUKOHaHHs1 yMOBH (4) myist qoBiabHUX f € R BCTaHOB/IEHO ACMMITOTUYHY PIBHICTH

; 16 b(n) |
k=n+1
B sikiit O(1) piBHOMIpHO OOME)K€HA BITHOCHO yCiX PO3IJIsilyBaHUX HAPaMETPIB.
Kpim Toro, y pobori |7, c¢. 279-280| orpumano pe3ynbraru, 3 KX BHUILINBAE, 10 38 BUKOHAHHS
ymoBu (4) mpu noBlibHEX [ € R Mae Miciie acuMIToOTHIHA PIBHICTH

oo
5w 2
En(CY 1w = —0() +O(1) 3 k), (7)
k=n+1
B skiit O(1) — BesmvmHa, pIBHOMIPHO 0OMEKEHA BITHOCHO yCiX PO3IJVIS/LyBAHUX HAPAMETPIB.
[MuranHs PO ACUMOTOTUYHY MTOBEIIHKY BesimanH &, (C’gl) L,> Br € R, 3a Bukonanns ymosu (4) npu
1 < p < 00 3aUIMAIOCH BIIKPUTHAM.
Mage miciie HACTYIIHE TBED/ZKEHHS.

Teopema 1. Hexaii 1 <p < oo, B €R, a (k) > 0 3adososvnae ymosy (3). Todi npu ecix n € N
MGAE MiCUe OUIHKA

1—1
P

JeostZm) + 0 {24 3w, )

1
p v=n+1

~ 2
P _

Eu(CH ), = 2
s

6 axiti O(1) — seaununa, Pi6HOMIPHO 0OMEdNHCENE BIOHOCHO YCIT PO32AAdYESaAHUT napamempis. kuio,
kpim mozo, (k) sadososvrae ymosy (4), mo npu n — 0o ouinka (8) € acumMnmomuwro0 pieHicmo.
. — s
Hagesemo macitiiok 3 Teopemu 1y Bunaixy, xoiu (k) = e % o >0, r > 1.

Teopema 2. Hexatir >1, a >0, 1 <p<oo, fr €R. Todi dra 6cix nomepis n maxuz, uo
n'~"In(n+ 1) < ar, (9)
MAE MICUE PIBHOMIPHA SI0HOCHO YCIXT PO32AAYBAHUL NAPAMEMPIE OUTHKG
1—1

~ o[ 27 1
En(C3 1)L, =€ ™" WT%H cost|7 + O(l)ﬁ : (10)
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Jlesiki acriekTu Teopii IPOEKTUBHUX MepPEeTBOPEHDb ITPOCTOPIB
JOTUYHUX PO3MIapyBaHb 31 CIEI[iaJIbHOIO METPUKOIO

CunrokoBa Osiena MukosaiBaa
(A3 «ITHITY imeni K.JI. Ymmucskoro», Ojeca, YKpaina)
E-mail: olachepok@ukr.net

VY pesyabTari J0C/HiKEeHb y MeXKax iHBapiaHTHOI Teopil HAOINKEHb TeOMEeTPUIHUX 00 €KTiB piMaHO-
Ba npocropy V"™ n € N, Ha goruunomy posmapysanti T'(V™) 6ys10 moby10BaHO KiIbKa PI3HUX METPUK
Ta, KUJIbKa pisHUX 00’ekTiB adinnoro 38’s3ky [1]. Koxkna 3 Takux merpuk nopojpkye Ha T'(V™) mnes-
HY T'€OMEeTPIIo, IPUPOJIHUM YNHOM IOB’si3aHY 3 iHBApiaHTHOIO TeOpi€io HADJIMKEHb DA30BOr0 PiMaHOBA
upocropy V™ [2].

VY pobori posrisinyro npocrip T(V™) 3 MeTpukoro

ds® = gap(x) Dy* Dy’ + Gap(w; y) Dy* Dy’ (1)
Y (1) gap(x) — KOMIIOHEHTH METPHYHOIO TeH30pPy 6a30BOro pimaxosa mpocropy V",
1

Jas(®;y) = gap(@) + 3ngj(m)y"yj ;

Dy = dy™ + T4, (z)y’da’;

Dy* = dy* + T3, (x;y)y da’;

~ 1

F%'y(x; y) = ng(il?) - gR?ﬁ'y)a‘(x)yo7
aeI'g. (x), R3., (x), Riapj(x) — Biamosigno, kommorenTn adinHOro 38’s3Ky, TeH30pa PiMana i TeHsopa
KpUBHUHEU 0a30BOro piMaHoBa mpocropy V™.

Y sBHOMY BUIVIIl IijgpaxoBaHi KOMIOHEHTU ¢j;(x;y) Merpudnoro Tersopy merpuku (1). Crmpaio-
YHCh HA HUX, 38 (GOPMyJIaAMHU, aHAJIONTTHUMHU JI0 CTaH apTHUX hOpMyJI piMaHOBOI reoMeTpil (po3riisiia-
I0ThCsl YACTUHHI TOXI/THI JIKIIe 38 KOMIOHEHTaMU 3MIHHOI &), CoYaTKy BBeJeHi cumBosin Kpucrodeis
[IEPITIOT0 POy, & IOTIM, 3a JIOMOMOIOI0 €JIEMEHTIB MATPHUIl, OOEPHEHOI 10 MATPUI METPUYHOIO TEH-
30py gij(x;y), cumBorm Kpucrodesis apyroro pomy, orpuMani piBHSIHHSI, 0 BU3HAYAIOTHh KPHUBI, sKi
HA3UBAIOTHC reosie3nIHuM i Jiinisvu npocropy T'(V™).

JaJti mpupoiHIM 9UHOM BBEJICHO MOHSATTS IIPOEKTUBHOTO TeperBopenHsi mpocropy 1'(V"™), mpoana-
JIi30BaHO TpOOJIeMY iCHYBaHHsI MPOEKTUBHUX IMEPTBOPEHD, SIKi € IMPOJIOBXKEHHAMU BiIITOBIIHUX IIpe-
TBOPEHb 0a3M, MPOEKTUBHUX IE€PETBOPEHDb, fKi 30€epiraloTh CTPYKTYpy PO3MIApyBaHH:, 1 3arajbHUX
[IPOEKTUBHUX [EPETBOPEHD. 3HANIEH] BHYTPIIIHI JIOCTATHI YMOBU TEH30PHOI'O XapaKTePy JIOKAJIBHOI'O
icHyBaHHS TPOEKTUBHIX mepeTBopenb npocropy T'(V"™) mepmux gaBox Tumis. [Tokazamno, mo nami yMoBu
CIPAB/KYIOTHCs, 30KPEMa, ¥ BUIAJIKY, Koiu 0azoBuii npoctip V'™ € mpocTopoM MmocTifiHOl KPUBUHU.
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JIBortapaMeTpUdHi 0COOJIMBOCTI OAHOTIJIKOBUX aJIrebpaivHmX KPpUBUX

Pycnan CkypaToBcbKuii
(MAVII, dakynsrer Indopmaniitbux i KOMIT'IOTEPHIX TEXHOJIOT)
E-mail: ruslcomp@mail.ru

Beranosiieno HeobOxiHi 1 locTaTHI YMOBE TOTO, IO IJIOCKA OCOOIUBICTH ajredbpaiaHol KPUBOI 3 OJIHOIO
IJIKOI0 Ma€ sIKk MaKCHMYyM JIBOIIapaMeTpH4Hi ciMeiicTBa ifeasiB. Haramgaemo, mo 1miocka ocoOJIMBICTH
ajrebpuaHol KpuBol Ha I nosieMm k — 1ie k-aarebpa Burisiny R = k{lz.y]] / (f)- BoHa 3BeThCs1 OJIHOTLIKOBOIO,
akimo R ne mMae ninbHukis Hysa. KaxkyrTs, mo R mominye ocobmmsicts R/, axmo R D R,

Teopema 1. Hexati R € 00nozinkosoto ocobausicmio. Todi nacmynhi ymosu € exeiéaieHmHUMU.;
1) R mae ax MaKcumym 080Napamempuini cimMeticmea i0eanis.
2) Hxwo char k # 2, mo R dominye o0ny 3 macmynnux ocobausocmet:

Eso, Esz, Was, WJ., Wao, Nag, Nag, Nos.
2a) Hdrxwo chark = 2, mo R dominye 00ny 3 nacmynuux ocobausocmet:

E3o, Esz, Wls,Wf%*, Nao, Nag.
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IlceBmo-BaiicMaHOBI MHOTOBUAM Ta IX IIPUKJIAAN

€. B. YepeBko
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E-mail: chepurna67@gmail . com

[TceBnoBaitcmanosi muorosuan (pseudo-Vaisman manifolds) — ne raki JIKK-muorosunn, dopwma Jli
SIKUX 3aJI0BLIbHSIE yMOBI [1]:

2
w
2u(Vxe() = B g0x v, )
e &4 — verBepTHii MpoekmiiHMii omeparop ObaTu:
1
Py(wij) = 5(52155 + JP T wa b,

YmoBy (1) MOXKHA TJICHIUTH, a camMe, BUMAaraTh

X,Y) = M XY 2
V(JJ( ’ ) - 9 g( ’ ) ( )
JIKK-MHOrOBU I, /1151 SIKUX BUKOHYETHCS YMOBa (2) MATUMYTH HA3BY CUAbHO NCEGAOBATICMAHOET MHO-

2osudu (strong pseudo-Vaisman manifolds). HaBegemo npukiia/u Takux MHOTOBUJIIB.

Mpukaan 1. Ha qo6ytky E x CxCx---xC, ne £ = {2 =2t +iyl € C: 2! -Z! > 1} moxkna

m—1
3aJ1aTu KOH(MOPMHO-KEJIEPOBY METPUKY TAKUM TUHOM
1
= §,3d2" ® dZ°. 3
g ln(zl El) 0!5 ® ( )
Bignosinso, dbyHgamenTaabaa hopmas
O =—V—1——,5d2" N dZ°, 4
In(zt-zh) of (4)

ta dhopwma Jli:
(Yt + (Y tdzt
In(z-zh)
Y (3) ta (4) o, 8 = 1,m, m — KOMILIEKCHAa PO3MipHICTH MHOTOBH Y. Bimminui i Hyns koedirienTn
3B’SI3HOCTI, III0 € y3TOJZKEHOIO 3 METPHKOIO (4).

w=—

IMpukaan 2. Posrastaemo m106ytok H X C X C x --- x C, ne H € mpaBoio MiBILIOIIWHOK IIJIOIUHI

m—1

kommexcamnx wncen H = {z! = 2! +iy! € C: 2! > 0}. Merpuka

9= méaﬁdz“ ®dz’; a,B=Tm.

ma muorosuai M" = H x CxCx---xC, (n = 2m) e xoudopmuo-keneposoio. PyngamenTaniba

m—1
dopMa MaTHMe BULJISLI
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Q= —\/—71%601561,2“ ANdZP o, B =T, m.
zr+z
A dopwma JIi
dz' + dzt
zt 47
y ,Z[iﬁCHI/IX KOOpAMHaTaX METPpUKa BUIVIAAATUME TaKUM YNHOM:

1
gij = ;5@', (5)
a dopwma JIi, BiamosimgHO
- daxt

Ie#t MHOTOBH € TICEBIO-BalCMaHOBUM MHOTOBHJIOM 3 MOCUJICHOIO YMOBOIO.
st nasenenux JIKK-meTpuk obuncieni y3romkeni 3 HuMu KoedirieHTu 38’ 43H0CTI, Ta KOMIIOHEHTHU
Ten3opiB Pimana Ta Piudi.
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ITpo P-nedopmarnii moBepxoHb 3i CTAITIOHAPHUM BiJIXWJIEHHSIM BiJI
JOTUYHO] MJIOIIUHU

deguenko 10.C.
(Orechka HarioHAJIbHA, aKaeMist XapIOBUX TEXHOJIOTII)
E-mail: fedchenko_julia®@ukr.net

Busuaemo HeckinueHHO Masi reojgesudHi jmedopmariil nosepxoub (P-medopmarnii) [1], [2] 3a ymosu
CTaIiOHAPHOCTI BIIXUJICHHS BiJi JOTHYHOI IJIONIMHA y Oy b-siKOMy Hampsimi [3].

Posrismenmo nosepxuio S kiaacy C3 B eBKIii0BoMy 1pocTopi F3 3 BEeKTOPHO-TIAPAMETPUYHIM PiBHS-

= (el 22 n : cm (ol 2\ STT (el 2 T7(rl .2 :
HHAM T = T(2", °) Ta i1 gedopmartiio Sg: 7. = 7(x", x”)+eU(z", 2%). Tyr U(x", x7) - BeKTOp 3MiIIeHHs,
€ - MaJIMil mapamerp.
_ 0B 3 0ab
Hexait U; = cijo | T -— iwcaﬁ + c1c™P g + cio TN, je T, T - Tenzopui nosg wa S, a 9P -

onopra dyHKiiist qedopmarti [2].
3HaliIeHo OCHOBHI piBHsIHHs P-medopMariiit moBepxoHb 31 CTAIIOHAPHUM BIIXUIEHHIM Bil JOTHIHOL
TLJIOIIVHI:

0kB 3
Vka = —bﬁj T - <2w — 01> bajcak;
okh ) (1)
V: T = T%;ag"" + §¢ickh + Yo cEoh.

P-nedopmartii, mis sikux ¢; = 0 HazuBaioTbest adinaumu (PA-nedbopmarii); BBazkaeMo ix Tpusiasib-
HUMH HECKiHYeHHO MaJINMU TeOIe3UTHUMHE J1edOpPMAITisiMU.

Y pesyJsibTaTi JOCTIPKeHHsT OCHOBHUX PIBHSIHb BCTAHOBJIEHO, IO SKITO moBepxHsi K # 0 momyckae
P-nedpopmariiio 3i cramioHapHuM BiIXUIEHHSIM Bi/l JOTUYHOT IUIOIUHA Y OY/Ib-sIKOMY HAIIPSMIi, TO TaKa
nedopmariis € adiHHOIO.

Okh

Hna PA-nedopMmaiiiii MoBepXoHb BUIMCAHO HPEICTABJICHHSI TEH30PHUX HOJIB T Tk B SBHOMY

BUTLJISITL.
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IToBepxuga I'ayai Ta medopmaliisg 3 3a/IJaHOIO0 Bapialli€lo eJJeMeHTa
TLJTOIIT1

Xomuu FOuisa
(Opechkuii Hanjionasbauil yuisepcurer imeni I. I. Meunukosa)
E-maal: khomych.yuliia@gmail.com

ITicTpyin Maprapura
(Opechkuii Hanjonasbauil yuisepcurer imeni 1. I. Meunukosa)
E-mail: margaret.pistruil@gmail.com

[Tosepxus ay/i MUPOKO 3aCTOCOBYETHCS B CydacHii apxiTekTypi. Haa3pudaitHo BaXKInBO BU3HAYMN-
TH MOXKJIMBOCTI 1T HerepepBHOro siehOpMyBaHHsI 32 YMOBU THX UM iHIINX oOMexkeHb. B poborax [1], [2]
JIOBEJICHO iCHYyBaHHs HETPUBIAJbHUX HECKIHYEHHO MAJUX 3TUHAHb Ta BCTAHOBJIEHO 1X JIOBLILHICTDL. ¥
it poboTi 1y1st ToBepxHi ['ayai moCcai K yeThCs OIIbIT MUPOKKH KJIac HECKIHTIEHHO MaauxX TedopMalriii,
a caMe TaKWX, [P sIKUX Bapiallist ejeMenTa 1o ddo € 3aganoio ¢yHkiieo. Taki gedpopmaliil Ha3u-
BAIOThHCsl KBasiapeasbHuMu [3]. 3anponoHoBaHo BapiaHT MaTeMaTUIHO! MOJIe/ 3a3HadeHOl 1eopMariil
a7s1 moBepxHi [aymi, 3a momomoroio sikol 3HaiigeHo 11 moJisl 3Milienns KBasiapeaabHol gedopMariil Ta
BCTaHOBJIEHO Jiesiki BiractuBocTi. [loBepxus aysi nomyckae apeajibHy HECKIHYEHHO MaJTy JieOpMAaIiiio,
IpH fKiil iICHye JiificHa OpTOrOHAJIbHA CITKa JIHIN CcTallloHaApPHOT JIOBYKUHU.

[IpunmycTrmo, Mo BEeKTOPHO-ITapaMeTPUIHe PIBHIHHS MOBEPXHI ['ayml 3a/1aH0 y BUTJISII:

S 7zt 2?) = {z,y, ma sin%}, (1)

udepeHIiaTbHO-TeOMETPUIHI XapaAKTEPUCTUKIA:

1 . 2 1
g1 =1+ m? sin’ y; g12 = —m?x sin—y; goo =1+ —2m2332 cos? Q;
a 2a a a a
1 1 2
= —2 ( 2 1 m?2? cos? Q) D9t = ——m’z sin—y;
a“g a 2ag a
1 g 1
g2 == (1 + m? sin? Q) . g=1+m?sin® Yy —szxz cos? g;
g a a a a
m2 y mxsiny y
K=-— 2(30527; 2H:—27a (2—|—m2c0527).
a4g a acg./g a

Bapianis enemenTa mtomi 0do BUpaskaeThCsa depes mepmil Tenszop gedopmanil 2e;; = 0g;;
odo = eaﬁgaﬁda
[IpY HECKIHYEHHO MaJIiil jedpopMalril moBepxHi
(a2, t) = F(a!, 2?) + tU (2!, 2?), (2)

ne U (xl,xQ) — moste 3mimennst, t — 0. OueBujHO, BeuvuuHy 6do MOXKHA BBarKaTW 3aJI@HOI TOJ i
smIme Tofi, Koo € 3ajanor bynkiis p(x!, x?) € C! Touxku nosepxHi, sKa 33/10BOJILHAE YMOBY

saggaﬂ = 2.
. = _ or  _
[Toste 3Mmimennasa U po3KIaieMo depe3 BEKTOPU T = 90 n:
x
U = U, + U°n, (3)

ne U® — nesike 1oJie KOHTpaBapiaHTHOrO BekTopa Ha S, a U° — moJie iHBapiaHTa.
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Teopema 1. Heckinuenno mana depopmanis noseprhi Laydi € keasiapearvroro modi i suuie modi, Ko-
U KOMNOHENMAL NoAA 3Miwenns ma gynxuia @ waacy C1 zadososvnaroms dudeperuiavrie picnamms
out ou?r 1 1

+ —m?x cos® Ul—f—i

.2y
2042 _ 42 2Y 2
o + oy o 2a%g m-(a )smaU—i— (4)

2 Y

ma(2 4+ m? cos a) sin %UO = 2¢p.

1
_|_7
a*g./g
Teopema 2. [losepzia I'aydi (a = m = 1) donycrae neckinueno mary dedopmanito 3 3a0arnoro 6api-
auicro eaemerma naouyi. Ipu yvomy noae smiwenns wepes dosirvny dymruito o € O supasicaemuca
ABHO:

Ul y) = { —¥g —pgy/getgy —2cos’y — 4 pg,/g — x*(2 + cos® y)sm2y
¥= 22(2 + cos?y)’ 2,/9(2 4+ cos?y) " 22/g(2+ cos?y)siny

3a ymoBu ¢ = 0 HecKiHYeHHO MaJla KBa3iapeasbHa gedopMallis € apeaJbHo0. Bona 36epirae eeMenT
ILJIOIII ITOBEPXHi.

Teopema 3. Ilosepzna Iaydi (a = m = 1) donyckae apeanrvny Heckinwenno mary dedopmayito 3

NONEM 3MIWEHH.A
—1 —xcosy

N

Teopema 4. [Ipu apeanvhiti Heckinuenno manit dedpopmanii 3 nosem smiwenns (5) na nosepxni Iaydi
icHye diiCHA OPMO2OHANLHA CIMKG NMHIT CAYIOHaPHOT 0082CUHY, JUPEPERUIANOHE PIBHAHHA AKOT MAE
BU2AAD:

U(z,y) = {0, — ()

(1 + sin? y) cos ydx? — z(1 + sin? y) sin ydaedy — (1 + 22) cos ydy? =
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IlocTosiHcTBO THUMa 0000IITEHHBIX MHOTrooOpa3uit Kenmoiry

ApcenbeBa OJibra EBrenbeBna
(MIIT'Y, Mocksa, Poccus)
E-mail: oe.ars@yandex.ru

Kupudyenko Bagum ®PenopoBud
(MIIT'Y, Mocksa, Poccus)
E-mail: highgeom@yandex.ru

PycranoB Anuragxxkunu PabamanoBud
(UCT'O MIIT'Y, Mocksa, Poccust)
E-mail: aligadzhi@yandex.ru

Onpepesienne 1. [1] Kiace mourn KOHTAKTHBIX METPUYECKUX MHOIOOOPA3I, XapAKTEPU3YEMbBIX TOXK-
gectBom Vx(P)Y + Vy(2)X = —n(Y)PX — n(X)PY; X,Y € X(M), nassiBaercss 0600ueHHbMmU
mno2006pasusmu Kenmouy (kopoue, G K-mrozo06pasuamu).

Onpegnenenne 2. 2] Kommnekcnas K-anrebpa R Hazpisaercst K -aa2e6poti nocmoaniozo muna, ecin
Jee CVX,Y e R: ((X, V) =0= || X «Y|> = ¢| X|?|Y]>

Teopema 3. GK-mHoz006paszue nocmoarnoz2o nenyaeeozo muna sasasemes SGK -mnozoobpasuem 11
poda.

Teopema 4. Kaacc SGK-mrnozo06pasut 11 poda Hnyaeeo20 nocmoarnozo muna cosnadaem ¢ Kaac-
com mnozoobpasuti Kenmovuy. Kaace SGK-mnozoobpasuti I1 poda nenyaesozo nocmosnHnozo muna
KOHUUPKYAAPHDIM TPEOOPAZ0BAHUEM NEPEBOIAMNCA 6 NOYMU KOHMAKIMHOIE MEMPUYECKUE MHO2000Da-
3UA NOKAANOHO IKBUBANEHMHLT NpoudsedeHuto wecmumeprozo cobemsennozo N K -mHoz000pasus Ha
BEWLECTNBEHHYIO NPAMYIO.
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I'eomeTpuyeckasi uaTeprpeTarius 3aKOHOB (PU3NOJIOTUTIECKOTO
pa3BuUTHUs pacTeHuii

T. H. BoaoroBa, B. 1. Makapos
(XHAZLY, 61000, Ykpauna, r. Xapbkos, yi. fpocaasa Mynporo, 25)
E-mail: tatabolotoval975@gmail.com, v.i.makarov37@gmail.com

Buostorudeckne xapakTepuCTUKNA PA3BUTUS PACTEHUH CYIIECTBYIOT B OTpaHUYEHHOM HHTEpBaJe dhak-
TOPOB, BIUSIONINX Ha (PU3UOJIOTUIO pa3BUTHs pacTenuil. HIKHIOO rpaHuily 9TOro nHTepBaJia onpesie-
JISIET 3aKOH MUHMMAJIBHOTO OTpaHMYUBAIONiero (akTopa —3akoH MuHHMyMa Jlnbuxa [1|. Bepxmiomo
CPAHMILy 3TOrO0 MHTEPBAJA OIPee/sdeT 3aKOH MAaKCHMAJILHOIO OIPAHUYUBAIONIEro (haKTopa — 3aKOH
ronepanrnocru [lendopaa [2]. B skenepumenrtax Tesbperess [3] u Appennyca [4] 6bu10 yeranosseHo,
YTO CyIIECTBYIOT JIBa THUIA OHOMAKTOPHBIX 3aBUCHUMOCTEH YPOXKas CEILCKOXO35HCTBEHHBIX KYIbTYD
ot BHelHuX (haxTopoB. [lepBblil THII 3aBUCUMOCTEN yPOXKas CETbCKOXO3ANCTBEHIBIX KYILTYD OT BHEIII-
Hero dakTopa (HAIpPUMeED, SIPOBOM sIYIMEHb) — KpHUBasi MapaboMIecKOro TUMA C OZHON TOYKOI MaKCH-
myma [3]. Bropoit Tun 3aBucumocTeii ypoxkasi CeJIbCKOXO3SHCTBEHHBIX KyJIbTYD (HAlpHMep, ropoxa)
OT BHEITHero (pakTopa — JIBYXBepINUHHAsI KPUBasi, UMeoIasl TOUYKY MUHHUMYMa U JIB€ TOYKH MaKCH-
myma [4]. Ecim ogrodakropabie dbyHKIMI yporKaiHOCTH 9T0 OUOJOTUIECKIE KPUBBIE, CYIIIECTBYOIINe
B OFPAHWYEHHOM HHTEpBaJie BHENIHEro (haKkTopa, TO MHOIO(paKTOPHbIE (DYHKIIUU yPOXKAXHOCTH — ITO
OMOJIOTUYIECKNE IOBEPXHOCTH, CYIIECTBYOIINE B OPPAHUIEHHON 00JIaCTH MPOCTPAHCTBA BHEITHUX (hak-
TopoB. B mamem ciyuae mmeerca 3 dakropa - sro Kaquit K, dochop P u azor N, T.e. dpyuxius
ypoxaiiHoctu — 310 dyHKuus or rpex nepemennbix Y (K, P, N). Ha rpanune obiaacru dbyHKIuUs ypo-
JKAHOCTH obpalaercst B HOJIb. [losToMy B cemeiicTBe MOBEPXHOCTENl yPOBHSI (DYHKITMH CYIIECTBYET
XO0Tst OBl OJTHA BBIJIEJIEHHAS [TOBEPXHOCTb YPOBHS € TPa/IMEHTOM PAaBHBIN HYJI0O B HEKOTOPO Touke. U3
CcOo0OparKeHUit ODIIETrO MOJIOKEHNST MOYXKHO CUUTATH, UITO MBI UMEEM JIeJIO ¢ MOPCOBCKO# (pyHKImeir. B
OKPECTHOCTH MOPCOBCKO# 0CODOI TOUKHU ypPaBHEHHE TOBEPXHOCTU YPOBHSI MOYKHO IIPEJICTABUTH B SIBHOM
BHJIe. DTO Oy/IyT IEHTPAJIbHBIE TTIOBEPXHOCTU 2-TO MOPSI/IKA, KOTOPhIE UMEIOT JBa THUIIA 0COOBIX TOUYEK:
JUINIITUYECKHE (MUHUMYMbI U MAKCUMYMbI, COOTBETCTBYOIIME uHieKCy +1) u runepbosmueckue (coor-
BETCTBYIOIIME UHIEKCY +1 B 3aBHCHMOCTH OT MHJCKCa nepectpoiitku Mopca). Crarucrudeckuii anaims
(METOIOM HAMMEHBIUX KBAIPATOB) 06a3bl JAHHBIX U3 81 TOUKH, OIyOIMKOBAHHBIX B [5], OKa3as Ham-
qne y (hyHKIUU yPOXKANHOCTH TOUKM MAKCHMYMa U JIBYX PA3JIMYHBIX THUIIOB MUIEPOOTUICCKUX TOUEK
(ungekcoB +1 u -1). Eciin npeinonioxuTs, 1ro 0b6acThb onpejenenus GyHKIun romeoMopdHa mapy,
TO 3TO KOPPEJUPYET C TE€M, UTO MIEPOBA XapaKTEePUCTUKA Iapa paBHa 1.
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OO0 m30TONMHOCTU HEKOTOPBLIX PYHKITUIA

Bougaps O. II.
(JIA HAY, Kponnsaurxmnit)
E-mail: bondarkla@ukr.net

B.B.IIlapko, [1], onpemesnu 1 nCrnoab30Ball Jjisi U3y YeHus: CBOHCTB MHOrOOOpa3uii M30TOIHbIE (hyHK-
un Mopca — QyHKIUHT, coeTuHsIeMble TVIaJKUM IIyTeM B mpocTpancTse dyukimit Mopca. O6obiieHnem
UX eCTh U30TONHbIe (bYHKIMH, OlpeiesieHHble, 2], Tak:

Onpenenenne 1. Oyuxuuu fy u fi Ha MHOroo6pasun M HazbiBaoTCst n30TOHHBIME (CT-U30TONHBIMU
WJIM HENIPEPBIBHO U30TOIHBIMU UJIM U30TONHBIMU (DYyHKIMsME Mopca), ecim CymecTByoT Takas Helo-
neumkHast Ha X wmsoronust H @ (M, X) x [ — (M,X) x I uw uzoronust h : [0,1] x I — [0,1] x I,
H; € Isog(M, X) u by € Isof ([0, 1]), uro ns Beex ¢ € [0,1] f; = hyo foo H; ' - dbymkimun omumaxosoro
Bua (CT-riajkue win HenpepbiBHble nin GyHkmu Mopca).

B [3] 6bu1a nokazana uzoronHocTs (yuknuit memmvbr Mopca. Ciieyioniue JBa y TBepK IeHUsI, BAYKHbIE
JIsT KJTacCuPUKAINYA OTOOPaKeHUH MHOTOOOPA3Uil, HECTIOXKHO MOJIYINUTh HEMOCPEICTBEHHO U3 TEOPUH
Mopca.

Ilpennoxenue 2. Ilycmov fo: R" — R - 2aadkaa pynxuua 6 oxpecmmuocmu Uy peeyaaproti mowky
zo = (2, ...,78) amoti dymwyuu u (0fo/0x%)(w0) #0,i=1,....n.

Tozda mootcho yrkazamo Koopdurammyro gopmy uzomonuu H : Uy x [0,1] — Uy x [0, 1] oxpecmmocmu
Uy mouru xg na mexomopyto oxpecmmuocms Uy wavana koopdunam npocmpancemea R™, maxyro, umo
dupgeperyupyemovie omobpasicenus Hy C Isog(Uy), Hy = idy,,t € [0,1], u daa ecex mouex y =
(yt,...,y") € Ur, daa xomopoix y'(xg) = 0,i =1,...,n, dynryua

fi=styt + ...+ sy}, 2de
st = sign((0fy/0x%)(0)),i = 1,...,n, 6ydem npasousomonnoti dymwuuu fo : fr = foo Hfl, mo ecms
CYwecmayem makoe A0KAAGHOE U3OMONHOE NPeobpasosarue cucmemv, Koopournam, wmo gyrruyusi fo
b6ydem dugdepenyupyemo uzomonna GynryuL f1.

Ilpennoxenue 3. Ilycmov fo: R — R — 2aadkas pynxyua 6 oxpecmmnocmu Uy wyas, das xomopot
dynryua u ee npoussodnvie fo(0) = fi(0)=---= fékil)(O) =0, o fék) (0) #0.

Tozda moorcho yrazamv koopdunammnyio gopmy usomonuu H : Uy x [0, 1] — U x [0, 1], okpecmmocmu
Up Hyasa ma, 803M001cHO, MeHbwyio e2o okpecmuocmos Uy maxyro, wmo dugdepenyupyemoie omobpa-
oicenus Hy C Isof (Uy), Hy = idy,,t € [0,1], u daa ecex mouex y € Uy, daa xomopwx y(0) = 0,
dyHruua

fi = signf§¥ (0)y*
b6ydem npasouzomonnoti pynryuy fo.
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[TepKoJIAIMOHHBIE 3a/Ia9K C CAMOOPraHU3aIMell — HeOTbeMJIeMasl COCTABJISIONIAast TEOPUU CaMOOpra-
HUBYIOIIEiCs: KPUTHIHOCTH, [IPeJIOXKeHHOH B [1],[2] B mepByto ouepeib, /i1 OCMBICIIEHUST CBS3H MEK Ly
JIOKAJIbHON OpraHu3alueil CTpyKTYpbl 1 MEXaHU3MOM Pa3BUTHsI KpUTHIHOCTH [3].

K manbosiee ob1inM 3aKOHOMEPHOCTSIM SBOJIIOIUN [TEPKOJISIINOHHBIX CHCTEM C B3aUMOJACHCTBY IOIUMU
QJIEMEHTaMU OTHOCUTCHA CyH_IeCTBOBaHI/Ie B HMX HE€PaBHOBECHLIX KBa3HCTaIIlMOHaPHBIX COCTOHHI/H‘/JI7 BO3-
HUKAIOMIUM 33 CYeT MHOTOMACIITAOHBIX KOppessiiuii B npocTpaHncTBe u Bpemenu [4]. M3sectHo, uTo
IIPOCTPAHCTBEHHBIE KOPPEJIANUNN OOHAPYKUBAIOT ce0s B CTPYKTYPE NEPKOJIUPYIONUX (HPAKTATHHBIX
MHOZKECTB B6JII/I3I/I Iopora IIpoTeKaHud, BpEMEHHbIEC — B JABU>KEHNUN K TaKHM COCTOAHUAM IIpU MeIJIeH-
HbIX BOBﬂeﬁCTBI/IﬂX Ha CI/ICTeMy7 IIO3BOJIAIOIINX IIPOTEKaThb IIPpollecCaM CaMOOpPpraHU3allun. HpI/I 9TOM
CcTpeMJIeHE K CAMOOPraHU3YIONecad KPUTUIHOCTA TPUOOPETAeT YHUBEPCAJILHBIN XapaKTep, a 3HAUUT,
HE 3aBucCuUT OT CHeHI/I(i)I/IKI/I CUCTEMBI. STO MO2KHO IIOHATBH B KOHTEKCTE IIPpUHIIUIIa HAUMEHBIIIET'O ,ZLefI—
CTBUS, PETYJIUPYIOIIErO MOBEJIEHNE TUHAMUYECKIX CUCTEeM B HauboJjiee o0IeM BUJIE: U3 BCEIO MHOT000-
pa3usi HEpaBHOBECHBIX CTAIMOHAPHBLIX COCTOSHHUI Ipr OECKOHEYHO MEIJIEHHOM BHEIIHEM BO3JEiCTBHI
CaMOCOIJIACOBAHHAS JIMHAMUYECKAsT CUCTEMa BBIOUpAeT TO, Il KOTOPOro JIefCTBIe MUHUMAJIBHO [4].

B passurme uccienoBannii TaKUX CUCTEM IIPEJIOZKeHa KOMILIOTEPHAS MOLEIb YIIPABJICHUS CTPYK-
TYPOil HEPKOJIAIMOHHBIX KJIACTEPOB B Ipolecce ux dpopvuposanus. IlocTpoenne KiacrepHoil cucTeMbl
B Moeau npoogurcs MeronoM Monte-Kapiio ¢ nenoib3oBanneM HTEPalnoOHHOIO aJIlOPUTMA, PEaJIn3a-
LN B3aUMOIEHCTBHS €€ 3JIeMEHTOB, IIPU 3TOM IIPUMEHSIIOTCH IBa BUIA 3aKOHOB IIPUTSXKEHUS: C CHJIAMUI
nponioprmonabEbvu 1/ R wm 1/ R,

B mMopenn ucciieqoBana 3aBUCUMOCTDL CTPYKTYPBL U CBOIMCTB CAMOOPTaHM3YIONIUXCS KJIACTEPOB OT
CTEIIeHN CaMOOPIraHM3allii, XapaKTePHLIX 3HAYEHH JIJIMHBI KOPPEJIALNNA, CKOPOCTU I'e€HEePAIii CUCTe-
MBI; IIJIsI 9TOT0 HCCJIEAYIOT MX 3aBUCUMOCTHL COOTBETCTBEHHO OT KOJUYECTBA AKTOB B3aUMOIEHCTBUSI
YaCTHUIl, OT MAKCUMAJIBLHOIO PACCTOSHUSI, Ha KOTOPOM 3JIEMEHTBI CHCTEMBI MOI'YT OObeIMHATHLCS B KJla-
cTep, a TaKyKe OT KOJMYECTBa YACTHI], PE€HEPUPYEMbBIX Ha MEePKOJISIMOHHOM IIOJE Ha KaXKJOM IIare
co3IaHusI DECKOHEYHOIo Kjacrepa. [loydeHbl aHaIuTHIeCKIE BBIPAYKEHUsI JIJIs 3aBUCHMOCTH OT 9THUX
[apaMeTpoB MOIIHOCTH OECKOHEUHOTO KJIACTEPA, €r0 PAINyca MHPAIME, CTEIeHN AaHI30TPOIINH U JIAKY-
HapHOCTH, & TaKKe PACCUNTAHBI IepBble TpHU pasdMepHocTH ciekTpa Penbu. KonmmdecTBo MoaeIbHBIX
9KCIIEPUMEHTOR, IIPOBO/IUMBIX ¢ (DUKCUPOBAHHBIMU 3HAYEHUSIMU ITAPAMETPOB, IIO3BOJIUIIO Oy YUTh Pe-
3yJABTATHI CO CTAHIAPTHOII JIjId TaKUX 33189 OTHOCUTETHHOU TOTPENTHOCTRIO, He IpeBbiatornieit 1012
IIPOIIEHTOB.
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cI)yHKTOp nAEMIIOTEHTHBIX BEPOATHOCTHBIX MeEpP C KOHE€YHbIM
HOoCcHUTeJIEM U MEeTPpUu3yeMOCTb KOMIIAKTOB

A. A. Bautos
(TamkeHTCKHUiT apXUTEKTYPHBIH U CTOUTEIbHBIH HHCTUTYT)
E-mail: adilbek_zaitov@mail.ru
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(TamkeHTCKUii MHCTUTYT MHXKEHEPOB UPPUTAIMU U MEXaHU3AIUH CEJIbCKOIO XO3siiCTBA)
FE-mail: xolsaid_81@mail.ru

B pafore mokazaHo, 4TO ecjiu JjIs HATYPAJLHOrO ducjaa n, n > 3,upocrpancrso I, X\ X, nacues-
CTBEHHO HOPMAJILHO, TO OMKOMIIAKT X METPH3YEM.

Pacemorpum muokecTBOo RU{— 00} ¢ iByMst anrebpandecKuMu onepariisMi: CJI0KeHeM 4 U yMHO-
JKeHHeM (© OIpeJIeJIeHHBIME CJIeIyomuM obpa3oM u®v = max{u,v} u u©v = u+ v rae R MmHO)KECTBO
JHefCTBUTEIbHBIX YUCET.

[Tycrs X — kommakTHOe Xayciaopdoso npocrpanctso, C(X)— anrebpa HenpepbIBHBIX (QYHKIMI HA
X ¢ obpranbiMu anrebpandeckumu onepanusivu. Ha C'(X) oneparyu & u @ omnpenesinM 1Mo mpaBujiaMm
@1 =max{p, Y} 1 p O Y =+, r1e .,y € C(X).

Hanomunwm, aro dyuknnonan p: C(X) — R nassiBaercs 1| muemMnoreHTHO BEPOATHOCTHONH MepPOii
(mepoit MacsioBa) Ha X, ecin oH 061aaeT CJACIYOMUMEI CBOCTBAMM:

(1) p(Ax) = A st Becex A € R, rie Ay — nocrosiunast hyHKIMS;
2)uAN© @) =AO u(p), g scex A € Rup € C(X);

(3) ule @ ¥) = () ® pu(y) nns seex ¢, ¥ € C(X);

Hns komnakrHoro Xaycaopdoso npocrpancrsa X obozHaunm depes I (X ) MHOXKECTBO JIJIs UJIEMIIO-
TEHTHBIX BEPOSTHOCTHBIX Mep Ha X . Paccmorpum (X)) Kak HOAIPOCTPAHCTBO MPOCTPAHCTBA REX),
JIsT 3a1aHHBIX KOMIIAKTHBIX Xaycaopdosbix mpocrpancTs X, Y u HempepblBHOTO oToOpaykeHus f :
X — Y MoxHO 1poBeputh, uTo ecrectBenHoe orobpaxkenue I(f) : I(X) — I(Y), oupenesnennoe 1o
dopmyse I(f)(u)(¢) = wu(y o f), venpepwiBHo. Bosee Toro, KoHcTpyKIwst I siBjIsieTcsi HOPMaJIbHBIM
dyukropom. ITosTomy Jyisi IPOU3BOJILHON MIAEMIIOTEHTHONH BEpOSITHOCTHON Mepbl p € I(X) MOXKHO
OTIPEJIETIUTD TTOHSTHE HOCUTEJIS:

Suppu:ﬁ{ACX:Z:A,,uEI(A)}.

,HJIH ITOJIOZKHUTEJILHOT'O IIEJIOTO YUCJIa N OlIpeAe/IMM CJjielyroniee MHO2KEeCTBO

Iy(X) ={p € I(X) : |Supp p| < n}.
Iomoxxum

Iw(X) = U In(X)
n=1

Muozxecrso I, (X) Berogy mwiorso [1] B I(X). UnemnorenTHyto BepositHOCTHYIO Mepy f € I,(X)
Ha3bIBAIOT UJAEMIIOTCHTHON BEPOATHOCTHON MEpOil ¢ KOHEYHBIM HOCHUTEJICM.

3aMeTuM, 9TO €CJId [t— UJEMIIOTEHTHAsI BEPOSITHOCTHASI Mepa ¢ KOHEUHBIM HOCUTEJeM Supp fi =
{z1, 22, ..., 2}, TO {1 MOKHO IPEACTABUTH B BUJE f4 = A\ O 0z, B A2 @0z B ... B A © 0z, €AUHCTBEHHBIM
obpazoM, rie —o00 < A\ <0, i =1,2,..,k, MDD ... A\ =0.

3Jech, kKak 06bIaHO, jist & € X depe3 0, oboznauen dyukimonan na C(X), onpesenenusiii popmy-
noit 0,(¢) = p(x), ¢ € (X), u HaspiBaemblii Mepoii Iupaka. OHa cocpejioToueHa B TOUYKE .
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st 6GukomnakToB X u'Y uepes C (X, Y') obo3HagaeTcst IpOCTPAHCTBO HEIIPEPBIBHBIX OTOOparKeHU it
u3 X B Y, cHaGKeHHOE KOMIAKTHO-OTKPBITON Tonosorueii. fcuo, uro C (k, Y') ecrecTBeHHO romeo-
Mopduo k— Toif crenenn Y mpocrpancrsa Y, rie k— AMCKpETHOE IPOCTPAHCTBO, COCTOsIIEe U3 K
touek. /g dpyukropa F', bukomnakToB X u k ompeiesinM OoTOOpaXKeHue

W],X’kIC(k‘, X)XI(]C)—)I(X)

PaBEHCTBOM

T, x,k (& a) =1(§)(a), £ € C(k, X),ael(k).
Nmeer mecTo
IIpennoxenne 1. /Ina komnakTa X U HATYpPaJbHOIO YHCIa k OTOOpasKeHHUE Ty, . j HEIPePbIBHO.
Jlns kommakTa X, Hemycroro muoxkectBa A C X 1oJioxum

S;(A)={aeI(X): suppan A0},
Seno, aro Sy (0) = 0, Sy (X) = I (X). o nocrpoennto, Brmoverne A C B sneuer St (A) C Sy (B).
IIpennoxxkenune 2. [Iast kommakTa X, BCSIKOTO €ro OTKPBITOTO MOAMHOMKecTBa U mMveeT MecTo

T(X\U) = 1(X)\S;(U).

Caencrsue 3. [l Besikoro oTkpbiToro mojamuozkectsa U komnaxta X muoxkectso Sy (U) oTKpbITO
B I (X).

Ormernm, uTo MHOTO3HAYHOE OTOOpazkenue supp : I (X) — X nosiyHenpepbIBHO CHU3Y.

IIpennoxkenune 4. Jns BeAKOro 3aMKHYTOro mojmuoXKecTBa ¢ xommakTa X MuOXKecTBO ST (P)
samkuyTo I (X).

s xommaxTa X BBegem obosmauenme 10X = I, X\, 1X.

st 6eckoHEeTHOTO KapauHata 7 depe3 .V, 0003HaInM AJIEKCAHIPOBCKYIO OMHOTOYETHYIO KOMIIAK-
TuUKAIIAIO JUCKPETHOTO MHOXKECTBa, [N MOIITHOCTH T.

IIpennoxenne 5. Ecim 7 — mecueTHbI KapauHad, To poctpanctso 13 (aN,) He HOpMATLHO.

Teopema 6. Ilycrs X — 6ukommaxT. Ecin npoerpancrso I3 X\ X HacsencTBeHHO HOpMAIBbHO, TO X
METPU3YEM.

CuaencrBue 7. Ilycrs X — 6uxomnakt u n > 4. Eciau npocrpancrso I, X\ X HacsecTBeHHO HOD-
MaJIbHO, TO GUKOMIAKT X METpPU3YEM.
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Nudunuresaumasibable KOHPOPMHBIE ITpeoOpa3oBaHUsS B PUMAHOBOM
ITPOCTPAHCTBE BTOPOTO ITPUOJIMIKEHUS

Kamuauna T.H.
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E-mail: kalinina@gmail.com
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E-mail: 11da2007gc@gmail . com

B pumanosom npocrpanctse V;, (z; g)3adukcupyem Touky My ¥ IOCTPOUM I[IPOCTPAHCTBO BTOPOTO
npubmkenus V.2 (y; §), ONpeienB ero MeTputeckuii Tensop gij (y) [2]:

- 1 ol
i (y) =i+ 5 Rty (1)
Lne 9ij = 9i (M) , loQizlzgj = Rij,1,5 (Mp).

B npocrpanctse V,2 nsydaroTcs aHaanTHHecKne HHOUINTENMAIbHBIE KOHMOPMHbIE TTpeobpasoBa-
HUST

y" =y + " (y) ot (2)

[uie BekTOp eMernennst &, () yAOBIETEOpsieT 0600MEHHbIe ypaBHenns Kumnra [1], [3]

Lej =g (3)
Paccmorpen ciryuait, Korja ucxognoe V, - puMaHOBO IPOCTPAHCTBO HEHYJIEBOI MOCTOSIHHOM KPUBHU3-
ubl, a Gyakuus 1 (y) B (3) nmeer Bu

o0

22 <213'C = bll___l%yll...yl%, 8 =0, by, 1, — const) (4)

k=0

B aBrom Bujie naiimen §h (y

& (y) =al + alyt + 5 (a8 — al i) vy — SSanny Y2y +

= 1 e - —_— . ).
+a®th > 4 Al ph (2p 3)1(]!22;12p+51) 53 gp 5
T - o)

<th = %%zf}lbky“yl% A= §g1112y’1y12>

B (5) aﬁ - IIPOU3BOJIbHBIE IIOCTOSTHHBIE, a% - TIOCTOSTHHBIE, YIOBJIETBOPSIONINE YPABHEHUSIM
h _ |
a; g Na = bg ij (6)

Jokazana abcoOTHAST 1 PABHOMEPHAsT CXOAUMOCTH PsJIoB ().
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CsoiictBa KpuBu3Hbl noutu C'()\)-MHOro0oOpas3mii

Kupugyenko Bagum ®PemopoBud
(MIIT'Y, Mocksa, Poccust)
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Onpepenenne 1. [1], [2| [lourn KonTakTHOE MeTpHUecKoe MHOroO6pasne nasbBaercs nowmu C(A)—
MHO2000PA3UEM, €CIIU €0 TEH30D PUMAHOBON KPUBU3HBI YJIOBJIETBOPSIET CJIE/LYIONIEMY COOTHOIICHNUIO:

e X,Y, Z, W € X(M), a A — BellleCTBEHHOE 1UC/IO.

Onpegaenenne 2. (1], [2] Hopmansuoe nouru C(\)-muoroobpasue nassiaercst C(N)-mrozoobpasuem.

Teopema 3. IToumu C(\)-mH02006pasue ABAAEMCHA MHO2O0OOPAZUEM TOYEUHO NOCTNOAHNOT KPUBUSHDL
A, mozda u Mmoavko mozda, k020a €20 MEH30P PUMAHOEOU KPUSUSHYL YIOBAEMEBOPAEM, MOXHCIECTNEY
R(®%2X,0%Y)0%Z 4 R(P2°X,®Y)PZ — R(PX, ®*Y)DZ + R(PX,dY)D%Z =
=20\P2X (DY, D7) + X (DY, P2Z);VX,Y,Z € X(M).
Teopema 4. IToumu C(X)-MH020006pasue AGAAEMNCA MHO2000pA3UEM MOUEUHO NOCMOANHNHOT P-2000M0pPHOT

CERUUOHHOT KPUBU3HY, M020a U MoAbKko mozda, kKo2da Ha npocmparcmee npucoedurerinoti G-cmpyxmypo.
BHINOAHAEMCA COOMHOULEHUE

ad __ 1(.5ad ad
Rbc - 2(051)5 A5bc )
Teopema 5. Ecau nowmu C(\)-mHnozoobpasue asaaemcea 1n-3UHWMETHOGDM MH02000pa3ueM MUnNa
(e, B), mozda wa npocmpancmese npucoedunernnot G-cmpykmypv. cnpasediruso

o= %Ra + An,

cbé
_ _1pa
B —  n’ebe + An.

Ecin mourn C'(\)-mHOroo6pasue siB/sieTcsi MHOrOOOpa3ueM MOCTOSTHHOW KPUBU3HBI, TO, C Y9IETOM

IPEeIbIAYIIEHd TeOPEMbI, OHO SIBJISETCS SMHINTEHHOBBIM MHOI000pa3eM ¢ KOCMOJIOIMYECKOH KOHCTaHTOM
a=2\n

JINTEPATYPA

[1] D. Janssen, L. Vanhecke. Almost contact structures and curvature tensors. Kodai Math. J., 4 , 1 — 27, 1981.
[2] Z. Olszak, R. Rosca. Normal locally conformal almost cosymplectic manifolds Publ. Math. Debrecen, 39:3-4, 315 —
323, 1991.



105

Huxusa onenka Jijiss o0bE€Ma obpa3a 1mapa
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IIycts 3amano cemefictBo I kpuBbix v B mpocrpanctse R™, n > 2.
Bopenesckyio dynknuio p : R” — [0, oo] HazbiBator donycmumoti ayst ') numyr p € adm T, ecm

/p(x)ds > 1
g

I Kaxk ot kpusoit v € I
[Mycrs p € (1,00). Torga p—modyaem cemeiicrsa I' HasbIBaeTCs BeIMIMHA

M) = inf /pp ) dm(x

pcadmI

3mecy m obosnadaer Mepy Jlebera B R™.

s mpomsBosibabix MHOKecTB F, F'u G B R", wepe3 A(F, I, G) 06o3HaINM CeMefiCTBO BCeX Helpe-
PBIBHBIX KPUBBIX 7 : [a,b] — R™, kortopsie coequnsior £ u F'8 G, 1. e. y(a) € E, v(b) € Fu~(t) € G
mpu a < t < b.

[Iycrs D — obaacts B R™, n > 2, 9 € D u dy = dist(xg, D). Tomoxum

A(zg,r1,m2) ={z e R" : ry < |z — x0] < T2},

Si=S(xo.1ri) ={z eR": |[x —xo| =7}, i=1,2.
IIycrs @ : D — [0,00] — msmepumvast no Jlebery dynkims. Bygem roBopurb, 4ro romeoMopdusm

f D — R" aBasgercst KOIbIEBBIM (Q-roMeoMopdU3MOM OTHOCUTEJIHHO P-MOJIYJIs B TOUKe To € D, ecin
COOTHOIIIEHUE

Mo(A(fS1, 152, fD)) / Q) 1P (|2 — o) dim(z)

BBIIIOJIHEHO I JIIOOOr0 KOJbIa A = A(xo,n,rg), 0 <71 < re < dy, m Ui KaXKJIOH M3MEPUMON
dyuxuuu 71 : (r1,r2) — [0, 00] Takoii, aro

T2
/77(1") dr=1.
T

Teopema 1. Ilycmov D — oepanunennan obaacms 6 R*, n > 2, u f: D — R — xoavuesoti Q-2omeo-
MOPPHUIM OMHOCUMEABHO P-MOJYaa 6 mouke To € D npu p > n. IIpednoaoscum, wmo gynruyus Q
ydosaemeopaem Ycao8u0

qmo(t) < qo t_aa qo € (Oa 00)7 o€ [07 OO)»
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o g € D u n.e. scex t € (0,dy), do = dist(xg,dD). Tozda npu ecex r € (0,dy) umeem mecmo
ouenKa

n(p=1)
—) “p—m % n(a+p—n)
m(fB(xo, 7)) = Qp (()ﬁpH@) gt
ede B(zo,7) = {x € R" : | — x| < 1}, qu(t) = # | Q(z)dA — cpednee unmezpasvroe
" S(zo,r)

anavernue no cepe S(xo,t) = {x € R" : |z — xo| = t}, Oy — 066ém edunuunozo wapa 6 R, wyp_1 —
naowado eduruunoti cepor S 6 R™ | dA — asnemenm naowadu noseprnocma.
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O perreHusIX HEKOTOPBIX THOPUIHBIX CUCTEM
dbyukimonabHO-IUMDEePEHNTNATBHBIX yPaBHEHU

Kysuna FO.B., JlaBpeniok U.B.
(Opecca 65016, yn Apbysuas,9/1)
E-mail: yuliak@te.net.ua

O pereHnsIX HEKOTOPBIX THOPUIHBIX CUCTEM (DYHKIIMOHAJIBHO- (D depeHIna IbHbIX YPaBHEHTI
B noxnajie paccmarpusatorcs 3aa4u Ko

a(t)zy(t) = fi(t,z(g(t)), 2 (h(1))),

zy(t) = fa(t, x(g(t)), 2’ (h(1))),
z(0) = col(0,0).

/1 fl(t’x(g( )7x/(h(t)))7

Bt)zy(t) = fa(t, z(9(1)), 2 (h(2))),
z(0) = col(0,0).

e r : (0,7) — R? - memssecrmas dynxmusa, x = col(xy,22), a:(0,7)— (0,4+00),
B:(0,7) = (0, 400)—nenpepbiBable dyuknuu, «(t) — 0, B(t) — 0, t — +0, f; : D — R— Henpepsbis-
nvie dynxmun, i € {1,2}, D C (0,7) x R2 x R?, g:(0,7) — (0, +00), h:(0,7) — (0,+00)— mempe-
poiBable dynknun, ¢(t) < t, h(t) <tupnt € (0,7). Ilox permennen jgannex 3a1a1 Komn nmonnmaercst
nenpepeisio ucddepenrupyemas bynkmusa x : (0,p) — R (p < 1), xoropas npu t € (0,p) Tox-
JIECTBEHHO Y/IOBJIETBOPSIET yPABHEHHSIM DPACCMATPUBACMBIX CHCTeM, U 1pu 3ToM  — col(0,0) mpn
t — 40. QopMynupyOTCs JOCTATOYHBIE YCJIOBHUS, IPU BBHITOIHEHAN KOTOPBIX y KaKJI0f U3 JAHHBIX
3318 CyI[ECTBYeT HEIyCTOe MHOXKECTBO DEIIEHHil ¢ OIPEeIETeHHBIMI ACUMIITOTHIECKIMI CBOMCTBAMME
upu t — +0. IIpu ananuze 3a1a9 UCIOIB3YIOTCA METO/IbI (DYHKIIMOHAJIBLHOIO aHAIN3a M KadeCTBEHHO
Teopun auddepeHnnaabHbIX ypaBHEHHH.

f)
f)
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O6 ogHOM THUIIE KBAAPUCTPYKTYP HA PUMAHOBOM ITPOCTPAHCTBE
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(OHY, Opyecca, Ykpanna)
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(OHY, Opmecca, Ykpanna)
E-mail: irina.kurbatova27@gmail.com

[Tpu uzyvennn nopMHOroo6pasuii B 0YTH KOHTAKTHBIX MHOrooOpasusx K.duo,C.Xoy u B.Yen [2]
UL K NOHATHIO Keadpucmpykmypu, (ee cTpyKTypHbIi abduHOp yil0BIeTBOpsieT ypaBHeHUO 4-ii
crenern ) ¢ £ ¢2 = 0.

Takast adduHOpHAsI CTPYKTypa SIBJISETCS €CTeCTBEHHBIM 0600IenneM e-cmpykmyps: [1], Koropas
OIIPeJIEJIeTCS HAJIUIreM Ha MHOroobpasuu X, TeHszopHoro o tuna (1,1) Fl-h, VIOBJIETBOPSIOIIETO
YCJIOBUAM

F'FY =eft, e=+41,0, i,ha,8,...=1,2,...,n.

IIpu e = 1 ee nasbiBaloT 2unepbosuveckoti, upu e = —1 - sanunmuveckod, upu e = 0 - napabosue-
cKot.

Ecin e-crpykrypa 3aJana Ha pUMaHOBOM Ipoctpanctse (V;,, gij) U cormacoBaHa ¢ METPHKON B BH/E

(e}
€€ HAa3bIBAOT NoYmu 3pMum060u7 a HpI/I ”VC.HOBI/II/I

F' =0

% B
Keaepoeoti. 3jech <<, >> - 3HaK KOBapUAHTHOI 1Ipou3BOIHOH B V,.
MBI IoKazam, 9To puManoBL! ipoctpanctsa Vi, gij, FI'), crpykrypHbrit abdumop F KoTophIX yio-
BJIETBOPSAET YCAOBHAM

}?’(QLFE‘F(BF{S FeFNFY =0, Fj+F;=0, Fj=g.Fy, F'=0
OPUBOAUMBI U IIPEJCTABJISIOT CO00MH IIPOU3BEIEHNE MapabOIUIECKH KeJepoBa IPOCTPAHCTBA Ha T'H-
epbOIMIECKH KeJIEpoBO 1pu € = —1 u mapaboJindecKd KeJepoBa IPOCTPAHCTBA Ha SJUIMITHICCKH
KeJiepoBo mpu € = +1.

[Tosryaensr Takzke cBoiicTBa TeHzopa Pumana m Pudyam, a Tak»Ke BBISICHEHO CTPOEHUE METPHIECKOTrO
TeH30pa B aJANTHPOBAHION K adOUHOPY crcTeMe KOOPAUHAT U3ydIaeMOro KJIacca MPOCTPAHCTB.

JIUTEPATYPA
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PekyppeHTHO-11apadosimyeckue IMpOCTPAHCTBA, JOMYyCKaloIue
KaHOHUYECKNEe KBa3U-TeoJe3miecKne OTOOpakKeHnsd

Jlozmenko /1.B.
(OHY um.M.M.Meunukosa, Ojecca, YKpanHa)
E-mail: lozienkodv@gmail.com

Kyp6arosa N.H.
(OHY um.M.M.Meunukosa, Oecca, YKpanHa)
E-mail: irina.kurbatova27@gmail.com

B [2] aBropsl BBestm B paccMoTpeHme pexyppenmmo-napaborudeckyto crpykrypy Ha (Vy, gij) Kak
acdbdunopuyto crpykrypy F'(x), nis xkoropoit

FYF) =0, Fj+Fj;=0, Fj=F"gai,

Fly=pi(@)FMz), ihja,B,...=1,2,...,n,
e p;j - KOBEKTOP, «,» - 3HAK KOBapHaHTHOII mpoussoauoil B V,,. Camo V;, mpu 9TOM Takzke Ha3BaJIH
PERYPPEHMHO-NAPAOONUNECKUM.

ITycrs pumanosst npocrpancTsa (V,, gij) u (Vn,gij) HaXOIATCA B KBA3HU-TCOJE3HICCKOM OTOOpaZKe-
HIHN, OCHOBHbIE YPaBHeHHs] KOTOPOTO B 0OMeil 10 0TOGPayKeHHIO crcTeMe KOOpAnHaT (1!) mMeroT BHT
[1]:

T3 () = Dl () + $(@))) + (@) By (x)

J ij i\r)%) (i 7)

—h —
FZ - KOMIIOHEHTBI OO'bEKTOB CBA3HOCTH IIPOCTPAICTB Vn n Vn, COOTBETCTBECHHO; 1/)1', ®Yi - KO-

rae I';;,
BEKTOPHI; Fih - adpdpuHOp.

MpbI paccMOTpeNn KaHOHUYECKUE KBA3U-TE0/[€3MIECKIE OTOOPAYKEHHS - KJIACC KBA3U-T€0Ie3NIeCKUX
oTOOpaXKeHui, J1jisi KOTOPOTO B OCHOBHBIX ypaBienusix ¢; = 0.

Hamu moctpoenbl reoMeTprudeckne 0ObeKThI KAk HEOTHOPOIHBIE (THUIIA TMPOEKTHBHBIX apaMeTPOB
Tomaca B Teopuu reoje3nvecknx orobpazkenuii [3]), Tak m TeHzopHOro xapakrepa (THIA TeH30pa
Beiiuist), mHBapuaHTHBIE OTHOCUTEIHHO PACCMATPUBAEMBIX OTOOPAKEHMUI.

B crienmasibHol cuctemMe KOOpAUMHAT HafIeHbl METPUKH PEKYPPEHTHO-1aPabOINIECKUX IPOCTPAHCTB,
JIOIIYCKAIONINX KAHOHUYECKOE KBa3U-T€0/Ie3NYecKoe 0TOOparkeHne Ha IJI0CKOe IIPOCTPAHCTBO.

YKazaHbl peKypPPEHTHO-IApa00JInIeCKIe TPOCTPAHCTBA ¢ BEKTOPHBIMU IIOJISIME OIPEIEJIEHHOIO TH-
I1a, JIOITyCKaloIlue HETPUBUAJIbHBIC KAHOHUYIECCKUE KBA3U-T'C€O/IC3NICCUKINEC OTO6pa)KeHI/IH.
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Proceedings of the International Geometry Center, volume 8, No. 1 : 57-66, 2015.
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I'pynna JIn aBuKeHuit B CMMMETPHUY€CKOM PUMAaHOBOM ITPOCTPAHCTBE
1-ro kJ1acca
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E-mail: 11da2007gc@gmail . com

B pumanosom npocrpancree V,, (z; g) 3abukcupyem Touky My u HOCTPOUM ITPOCTPAHCTBO BTOPOTO
upubmekenus: V.2 (y; §), olpejieus ero Merpudeckuii Tensop gij (y) [1]:

. 1
9 () =i+ 3
Tne 945 = gij (Mo) Rintj = Rinto; (Mo)
IT.A. IlIupokoBbiM [3] 6bLIH HAlIEHBI BCe HEIPUBOAUMbIE CUMMETPUIECKIE DUMAHOBBI IIPOCTPAHCTBA
1-ro kmacca. B wacTtHOCTH, TpU N = 4 METPUUIECKUI TEH30p TAKOro V,, MMeeT BUI

?illlzjyllyb (1)

1
gij (z) = .gij + 3 (biabjg — bijbag) %P (2)
T'ne
0 01 0 er7 0 0O
0 0 0 1 0 e 0 O
'gij =11 00 0l HbZ]H = 0 02 0 0 (gi = il) (3)
01 0 0 0O 0 0 0

CpasuuBas (1) u (2), Bugum, 9T0 NPUOIUKEHUE BTOPOTO TOPSJIKA I PACCMATPUBAEMOro Vy u30-
METPHUHO caMoMy mpocTpancTsy. CreosaTenbio, rpymms Jlu gpuxennit B Vi u B V2 n3oMopdubr.

Vcnonb3yst pe3ysibTaThl NCCIeA0BaHuil Ipeodpa3soBaHuii pPUMAHOBBIX IIPOCTPAHCTB BTOPOIO MPHOJIN-
skenust (1], [2], nosyuena rpynna JIu Gg 1BuzKeHU B CHMMETPUYIECKOM PUMAHOBOM IIPOCTPAHCTBE 1-10
KJjacca Vjy.

Haiiienbl KOMIIOHEHTH 6a3UCHBIX OLEPATOPOB JAHHON IPYIIILI U CTPYKTYPHbIE KOHCTAHTHI IPYIIIIHL.
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KadecTBeHHbIll aHAJIN3 HEKOTOPOTO CUHTYJISTPHOTO
dyukimonaJbHO-IU( HEePEHNTNATBEHOTO YPABHEHUS

IHonuyk O.P.
(Opecckast MapuuHcKasi "UMHA3HsI )
E-mail: olgapolchai@gmail.com

B J0KJIa/1e M3JIararoTCsi PEe3yJIbTAThl KAUeCTBEHHOIO aHAIN3a yPaBHEHUT
ta'(t) = a(t) + bi(t)2(t) + ba(t)2(g(t)) + bs(t)tz’ (h(t)) (1)

C Ha4YaJIbHBIM YCJIOBHUEM

rie = : (0,7) — R — HeusBecTHast pyHKIWS,

a(t) = apt +0(t"),b(t) =Y bipt* +0(t"),i € {1,2,3},
k=1 k=1

g(t) =Y grt* +0(t"), h(t) = > hit" +0(").
k=1 k=1

st kaxkoro p € (0,7) pemennem 3anaun (1), (2) nHassiBaercs HenpepbiBHO JuddepeHnupyemast
dyukuus x : (0, p) — R, yaoBaeTBopsitoiias yCJI0BUSIM:

(1) mpu Bcex t € (0, p) BbImOIHEHO paBeHCTBO (1);
(2) lim z(t) = 0.
t—+0

VKa3bIBaIOTCs IOCTATOYHBIE YCIOBHUS , IPU KOTOPDLIX KaXKIas M3 dTUX 3329 UMEeT HeIyCTOe MHO-
»ecrBo perennii x : (0,7) — R (p mocrarouno maso) ¢ onpeesneHHabiMu cBoiicTBamu 1ipu ¢ — +0. O
HOBPEMEHHO ODCYKJIAIOTCsI BOIIPOCHI €IMHCTBCHHOCTU U HEeTUHCTBEHHOCTH TakuX perrneruil. Mcmois-
30BaHBI METOJIbI KAYeCTBEHHOMN Teopun AuddepeHnuaibiblx ypaBHeHn 1 (PyHKIIMOHAILHOIO aHAIN3a.

JINTEPATYPA

[1] JTamprxenckas O. A, Ypanbuesa H. H. Jluneiinbie n KBaswinHeRHble ypaBHEHHs djmnTHdeckoro tuna. M.: Hayka,
1973.

[2] Jamuenko B. 1., Januenko JI. 4. O npubmmxkennn mamnpocreiimumu gpobsamvu // Mamem. 3amemxu. 2001. T. 70.
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nmokanos Mexaynaponnoit kondepenun no audQepeHnuaabHbM ypaBHeHusaM 1 auHamudeckum cucremam (Cys-
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KJIaCCI/ICbI/IKaHI/IH OMeFa-YCTOﬁqHBbIX IIOTOKOB Ha ITIOBEPXHOCTAX

Ouapbra ITounnka
(HSE, Russia, 603105, N.Novgorod, B.Pecherskaya, 25)

E-mail: opochinka@hse.ru

TpaunuOHHBIH TOXOM K KAIECTBEHHOMY U3YUYEHUIO JIMHAMUKU HOTOKOB C KOHEYHBIM YHUCJIOM OCO-
OBIX TPAEKTOPHS Ha IMOBEPXHOCTSX 3aKJII0YAETCsI B Pa30UEHUHN HECYIero MHOroobpasust Ha 0bJIacTu ¢
[peJICKa3yeMbIM TIOBEJIEHUEM TPAeKTOpHil — Aueer. Takoil B3IJIs HA HEIIPEPhIBHbIE TUHAMUIECKUAE CH-
CTEMBI BOCXOJUT K KJyiaccudeckoi pabore A. A. Aunponosa u JI. C. Iourpsiruna |1], ony6ankoBanHoit
B 1937 romy. B sroit crarbe onu paccmorpesin cucreMy juddepeHInaIbHbIX yPABHEHU T

& =v(z), (1)

riie v(z) 3mo Cl-BekTOpHOE TOTE Ha 2-JUCKe, OTPAHEYEHHOM KDPHBOH 6e3 KOHTAaKTa Ha TLJIOCKOCTH, W
HaIumM Kpurepuii rpy6ocrtu cucremsr (1).

Bosiee obmumii Kiracc moTokoB Ha 2-cdepe paccMorped B paborax K. A. JleornroBuu-AHIpPOHOBOI
u A. I'. Maiiepa [5, 6], re Tomosorndeckast Kiaccudukalysi TaKUX [I0TOKOB TOXkKe Obljla OCHOBaHA HA
pasbueHnn Ha sTIefiKu, MOCKOJIbKY ONUCAHUE X TUIIOB U B3AUMHOIO pactioyioxkenust (cxema Jleonmosuu-
Madiepa) TOTHOCTBIO Onpeie/isieT KauecTBeHHOe pasbuenue (ha30BOro MPOCTPAHCTBA HA TPACKTOPUH.
OCHOBHOIT TPYJIHOCTBIO B ODODINEHUN 3TOrO pe3yJsibTara Ha CAydail MPOU3BOJIBHBIX OPUEHTUPYEMBIX
[TOBEPXHOCTEN TTOJIOKUTEIHHOTO POJIA SIBJISETCS BO3MOXKHOCTH HOBOI'O THUIIA JIBUKEHUsT — HE3aMKHYTast
peKyppeHTHas TpaekTopus. OTCyTCTBUE TAKMX TPAEKTOPHUI /171 TPYOBIX TOTOKOB 663 0cObeHHOCTEl Ha
2-tope ObL1a Jokasana A.I. Maitepom [7] B 1939 romy u nosxe M. Ileitmoro |10, 11| mist crpykTypHO
YCTORYMBBLIX IMOTOKOB Ha MOBEPXHOCTAX Jro0oro poma. B 1971 B pabore [12] M. Ileitmoro o6o6mmmia
cxemy JleonToBmu-Maiiepa Jiisi CTPYKTYPHO YCTOMYUBBIX MMOTOKOB HA ITPOU3BOJIBHBIX TOBEPXHOCTAX
U TOJIYYIUJT TOTOJOTHIECKYIO KJIACCUPUKAINIO TAKUX ITOTOKOB, ONATH-TAKH U3YUIUB BCE JOIIYCTUMBIE
sAYEHKU JIJIsT HUX U BBEJIsI KOMOMHATOPHBIN HHBAPUAHT — OPUEHMUPOBAHHbLl 2pad, 0DODIAIONNN CXeMy
JleonToBmu-Maiiepa.

B 1976 roxy /1. Heiimanom u T. O’Bpaiieron (8| Ha TpOU3BOIBHBIX TOBEPXHOCTSAX OBLIN PACCMOTDPE-
HbI TaK HA3bIBAEMbIE PE2YAAPHHIE NOMOKU — IOTOKKN 063 HETPUBUAJBHBIX [IEPUO/INIECKUX TPAEKTOPHIA,
KOTODPBIE BKJIIOYAIOT B ce0st OIUCAHIbIC BIIIE TOTOKN KaK YacTHBIH ciaydail. OHU BBeJIU MMOJHBII TOIO-
JIOTMYECKUI MHBAPUAHT JIJISI PErYJISPHBIX TIOTOKOB — 0pOUMaAbHbiti KOMNAEKC, KOTOPBIA 1IPEJICTABIISET
3 cebsI IPOCTPAHCTBO OPOUT MOTOKA, OCHAIIIEHHOE HEKOTOPOI JOMOJTHUTEIbHOM nHpopmanneit. B 1998
rogay A.A. Omemkos u B.B. Illapko [9] BBesn HOBBII nHBapuaHT Jij1si 1I0TOKOB Mopca Ha IIOBEPXHOCTSIX
— mpexugemnoil 2pag. B Toit ke paboTe OHM IHOJIYUIUIN ITOJHYIO TOIOJOTHIECKYIO KJIACCH(MUKAIILIO
moTokoB Mopca-Cwmeiina Ha MOBEPXHOCTSAX B TEPMUHAX aTOMOB W MOJIEKYJI, BBeJEHBIX B pabore A.B.
Boacunosa, C.B. Marseesa, A.T. Pomenko [2].

CrpyKTypHO ycroituuBbie (rpybble) HOTOKM Ha HOBEPXHOCTSX UMEIOT TOJHKO KOHEYHOE UHCJIO OCO-
OBIX TOYEK W KOHETHOE UHCJIO 3aMKHYTBIX TPAeKTOPHil, KaXKjasl W3 KOTOPBIX THUIIEPOOJIUTIHA; KPOME
TOrO TaKue MOTOKU HE UMEIOT TPACKTOPUil, COeIMHAIONINX CEnia. HapylneHue mocieqHero ycaoBus
MPUBOIUT K {)-yCTONIUBBIM ITOTOKAM Ha MMOBEPXHOCTSIX, KOTOPBIE HE SIBJISIIOTCS CTPYKTYPHO YCTOWYIH-
BbiMH. OJIHAKO, TOMOJIOITYECKasT KIACCU(PUKAIAS TAKUX [TOTOKOB TaAKYKe CBOJIUTCS K KOMOMHATOPHOMY
perternto. [1oJTHBIM TOIIOJIOTMYIECKAM WHBAPUAHTOM SIBJISIETCST MYJIBTHTIpad.

Hecymas noBepxaocTh pa3dbuBaeTcs Ha TaK HA3BIBACMBIC 24EMEHMAPHbLE 00AACTU YIAJICHIEM U3 T0-
BEPXHOCTU MPEICIbHBIX MUKJI0B. KOMIIOHEHTa CBA3HOCTHU IMOJIYYUBIIETOCHd MHOXKECTBA W €CTb JIEMEH-
TapHasi 001acTh. OOJIACTH TOJPA3IE/ISIIOTCS HA TUIIBI B 3aBUCUMOCTH OT HAJIUYIUST WA OTCYTCTBUS TIPe-
JIEJIBHBIX [IUKJIOB, CE/IJTOBBIX TOYEK U 3JIEMEHTOB HEOJTY K TAOIIEr0 MHOXKECTBA B IIEJIOM. 3aTeM KarK o
00JIACTH CTABUTCS B COOTBETCTBHE BepInHa rpada, a T[paHuIHON OKPYKHOCTH — pebpo, HaIlpaBJIeHHOEe
B COOTBETCTBHUM C HAIPABJICHUEM JIBUYKEHUS TPACKTOPUIl depe3 IpaHuIHYI OKPYXKHOCTb. BepinnHa,
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COOTBETCTBYIOIIas 00JIACTH, COIEPXKAIIEH CeJIOBbIE TOUYKM, OCHAIAETCS YEMbPETUCEMHBIM MYADMU-
epagpom, siBisoIUMCcst obobrmenneM TpéxmperHoro rpada Ormemkosa-Illapko 9], a Bepmmna, coor-
BETCTBYIOIIAs 00JIaCTH, HE COMIEPIKAIIEH 3JIeMEHTOB HeO/IYKIAIOIMIEro MHOYKECTBA, OCHAIAETCS 6ECOM
“+7 mam “—” B 3aBUCHUMOCTH OT B3aMMHOI OPHEHTAIMH IIPEJIE/IbHBIX IUKJI0B B 00JIACTSX, IIPUIErao-
X K paccMaTpuBaeMoii obactu. lasee, pébpa, MHIMIEHTHBIE BEPIIUHE, COOTBETCTBYIOMENR 001aCTH
C CeIJIOBBIMHA TOYKaMMU, OCHAIIAIOTCS CHEIUAJIbHBIMUA OPUEHTHPOBAHHBIMU ITUKJIAMU YETHIPEXIIBETHO-
ro MyJbTUrpada, ¢ IOMOIIBLI0 KOTOPLIX CMOXKEM IIOTOM PAaCIO3HATL OPUEHTAIMH IIPEIe/JILHBIX IIUKJIOB
nortoka (cMm. Pucynok 0.1).

Puc. 0.1. Tocrpoenue rpad omera-ycToOHdnBOro moTOKa

Teopema 1. Kaacc uzomopdrocmu ochawernozo 2pada omeza-ycmotinueo2o nomoka AGAAEMCA NoA-
HOLM TMONOA0LUNECKUM UHBAPUGHMOM. Kaocdoil xaacca usdomopdrocmu donycmumozo ocHaAUWERHO20
2pada Peasu3yYemea oMe2a-YcmotuusviM NOMOKOM HG NOBEPTHOCTIU.

[TpuHsTO CYNTATH, UTO AJITOPUTM PEIIEHUs 3a/1a91 PACIIO3HABAHMS H30MOPGHOCTH rPpad 0B (B KAKOM-
HUOY b Kiacce rpadoB) siBiisiercst 3GEKTUBHBIM, €CJI BPeMsl ero paboThl OPAHMYEHO HEKOTOPBIM
[TOJTMHOMOM OT JIJIMHBI 3aJ[aHusi BXOIHON mHpopMaruu. Takoe onpesesenne 3 EeKTUBHON pa3perm-
moctn Bocxoaur K A. Kobxamy [3]. Cranmaprom rpyaHopernaemoctu siisiercss NP-mosnora 3amatm
[4]. CnoxkuocTHO craryc 3ajadn paclio3HaBaHus H3oMopdusMa rpadoB He H3BECTEH JIO CHX 10D,
T.e. B KJacce BceX TpadoB st 5TOH 3aJadu He JIOKa3aHA HU [MOJUHOMUAJbHAS PA3pPEeIIuMOCTh, HU
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NP-nosrora. A.A. Omemkos u B.B. IIlapko [9] onncanu ajaropurm pacrnosHaBaHusi n30MOphHOCTH
rpados morokoB Mopca-Cwmeiiia, KOTOPBIi, OHAKO, He sABJsIeTCs 3PPEKTUBHLIM, TO €CTh BPEMsl €ro
paboThl HE OrpaHMYEHO HEKOTOPBIM IIOJHMHOMOM OT JJIMHBI 3aJlaHusl BXOIHON nHpopMaiuu. Bmecre ¢
TeM, MHOI'OI[BETHBIE I'Padbl HE ABJIAIOTCS I'padaMu 0OIIero BUIa, TIOCKOJIbKY OHH BJIOXKMMBI B HECYIILYIO
[IOBEPXHOCTh, HA KOTOPO 3aJIJaHbl COOTBETCTBYIOIINE UM OMEra-yCTONYnBbie MOTOKN. Vcmoan3yst aToT
dakKT, JJIsi OMera-yCcTORYNBBIX IIOTOKOB YIAJ0Ch OCTPOUTH (PPEKTUBHBIN aJIrOPUTM.

Teopema 2. Hzomoppudm 0CHAGULEHHDIT 2PaP08 OME2A-YCTNOTHUBHLT NOMOKOE MOHCEM ObIMb PACNO-
3HAH 3¢ NOAUHOMUANOHOE 8pems. OPuenmupyemocms Hecyulet: no8ePIHOCMU MOHCEM bbimb NpPose-
PEHG 3G AUNETHOE BPeMA U IUNEPOBE TAPAKMEPUCTNUKA NOGEPTHOCTU MOAHCEM, OLIMD GOIMUCAEHE 30
K6adpamuuHoe PeMs.

Baazodaprocmu. PesynbraTel Obn nostydenst B coaBroperse ¢ B.E. Kpyrmoseim u J1.C. Majtbriie-
BbIM 11pu unancoBoit nozepkke PH® (mpoekr Ne 17-11-01041).
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Beckoneuyno maJjibie u3rnbaHus ¢ HYJI€BOli Bapualimeii oobema
MHOTOTPaAHHUKA

n. X. Caburos
(Poccusti, Mockosekwuii Tocyapersennstii Yuusepcurer um. M.B. Jlomonocosa)
E-mail: isabitov@mail.ru

Ceeryoit namsttu A.J[. Mujku mocssimaro

I/ISBGCTHO7 YTO BCSIKUI I/IBI‘I/I6&€MI)H>1 MHOT'OT'PAHHUK ABJIAETCA TaK2KE€ N HE2KECTKHUM OTHOCHUTEJIBHO
HeckoHeuHO MaJIbiX (6.M.) u3rubanuii, npudem 6.M. u3rubaHue, OPOKJIEHHOE N3rubaHueM, obJiaaer
TEM CBOI'./'ICTBOM7 YTO COOTBETCTBYIOIIAasl Bapualingd 0613eMa MHOI'OT'PaHHUKa OKa3bIBa€TCsd paBHOfI HY-
sio. I3BecTHO Tak»Ke, YTO CYIECTBYIOT HEXKECTKHWE MHOTOIPAHHUKMU, IJisi 0.M. M3rubaHuii KOTOPLIX
Bapualust 00beMa OTJIMYHA OT HYJIs, U [I09TOMY MOXKHO YTBEDKIATH, UYTO TaKue 0.M. U3THOAHUST MHO-
rorpaHHUKA HeJIb3s IPOJIOJIKUTEL B ero marubanue. CjegoBare/ibHO, TpebOBaHNE PABEHCTBA HYJIIO Ba-
puarmu oobeMa pazdbuBaer Bce 6.M. U3rHOAHUS Ha J[Ba KJIACCA: T€, KOTOPBIE 3aBEIOMO HE ITPOIOIKUMBbI
B U3rMOaHUsI, U JIDYTHE, JIJisi KOTOPBIX BBIIIOJIHEHO HEOOXOIMMOE YCJIOBHE (B BUJIE PABEHCTBA HYJIIO COOT-
BETCTBYIOIIEH Bapuaryu o0beMa) UxX IMPOJ0JKIMOCTH B usrubanusi. 11pogoikas a1y KiaccuduKaiuio
¢ TpeboBaHUEM PAaBEHCTBA HYJIIO IIEPBOii, BTOPOil U N-if BapuaIuu 00beMa, MbI IIOJIy 9aeM TAKKe KJIACCHI
JgedopManuii pa3HbIX MOPSIJIKOB, ITPOMEXKYTOUHBIX MEXKIY 0.M. N3rubAHUSAMU [IEPBOIO MOPSIKA U W3-
rubanusivmu. [lo-Bupumomy, Te muororpanuuku, koropsie A.Jl. Muska nassan B [1] u [2| duexcopamu,
KaK pa3 M OTJIMIAIOTCS OT OOBIYHBIX HEYXKECTKUX MHOTOIPAHHUKOB U OT M3rHOAE€MbIX MHOI'OIDAHHKOB
HOPSIZIKOM HYJIEBOI Bapuarun oobeMa (KCTaTu, MOCKOJIBKY [T n3rubaHuii Bapuarym oobeMa Beex I1o-
PSIKOB PaBHBI HYJIIO, TO HEME/JIEHHO BCTAET OOPATHBII BOIIPOC - KAKOBA IPUPOJIA TE€X AHAJUTHIECKUAX
JedbopMaliii MHOTOIpAHHUKA, [Tl KOTOPBIX Bapuarmu 00hbeMa BCeX IOPSIKOB PABHBI HYJIIO?).

DopMaTbHO ONMUCATH HEYKECTKHE MHOTOTDANHUKYU C HYJIEBON Bapuarmeil obbemMa OUeHb JIETKO, JIJIsT
9TOr0 JOCTATOYHO HOOABUTH K OOBIYHBIM YpaBHEHHUSAM O.M. M3rubaHuil eme ogHo ypashenue 6V = 0.
MpbI 2ke XOTUM BBISICHUTH IPUPOJLy T€X MHOTOMDAHHUKOB M WX 0.M. M3rubaHuil, Jjis KOTOPBIX OJIn3-
KM€ K HAM HEXKeCTKHE MHOTOIDAHHWKHM TOXKE HMEIOT HyJIeByIO Bapuanuio obbema. llycTh mexect-
KUl CHUMILIUIMAIBHBI MHOTOrpaHnuK Py nmeer n Bepumu M; ¢ KoopauHartamu (&, ¥i, %), 1 < n u
nycerb {&;, i, ¢} Torma obbem V(e) medpopMupoBaHHOrO MHOIOIPAHHUKA € KOODMHATAMU BEPIIUH
M;(e) = (z; + €, yi + en;, z; + €(;) nMeer UpeCcTaBIeHIe

V(e) = Vo +eVi +e2Vy + 313,

rme Vo - o0beM HMCXOAHOTO MHOTOrpaHHUKA, a V) - mepBas Bapualus oobema. PaccmarpuBasi 00b-
€M MHOTOTPaHHUKA KaK CyMMY 00bEMOB TETPa’dIPOB C OOIIIEil BEPIIMHON U IMPeIIoaras, ITo I BCeX
adduHHO IPeobpPasOBaHHBIX MHOTOIPAHHUKOB (& OHU, KAK U3BECTHO, TOXKE HEXKeCTKUe) Bapualu 00b-
eMa TOXKe HYJIEBBIE, [10IyYIaeM, YTO TAKOe BO3MOXKHO, TOJILKO €Cu 0.M. U3rubaHus paccMaTpUBAEMOTO
MHOTOT'PAHHUKA YIOBJIETBOPSIOT YPABHEHUSIM

& Vi i
Z det § Y 7z =0,
<ij k> Sk Yk 2k
i Tz
Z det | z; n; =z =0,
<i,j,k> Tk Mk Zk
Ty Y Cz
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C CYMMUPOBAHUEM I10 COTJIACOBAHHO OPUEHTUPOBAHHBLIM rpansaM. Jlajee, ajst 6.M. usrubanuit adpdunuo
peodbpa30BAHHBIX MHOTOI'DAHUKOB TOXKE JOJI2KHBI BBITTOJTHATHCS aHAJOTUYHBbIE PABEHCTBA, UTO IIPUBO-
JIAT K CJIEJIYIOIIMM HOBBIM YCJIOBUSIM Ha 6.M.M3THOAHUsT UCXOJHOTO MHOTOIDAHHUKA

Ti Yi N iz G

Z (det i Yi N — det Tj  Zj Cj ) =0
<igk> Tk Yk Mk T 2k Ck
v Yy & zi Y G

Z (det T Yj fj — det Zi Yy Cj ) =0
<ijk> Tr Yk Sk 2k Yk Ck
Yi Zi i i oz &

Z (det | y; 2z m; | —det| z; 2z & |)=0.
<ijk> Yk 2k Mk rp 2k &k

OxkasbiBaeTcst, TpeOOBaHUE BBITOJHEHNST STUX HOBBIX YCJIOBHUI 1Jist 6.M. narnbanuit adpduro mpedbpa-
30BAHHBIX MHOTOI'PAHHUKOB YK€ He IMPUBOJUT K IOSIBJIEHHUIO JIPYTUX HOBBIX YCJIOBHUIA, T.€. IOSIBJISIETCST
KAKOI-TO HEMCCJIeIOBAHHBIN ele aHajor Benka /lapOy ¢ oOpbIBOM WM 3aMBbIKAHUEM IIEIMOYKHA TAKUX
KOHCTPYKIIUIA.

JIUTEPATYPA
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[2] A.D. Milka. Linear bendings of star-like bipyramids. European J.of Combinatorics, 31 (4):1050-1064.
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CaMOC}KI/IMaIOH_II/IeCH KpuBbl€, JieKalllue B KOMIIaKTe, IMEIOT
KOHE€YHYIO JJIMHY

Ana Tenauikas
(Cankr-Ilerepbypr 199178, 14 sunus B.O., nom 29B)
E-mail: janejashka@gmail.com

Onpenenenue 1. Kpusas 6 : I — E B MmeTrpudeckoMm npoctpancTse F ¢ paccrosiuuem d, tie I C R
— (BOBMOYKHO HEOIDAHWYEHHBI) MHTEPBAJI, HA3BIBAETCS CAMOCKUMAIOIENCsI, €CIIM JJIsl JIIOOBIX TPex
MoMmenToB Bpemenu {t;} C I, tae t1 < to < t3, Bumosnsiercst d(0(t3), 0(t2)) < d(6(t3), 6(t1)).

ITpumep 2. Kpusas, npoxo/siimasi 0 TpeM 0CJIe/I0BaTeIbHBIM CTOpoHaM KBaJpata [0, 1]2 (o uaco-
BOIl cTpesiku, oT Hadaaa koopauHat K (0, 1), 3arem k (1,1) u, nakoner, x (1,0)) siBisieTcst caMoCzKUMa-
IOTAsICA OTHOCHTETBHO MaKCUMAJIBHOM (T.e. £5°) Hopmbl B R? HO He caMOCKIMAIONTAsICS OTHOCHTETBHO
€BKJIMJIOBOIT HOPMBI.

Usnavasbho, B paborax 3] u [4], Takue KpuBble BOSHUKAIOT KAK KPUBbIE TPAMEHTHOTO CILYCKA JIJIst
BBIIYKJIBIX (QYHKIMA U Jisi DYHKIWMHA ¢ BBILYKJIBIMU JIMHASIMUA yPOBHs (MHOTJIA TaK¥Ke HA3bIBAEMBIX
KBa3U-BBIIYKJIBIMI) B IPOCTpaHcTBe EBKIIMIA.

B paGore [1] 6bu1 nmocraBiieH BOIPOC, 06s3aTEILHO JIM CAMOCKUMAIONIMECs] KPUBBIE, JIeyKalllie B
KOMITIAKTe, UMEIOT KOHEeUHYIO JJIUHY. K 3TOMYy MOMEHTY pas3Hble aBTOPDLI MOJIYYUIN YaCTUYHBIN TOJI0-
JKUTEJIbHBINT OTBET Ha 3TOT BOIIPOC:

Teopema 3. e Oaa ecxaudosoti nopmu 6 R?, 2010 200 (cm [3]);
o das esraudosoti nopmu, 6 R™, 2015 200 (s [2]);
o Jas e6KAUIOBOT HOPMVL U HENPEPLEHLIT Kpusnr, 2015 200 (|4]);
e Oaa npoussoavnoti evnyraoti C2-zaadkoti nopmue 6 R2, 2016 200 (em [1]).

B nammeii pa60Te YAaJIOCh IIOJIO2KUTE/IbHO OTBETUTH Ha ,HaHHbeI BOIIPOC:

Teopema 4. [Iycmv E — koneurnomeproe npocmpancmeo, chaborcennoe nopmot ||-||, u nyems 0: I —
E, 2de I C R asasemcs (603M0AHCHO HEOZDAHUNEHHIM,) UHMEPEAAOM, ABAAEMCA CAMOCHCUMANOWETCA
Kkpueol, caed kKomopot aexcum 6 oepanuyernom muoscecmee D C E. Toeda 1(0) < Cdiam D dan
nexomopozo C' > 0, 3asucaweczo mosvko om || - || u om pasmeprocmu npocmparcmea.

JINTEPATYPA
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[2] Daniilidis, A. and David, G. and Durand-Cartagena, E. and Lemenant, A., Rectifiability of self-contracted curves in
the Euclidean space and applications, volume 25 of The Journal of Geometric Analysis Springer, 2015.

[3] Daniilidis, A. and Ley, O. and Sabourau, S. Asymptotic behaviour of self-contracted planar curves and gradient orbits
of convex functions, volume 94 of Journal de mathématiques pures et appliquées. : Elsevier, 2010.

[4] Longinetti, M. and Manselli, P.and Venturi, A. Bounding regions to plane steepest descent curves of quasiconvex
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CrpyKTypHble ocobernrHocTn 2F-11aHapHBIX O0TOOpakKeHuii puMaHOBBIX
IIPOCTPAHCTB C f-CTPYKTYPOIt

UBentyx E.

(OHY, Opyecca, Ykpanna)
E-mail: ktsventoukh@gmail.com
Kyp6arosa U.H.

(OHY, Opecca, Yrpanua)
E-mail: irina.kurbatova27@gmail . com

PaccmoTpum puMaHOBO ITPOCTPAHCTBO (Vn,gij,FZh) C MEeTPUYECKHM TEeH30POM g;; U adduHopHOi
CTPYKTYypOit Fih. Toopst, uro Fih oupegensier f-cmpyxkmypy 2], ecam umeroT MecTo ycsioBust

FIFSFP + Fl'=0, iha,B,...=1,2,....n,
Ry||F)|| =2k (2k <n).
Bynem canrarh f-CTPYyKTYpy COIVIACOBAHHOIN C METPUKOW B BIJIE
Fij+F;i =0, Fyj = giaF}'
O6o3naunm
1 2
F;h — Fiha Fih - F(iz Fja,‘

B nmanbmeitinem nojaraem ad@UHOP KOBAPUAHTHO MOCTOSTHHBIM:

1
FM =0,

v ”] -

e <<, >> - 3HaK KOBapUaHTHOW MPOu3BOAHON B V/,.

Iycrs (Vp, i, Fl-h) u (Vy, 9ijs Fi ) - PUMAHOBBI [IPOCTPAHCTBA C 33IAHHBIME Ha HUX a(OUHOPHBIME
crpykTypamu. 2F-mianapnoe otobpazkenue (2F110) [1] (Vy, gij, F') na (Vn,gij,Ff ) 110 HEOOXO MO~
CTH COXpaHseT CTPYKTYPY, TO eCTh B 0OIIeil 110 0ToOpaskKeHnio cucreMe Koopauaar (')

h —h
Fi'(z) = Fi (2),
u ocHoBHBIe ypaBHenus 2FTIO umeroT Bus
1 2
T h h h h
[yj(@) = T5(x) + ¥udj + o Fjy + o Fjy,

7h J—
rje F?j, I';; - KomtorenTh 06bexToB cBsasnocT Vi, Vi 5 i), ¢i(x), 0i() - HEKOTOPBIE KOBEKTODHI,
a KpPyIJIbIME CKOOKaMu 0003Ha4deHa orepalus cumMerpuposanust. 2FTIO cunraercs TpUBUAILHBIM DU
Vi =¢i =0, =0.

Msr nokazasm, aro o; = 0 a3kBUBajeHTHO ¥; = ¢; = 0, TO ecTb B 3TOoM ciydae 2FTIO TpusmasbHo,

o _  —h
rak 4To HerpusHasibhbie 2FTIO ciegyer uckarb cpeau orobpaxkenuit (V,, gl-j,Fih) va (V,, Gij: ;)¢
BBINIEYKA3aHHBIMU OCHOBHBIMU YPABHEHUSIMHU , TJ€ UMEET MECTO OJINH U3 BAPUAHTOB:

IT ¢; #0, ¢ =0, o0;#0;
IIT ;i #0, ¢i#0, o0;#0.

Byzaem naszsiBars 2 F-mianaproe orobpakenue kanonuveckum I(11) muna n obosuauars 2FTIO(1)(2FTIO(IT))
B cayuae [(IT) u npocro 2FTIO B cayuae I11.
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OxkasbIBaeTcs1, YT0 0TOOpaykaeMble MPOCTPAHCTBA TPEJACTABIAIOT CO0OI POU3BEIeHNEe PUMAHOBBIX
IPOCTPAHCTE,0/IHO U3 KOTOPBIX KEJIEPOBO, IIPUYEM Ha KOMIIOHEHTaX 9TOr0 MPOU3BEIeHns] ucxoaHoe 2 F'-
IJIaHAPHOE OTOOParKEHNEe B 3aBUCUMOCTHU OT TUIIA HHYIUPYET I'e0Ie3NIeCKOe, TOJTOMOP(MHO-IIPOCKTHBHOE
i addbunHoe orobpaxkenue |[3].
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